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Convective planetary dynamos depend upon secular cooling and internal radioactive decay for generating
fluid motions within the core. Some planetary dynamo models also include heat flux variations along the
core–mantle boundary (CMB) that modify the dynamo process. Here we study the effects of CMB heat
flux variations in two sets of numerical dynamo models. In the first set, the possibility of dynamo action
in a stably-stratified, Boussinesq, rotating spherical fluid shell is investigated. In these cases, lateral vari-
ations in CMB heat flux can drive significant zonal flows, but no dynamo action develops. In the second
set of models, the fluid shell is neutrally-stratified. Dynamo action in these models is controlled by the
pattern of CMB heat flux.

Our neutrally-stratified models are relevant for studying the limiting effects of strong boundary forcing
acting atop a convectively well-mixed state. We study four neutrally-stratified dynamo cases with differ-
ent spherical harmonic heat flux patterns imposed on the CMB: Y10, Y11, Y20 and Y22. These cases dem-
onstrate that the fundamental symmetries of the dynamo field follow the spatial symmetries of the CMB
heat flux pattern. Our results show that convective dynamos are not necessarily killed by boundary-dri-
ven thermal winds, a result of interest if Earth’s core top is close to adiabatic. A strong Y10 forcing is likely
to produce a dynamo with hemispherical magnetic field structure reminiscent of Mars surface magneti-
zation. However, as boundary-modulated convective dynamos produce magnetic fields generally one
order of magnitude weaker than homogeneous convective dynamos with an equivalent forcing ampli-
tude, it seems unlikely that this process is at the origin of Mars’ regions of strong crustal magnetization.

� 2011 Elsevier B.V. All rights reserved.
1. Introduction

In traditional models of the geodynamo (Christensen and Au-
bert, 2006; Wicht and Tilgner, 2010), a homogeneous heat loss to
the mantle drives columnar convection in the Earth’s liquid iron
outer core, which continually converts the mechanical energy of
the electrically-conducting fluid into magnetic field energy. In
the mid- to high-latitudes, these models typically contain patches
of magnetic flux below the outer boundary that consistently drift
westward. However, asymmetries in the paleomagnetic and arche-
omagnetic records suggest that the geomagnetic field contains
some features that remain fixed with respect to the overlying man-
tle (Gubbins and Kelly, 1993; Johnson et al., 2003). In attempting to
incorporate such stationary features, models of rotating convection
(Zhang and Gubbins, 1992, 1993, 1996; Gibbons and Gubbins,
2000; Gibbons et al., 2007; Davies et al., 2009) and dynamo action
have included laterally-heterogeneous thermal features on the
core–mantle boundary (CMB) (Glatzmaier et al., 1999; Olson and
Christensen, 2002; Gubbins et al., 2007, 2011; Willis et al., 2007;
ll rights reserved.
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Aubert et al., 2008; Sreenivasan, 2009). These heat flux variations
can induce (i) boundary resonant, locked flows (Zhang and Gub-
bins, 1996), which typically arise very close to the onset of convec-
tion, and (ii) ‘thermal wind’ flows (Aurnou et al., 2003; Aubert,
2005), which describe axial shears in the velocity field that main-
tain geostrophic balance in the fluid (Vallis, 2006). Following Zhang
and Gubbins (1992), we will use the terms ‘boundary-driven’ or
‘boundary-modulated’ when referring generally to flows generated
by lateral variations in CMB heat flux.

In geodynamo models, boundary-modulated flows can modify
the magnetic field (Olson and Christensen, 2002; Gubbins et al.,
2007), sometimes even locking the field to the mantle, e.g. (Willis
et al., 2007). However, it has also been shown that strong bound-
ary-modulated flows, with velocities approaching those of the
columnar motions, tend to overwhelm the convection. In this re-
gime, dynamo action becomes weakened or is destroyed alto-
gether, cf. (Olson and Christensen, 2002; Takahashi et al., 2008).
These studies show that boundary-modulated flows can substan-
tially alter the characteristics of a convection-driven dynamo.

There are planets that have magnetic fields, such as Mercury,
Ganymede and possibly Io, where traditional convection-driven
dynamo models may not apply, e.g. (Kerswell and Malkus, 1998;
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Christensen, 2006; Bland et al., 2008). For these bodies, it is possi-
ble that non-trivial heat flux variations exist on their CMBs that are
capable of producing significant boundary-driven flows. On Mer-
cury, for instance, mantle convection in a relatively thin shell
geometry can induce a complex pattern of heat flux variations on
the CMB (e.g. King, 2008). Boundary-driven flows are also likely
to occur on planets in synchronous orbits, like the Galilean satel-
lites, that undergo significant tidal flexing. This flexing produces
a heat flux pattern that is a mix of Y20, Y22 and Y44 spherical har-
monic components, whose relative strengths vary with planetary
geometry and viscosity structure (Segatz et al., 1988; Tackley
et al., 2001; Bland et al., 2008). Catastrophic impacts have also
been proposed as a mechanism to produce a heterogeneous
thermal field within a planet’s deep interior (Stanley et al., 2008;
Roberts et al., 2009).

It is plausible that boundary modulated flows are dynamically
significant in the cores of planets with regionally-focused, massive
volcanic provinces, such as the Tharsis region on Mars (Harder,
1998), the Procellarum KREEP terrane on the Moon (Stegman
et al., 2003), or the Ontong-Java Plateau on Earth (Courtillot and
Olson, 2007). The presence of these massive volcanic provinces
suggests that, at some point in the planet’s geologic history, a
superplume developed on the CMB (Torsvik et al., 2006; Courtillot
and Olson, 2007), capable of driving a strong spherical harmonic
degree 1 CMB heat flux pattern that could generate a significant
boundary-driven flow in the core (see also Zhong and Roberts,
2006; Stanley et al., 2008; Roberts et al., 2009). Downwelling flows
in the lowermost mantle can generate significant CMB heat flux
variations as well. Laboratory models of such systems estimate
that heat flux variations can approach roughly 50% of the mean
heat flux emerging from a planet’s core (Gonnermann et al., 2004).

Thus, it is reasonable, first, to expect that boundary-driven
flows develop in a wide range of planetary cores, and, second, to
explore what effects such flows can have on planetary dynamo
processes. In this study, we extend the kinematic models of Sarson
(2003) and the geodynamo models of Sreenivasan (2009) by pre-
senting the results of Boussinesq dynamo models driven by strong
CMB heat flux variations.
2. Thermal winds and thermodynamic efficiencies

In this rapidly rotating system, a thermal wind response is typ-
ical when fluid density isosurfaces are misaligned from pressure
isosurfaces ( Vallis, 2006). Such a misalignment creates a baroclinic
torque on the fluid and the vorticity equation becomes a balance,
respectively, between Coriolis torque and this baroclinic term:
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¼ � g

2qXr
ðrer �rqÞ : ð1Þ

Here u is the velocity vector measured in the rotating frame, z is the
coordinate along ez, g is gravitational acceleration, q is the fluid
density, and X is the constant angular rotation rate of the shell
along ez. Eq. (1) shows that horizontal gradients in fluid density
in colatitude h and azimuth u are balanced by terms involving axial
shears in the velocity field. Expanding (1) into component form
yields
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Thus, colatitudinal density gradients produce azimuthal shear
flows, and azimuthal density gradients produce axially-varying
meridional flows. The term ‘thermal wind’ derives from the
assumption that the fluid’s density varies primarily in proportion
to temperature variations.

Thermal wind flows are driven by lateral density gradients and
can exist even in stably-stratified fluid layers such as the Earth’s
atmosphere and oceans ( Vallis, 2006). These flows seek to homog-
enize a laterally non-uniform temperature distribution of the over-
lying mantle. In contrast, thermal convective flows seek to
homogenize radial temperature differences between the core and
mantle.

Thermodynamic efficiency arguments (Lister, 2003 and refer-
ences therein) show that lateral heat flux variations are orders of
magnitude less efficient than radial heat fluxes in generating dyna-
mo fields. For instance, the efficiency, �, at which a given core–
mantle boundary heat flux can be dissipated ohmically, has an
upper bound defined by

� 6
Tinput � Toutput

Trep
ð4Þ

where Tinput is the (absolute) temperature at which heat enters the
system, Toutput is the temperature at which heat enters the system,
and Trep is a temperature representative of the whole system.

For the geodynamo, we can take the temperature on the inner
core boundary (ICB) as Tinput � 5000 K and the temperature on
the CMB as Toutput � 3000 K. Taking the representative system tem-
perature to be TCMB, we then arrive at

� 6
TICB � TCMB

TCMB
� 5000� 3000

3000
¼ 2=3 : ð5Þ

The actual efficiency for the present-day Earth is estimated to be
about � � 0.3, a third of which comes from thermal convection
and the rest from chemical convection (Lister, 2003).

In contrast, CMB heat flux variations alone produce a markedly
different result. Using dq = (qad T) where a is the thermal expan-
sivity, Eq. (1) yields the scaling

dT � UX
ag

: ð6Þ

Taking an upper bounding velocity scale of U � 10�3 m=s and Earth
core values for the other parameters (e.g. King et al., 2010), relation-
ship (5) gives dT � 10�3 K. This implies a CMB-driven thermody-
namic dynamo efficiency of

� 6
UX

agTCMB
� dT

TCMB
� 10�3

3000
� 3� 10�7: ð7Þ

Thus, we expect lateral heat flux variations on a planet’s CMB will
be capable of driving dynamos with roughly one-millionth the ener-
getic efficiency of a comparable radial convective heat flux. Using
the magnetic field scaling prediction from Christensen and Aubert
(2006) gives that the ohmic dissipation, Ug, scales as the cube of
the magnetic field strength, Ug / jBj3 (see also Aubert et al.,
2009). This relationship, with (7), implies that lateral heat flux vari-
ations will be capable of generating dynamo fields that are roughly
one-hundredth the intensity of fields produced by convection dri-
ven flows in terrestrial planets similar to Earth. Although it is not
considered in further detail here, we note that our thermal wind
scaling estimate for jBj is not inconsistent with Mercury’s weak
magnetic field.

The efficiency arguments above show that relatively small tem-
perature differences on the CMB should be able to drive only rela-
tively weak planetary magnetic fields. It is much more difficult for
boundary modulation to drive dynamo action in a stably-stratified
fluid shell. Unless the stably-stratified system can undergo a large-
scale baroclinic instability, as proposed in (Teed et al., 2010), any
boundary-driven poloidal flows are likely to remain trapped near
the boundary. For such boundary-trapped poloidal flows, the radial



Fig. 1. Schematic diagram of dynamo generation regimes in a system with varying
RaL and Ra�Q values and fixed E, Pr, Pm, ri=ro and outer boundary heat flux pattern.
Regime I: Stably-stratified fluid layers in which it is difficult to develop dynamo
action. Regime II: Convective dynamo action. We assume in this schematic that the
critical Rayleigh number for the onset of convection and dynamo action occurs very
near Ra�Q � 0. Regime III: Dynamo action in a well-mixed fluid layer subject to flows
driven by laterally variations of CMB heat flux (i.e. boundary modulation).
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length scale of motion is likely to be too small for dynamo action to
develop.

3. Modeling approach

We numerically model fluid flow and magnetic induction sub-
ject to the Boussinesq and magnetohydrodynamic approximations
(Gubbins and Roberts, 1987). Thus, we consider an incompressible,
electrically conducting fluid in a spherical shell between inner and
outer radii ri and ro. A spherical coordinate frame is adopted with
radial, colatitudinal, and azimuthal unit vectors er; eh; eu, respec-
tively. The spherical shell of fluid rotates about an axis ez with con-
stant angular velocity X, and is subject to a spherically symmetric
gravitational acceleration g ¼ �ðgor=roÞer , where go is gravity at
the outer boundary. Flow is thermally-driven in these models by
an outer boundary heat flux of form:

q ¼ qo þ qLðh;/Þ; ð8Þ

where qo is the mean heat flux and qL is the root-mean-squared va-
lue of the laterally-varying heat flux. A fixed temperature boundary
condition is employed on the inner boundary.

In the majority of cases presented here, we investigate neu-
trally-stratified fluid layers such that qo ¼ 0. The velocity field u,
the magnetic field B, and the thermal perturbation field T are then
solved for using the following non-dimensionalized Navier–Stokes,
induction, and energy equations:
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r � u ¼ 0 ð12Þ
r � B ¼ 0 ð13Þ

These non-dimensional equations are obtained by scaling time with
the inverse of the angular rotation rate X�1; length with the spher-
ical shell gap width D ¼ ro � ri; velocity with XD; magnetic induc-
tion with ðqlÞ1=2XD, where l is the magnetic permeability of free
space; temperature with qL=qCpXD, and Cp is the specific heat of
the fluid.

The dimensionless parameters involved in this study are the Ek-
man number E ¼ m=XD2, where m is the fluid viscosity; the Prandtl
number Pr ¼ m=j, where j is the thermal diffusivity; the magnetic
Prandtl number Pm ¼ m=g, where g is the magnetic diffusivity; and
the Rayleigh number based only on the laterally-varying outer
boundary heat flow RaL ¼ agoqL=qCpX

3D2. The Rayleigh number
can also be written as RaL ¼ F=X3D2, where F ¼ agoqL=qCp is the
buoyancy flux (Aubert, 2005). The Ekman number, the Prandtl
and magnetic Prandtl numbers, and the radius ratio are held fixed
in this study with values of E ¼ 3� 10�4; Pr ¼ 1, and Pm ¼ 2.
Lastly, the spherical shell radius ratio is also held fixed at
v ¼ ri=ro ¼ 0:35.

The boundary conditions are of rigid type for the velocity field,
and insulating for the magnetic field. Consistent with the definition
of the Rayleigh number, the heat flux is fixed at the outer bound-
ary. The temperature is fixed at the inner boundary. The numerical
implementation MAGIC is used in this study (Wicht, 2002; Wicht
and Tilgner, 2010). The spherical shell boundaries are rigid, non-
slip, electrically insulating, and co-rotate at the fixed angular rate
X. Hyperdiffusivities are not employed. For all the simulations, a
Chebyshev polynomial expansion is used in the radial direction
with 41 radial grid points. A spherical harmonic expansion is used
in the lateral directions, containing harmonics up to maximum de-
gree and order 64. We have carried out an additional, higher reso-
lution calculation, using 65 radial grid points and spherical
harmonics up to degree and order 85, which verifies our Y10 dyna-
mo simulation results.

In some simulations, we also impose a laterally uniform heat
flux that radially crosses the shell, with a value qo at the outer
boundary. In these cases, the temperature is non-dimensionalized
with qo=qCpXD, and the Rayleigh number appearing in (9) is now
Ra�Q ¼ agoqo=qCpX

3D2. The lateral Rayleigh number RaL does not
appear in the controlling equations in these case but still controls
the magnitude of the outer boundary imposed lateral heat flow
heterogeneity.

In two of our models, we set Ra�Q < 0. These models are repre-
sentative of a planetary core that is stably-stratified (i.e. subadia-
batic) throughout. Strong thermal wind-style flows develop in
these models, with no convection occurring anywhere in the shell.
In the five other models presented, we set Ra�Q ¼ 0. These models
are representative of a planetary core that is neutrally stratified
(i.e. adiabatic) throughout. This is the case because, in the Bous-
sinesq limit, the base state is that of a well-mixed fluid. By setting
RaL–0, the large-scale dynamics are modulated by the lateral
buoyancy forcing we apply at the CMB. In regions of the shell
where the CMB heat flux is directed outwards from the core, our
Ra�Q ¼ 0 models are dominated by strong convective flows. In the
parts of the shell where the CMB heat flux is directed into the core,
the fluid is stably-stratified and thermal wind-style flows tend to
dominate.

Fig. 1 is a schematic of the parameter space investigated here.
Our stably-stratified models should be thought to exist in Regime
I: (i) below the horizontal line demarcating Ra�Q ¼ 0 and (ii) where
the dynamical effects of lateral buoyancy forcing will be signifi-
cant. Our neutrally-stratified models can be thought to map to Re-
gime III: (i) just above the horizontal line where a background
convection field produces well-mixed fluid throughout the shell,
but (ii) far to the right of the long-dashed vertical line where the
lateral buoyancy effects will be significant.

For example, if the fluid in the vicinity of Earth’s CMB is nearly
adiabatic than mantle-driven thermal heterogeneity can strongly
affect the dynamics (i.e. RaL J Ra�Q ðCMBÞ; Regime III), e.g. (Sumita



Table 1
Numerical modeling results all for fixed values of Ekman number E ¼ 3� 10�4, Prandtl number Pr ¼ 1, magnetic Prandtl number Pm ¼ 2, and radius ratio v ¼ 0:35. The first
column gives the radial stratification of the model, controlled by the Rayleigh number Ra�Q . The second column gives heat flux pattern on the model’s outer boundary. The third
column gives the lateral Rayleigh number, RaL . The fourth column gives RaL normalized by the Rayleigh number for the onset of rotating convection, ðRa�Q Þcrit ¼ 5:47� 10�6

(Christensen and Aubert, 2006). The fifth column gives the magnetic Reynolds number, ReM . The sixth column provides the strength of the rms magnetic field in the shell
normalized by the convective magnetic field scaling from Christensen and Aubert (2006). The seventh column gives the Elsasser number, K. The eighth column the average time
period between polarity reversals in magnetic diffusion time-scale units, r2

o=g. Non-reversing cases are labeled ‘NR.’

Ra�Q Pattern RaL RaL=ðRa�Q Þcrit ReM Brms=BCA06 K Reversal period

�1:80� 10�3 Y20 1:80� 10�4 32.5 131 no dynamo 0 –

�1:80� 10�3 Y22 1:80� 10�4 32.5 9.7 no dynamo 0 –

0 Y10 2:70� 10�4 49.4 310 3:0� 10�2 0.025 �0.17

0 Y11 7:64� 10�5 14.0 92 3:2� 10�2 0.012 NR

0 Y20 6:75� 10�6 1.2 36 no dynamo 0 —

0 Y20 3:38� 10�5 6.2 132 1:5� 10�1 0.16 NR

0 Y22 1:91� 10�4 34.9 123 1:3� 10�1 0.37 NR
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and Olson, 2002; Aubert et al., 2008; Gubbins et al., 2011). In con-
trast, if the superadiabatic CMB heat flow is dominant, the result-
ing flows will not be strongly affected by CMB heterogeneity and
our models will not apply (i.e. RaL < Ra�Q ðCMBÞ; Regime II). Simi-
larly, if Io’s core is well-mixed by tidal instability, e.g. (Kerswell
and Malkus, 1998; Cébron et al., 2010), our Regime III models
may represent the effects of strong lateral heterogeneity of the
CMB thermal field. Should Io’s core be stably-stratified, e.g. (Khur-
ana et al., 2011), then our Regime I models may better apply.

The parameters of the two stably-stratified and the five neu-
trally-stratified simulations are given in Table 1. In order to facilitate
comparison with related dynamo models, we provide the following
output parameters: the magnetic Reynolds number defined as
ReM ¼ Urms=XD where Urms is the root-mean-squared velocity in
the shell and Brms=BCA06, which is the root-mean squared magnetic
field amplitude in the shell normalized by the scaling prediction
from (Christensen and Aubert, 2006), BCA06 ¼

ffiffiffiffiffiffiffiqlp ðFDÞ1=3. In addi-
tion, the Elsasser number K ¼ B2

rms=ðklqXÞ and the dipole reversal
rate are also reported.

4. Results

4.1. Stably-stratified non-dynamo simulations

We have carried out stably-stratified simulations for two differ-
ent CMB heat flux patterns, Y20 and Y22 (see Table 1). In these two
cases, stable stratifications are employed ðRa�Q ¼ �1:80� 10�3Þ as
well as CMB boundary modulation ðRaL ¼ �1:80� 10�4Þ. Fig. 2
shows the results of the Y20 stably-stratified simulation. This
Y20 pattern of heat flux simulates the effects of axisymmetric, lat-
itudinal thermal variations on the model’s CMB; heat is driven out
Fig. 2. Snapshot images of the Y20 Regime I non-dynamo case ðRaL ¼ 1:80� 10�4; Ra�Q ¼ �
(dark) shades denote radially outwards (inwards) CMB heat flow. Line contours show s
Aubert et al. (2007). Meridional slices showing color contours of (b) non-dimensional tem
units. Red (blue) contours represent warmer (cooler) fluid and prograde (retrograde) v
legend, the reader is referred to the web version of this article.)
of the core at the poles and into the core in the equatorial region
(Figs. 2a and 3a). The resulting thermal wind consists of axisym-
metric azimuthal (i.e. zonal) flows, as predicted by Eq. (2). (In con-
trast to the neutrally-stratified Y20 cases presented in
Section 4.2.1, the thermal wind is prograde here because of the
negative Ra�Q that replaces RaL in (9).) These azimuthal flows also
induce poloidal flows via Ekman pumping through the viscous
boundary layers (Vallis, 2006). Since these poloidal flows scale as
E1=2 of the typical flow velocity, they are only � 1% the strength
of the azimuthal thermal wind. Furthermore, these poloidal flows
do not penetrate into the stably-stratified fluid interior. Instead,
they remain trapped close to the outer boundary, as can be inferred
from the very low magnetic Reynolds number reached in a Y22
simulation (see Table 1), which has no axisymmetric heat flux var-
iation. Thus, the weak poloidal flow prevents dynamo action, even
though the Y20 case’s toroidal flow is strong.

Motivated by Teed et al. (2010), we had hoped to test explicitly
whether dynamo action can arise in a stably-stratified fluid layer
that undergoes a three-dimensional, baroclinic instability. Scaling
estimates of the Eady growth rate (Vallis, 2006) imply that baro-
clinic instabilities should be possible in the Y20 case. However,
no such instabilities develop from this model’s zonal shears
(Fig. 2c). These models are probably too viscous for baroclinic
instabilities to develop; i.e. the Reynolds numbers in the Y20 case,
Re ¼ ReM=Pm � 65, is rather modest.

4.2. Neutrally-stratified dynamo simulations

We have carried out neutrally-stratified simulations for four
different CMB heat flux patterns. We find that the onset of buoy-
ancy-modulated dynamo action and the shapes of the dynamo
1:80� 10�3Þ. (a) Greyscale contours show the pattern of heat flux on the CMB. Light
treamlines of the flow field just below the Ekman layer (on r ¼ 0:993 ro , similar to
perature variations and (c) azimuthal velocities in non-dimensional Rossby number
elocities, respectively. (For interpretation of the references in colour in this figure



Fig. 3. Snapshot images of the Y20 Regime III non-dynamo case ðRaL ¼ 6:75� 10�6; Ra�Q ¼ 0Þ. See Fig. 2 caption for detailed panel descriptions.
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generated fields are both functions of the imposed heat flux
pattern.

4.2.1. Axisymmetric heat flux patterns
Fig. 3 shows the results of a neutrally-stratified case ðRa�Q ¼ 0Þ

with a relatively weak Y20 CMB heat flux, corresponding to
RaL ¼ 6:75� 10�6. This calculation does not produce dynamo ac-
tion for two likely reasons. First, it is difficult, although not theoret-
ically impossible, to generate self-sustaining dynamo action by
axisymmetric motions (Gubbins and Roberts, 1987), similar to
the stably-stratified Y20 case. Second, the thermal wind flow is rel-
atively weak in this case. For this case, the magnetic Reynolds
number, which estimates magnetic field generation relative to dif-
fusion, has a value of 36. This value lies just below the estimated
critical value ReM � 40 for dynamo action in the convection-driven
dynamo simulations of Christensen and Aubert (2006). Thus, the
axisymmetric velocity field, as well as its low intensity, both disfa-
vor dynamo action.

Fig. 4 shows the results of a Y20 case with RaL ¼ 3:38� 10�5. In
this more strongly-forced case, the flow becomes unstable at mid-
to high latitudes. This instability produces non-axisymmetric,
three-dimensional fluid motions, which are capable of supporting
dynamo action. We argue that the high latitude fluid becomes con-
vectively unstable since the local surface cooling produces a situa-
tion where cold fluid overlies warmer deep fluid. This high latitude
convection effectively cools the fluid region primarily within the
right axial ‘tangent cylinder’ that circumscribes the inner core
equator. Cooling of the tangent cylinder fluid drives further thermal
winds that may then become baroclinically unstable, e.g. (Aurnou
et al., 2003). Irrespective of the specific instability mechanisms,
the resulting flow is capable of generating a self-sustaining mag-
netic field, with dynamo generation occurs predominantly at higher
latitudes. The magnetic field at the CMB is closely aligned with the
rotation axis. Little magnetic flux enters or exits the core except in
strong polar flux patches (Figs. 2b and 3a). Using the magnetic field
intensity scaling proposed in Christensen and Aubert (2006), we
find that the field produced by this Y20 Boussinesq dynamo is
approximately an order of magnitude weaker than that of a compa-
rable convectively-driven dynamo model (Table 1).

Fig. 5 shows the results from a dynamo case with a Y10 CMB
heat flux pattern and RaL ¼ 2:70� 10�4. Similar to the previous
Y20 cases, the Y10 heat flux pattern is axisymmetric. However,
the Y10 pattern is equatorially antisymmetric. This equatorial
asymmetry generates significantly different flow and magnetic
field morphologies in comparison to the Y20 case. The streamlines
in Fig. 5a show that only the flow in the northern hemisphere (out-
ward CMB heat flux) becomes unstable to three-dimensional mo-
tions, cf. (Holme and Ingersoll, 1994). In the southern
hemisphere (inward CMB heat flux), the flow is axisymmetric
and laminar. The Ekman pumping in this case produces a relatively
strong large-scale, laminar poloidal flow, with a north to south jet
below the outer boundary and a broad recirculation occurring
throughout the region exterior to the tangent cylinder (Fig. 5c).
This recirculation advects the southern retrograde azimuthal flow
northward across the equator. In addition, it compresses the region
of prograde azimuthal flow in the northern hemisphere.

This case produces a quasi-periodically reversing dynamo,
which has an external magnetic field that is hemispherical in nat-
ure. The high latitude three-dimensional flow in the northern hemi-
sphere produces intense, small-scale poloidal field patches,
predominantly inside the tangent cylinder. In order to create such
a localized CMB magnetic field, the power spectrum for this case
must be rather broad band (Fig. 5d). The retrograde azimuthal flows
in the southern hemisphere generate strong toroidal fields in this
part of the shell (Fig. 5c). Opposing gradients in the retrograde azi-
muthal flow (i.e. @uu=@s < 0 just outside the tangent cylinder and
@uu=@z > 0 in the vicinity of the equatorial plane) generate two
large bundles of oppositely signed toroidal field. The northern
hemisphere poloidal field in this case is qualitatively similar to
the polar fields in the Y20 dynamo case, however, a significantly
stronger buoyancy forcing is needed in the Y10 case to create an
unstable flow and, subsequently, a self-sustaining dynamo.

4.2.2. Non-axisymmetric heat flux patterns
In order to incorporate the effects of longitudinal variations in

CMB heat flux, we have conducted two additional boundary-mod-
ulated dynamo simulations that, respectively, make use of Y11 and
Y22 spherical harmonic outer boundary heat flux patterns. The Y11
case has heat leaving the eastern hemisphere of the core and enter-
ing the western hemisphere (Fig. 6a), simulating the CMB heat flux
pattern produced by an equatorial mantle superplume. The Y22
case has heat leaving the core along two antipodal longitudinal
bands and entering the core in the two neighboring longitudinal
bands (Fig. 7a). This pattern simulates one of the dominant CMB
heat flux components caused by tidal flexing of the silicate mantle
(or ice shell) of a body in a synchronous elliptical orbit (Tackley
et al., 2001; Segatz et al., 1988).

In both these cases, the flow field contains azimuthal shear
flows due to the latitudinal heat flux variations (Eq. (2)) and
upwelling/downwelling flows due to the longitudinal gradients
in heat flux (Eq. (3)). In particular, downwellings are located on
the retrograde side of warm regions and upwellings are located
on the prograde side of warm regions, e.g. (Gibbons and Gubbins,
2000; Sarson, 2003; Sreenivasan, 2009).

From the alternating signs of this sectoral heat flux pattern, one
might expect that there would be sectorally-localized azimuthal
thermal winds, which would sum to produce no mean axisymmet-
ric azimuthal flow:

H
u/ðr; h; /Þd/ ¼ 0. However, the results shown

in Figs. 6c and 7c demonstrate that mean azimuthal retrograde
thermal wind flows develop in the region outside the tangent



Fig. 4. Snapshot images of the Y20 Regime III dynamo case. (a) Greyscale shading show the pattern of heat flux on the CMB. Light (dark) shading indicates radially outwards
(inwards) CMB heat flow. Line contours show streamlines of the flow field just below the Ekman layer (on r ¼ 0:993ro , similar to Aubert et al. (2007). (b) Radial magnetic field
on the outer boundary. Field intensity is normalized using the BCA06 scaling for convection-driven dynamos from Christensen and Aubert (2006) (see text). (c) Meridional
slices showing color contours of azimuthally-averaged azimuthal velocity (in Rossby number units, blue is retrograde) (left) and toroidal magnetic field (right, blue is
retrograde). Line contours show azimuthally-averaged poloidal velocity (left) and poloidal magnetic field (right). (d) Magnetic power spectrum on the CMB normalized so that
the total energy is unity. Solid (dashed) line shows power as a function of spherical harmonic degree, l (order, m). (For interpretation of the references in colour in this figure
legend, the reader is referred to the web version of this article.)

Fig. 5. Snapshot images of the Y10 Regime III dynamo case. See Fig. 4 caption for detailed panel descriptions.
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Fig. 6. Snapshot images of the Y11 Regime III dynamo case. See Fig. 4 caption for detailed panel descriptions.

Fig. 7. Snapshot images of the Y22 Regime III dynamo case. See Fig. 4 caption for detailed panel descriptions.
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cylinder. These modest axisymmetric thermal wind fields are sim-
ilar in morphology to those that develop in the Y20 dynamo case
(Fig. 4c). They develop because nonlinear advection of the temper-
ature field by the sectoral thermal wind flows sets up a Y20 ther-
mal field just below the outer boundary. In sectors with outward
CMB heat flux, longitudinal thermal wind flows advect cold fluid
towards the poles; in sectors with inward CMB heat flux, longitu-
dinal thermal wind flows advect cold fluid towards the equator
(Fig. 7a). The thermal advection by these flows induces a Y20 tem-
perature field in which the polar regions are slightly cooler and the
equatorial region is slightly warmer. In both these cases, this in-
duced Y20 temperature field drives the retrograde mean azimuthal
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thermal wind flows. This thermal advection mechanism differs
fundamentally from the angular momentum advection mechanism
put forth to explain the prograde equatorial jets inferred to exist in
the atmospheres of tidally-locked hot Jupiters, cf. (Dobbs-Dixon
and Lin, 2008).

Poloidal magnetic field generation occurs farther from the rota-
tion axis in these non-axisymmetric heat flux cases (Figs. 6 b,c and
7b,c) than in comparable axisymmetric cases (Figs. 4b,c and 5b,c).
In the outer region of the shell, large-scale shears in the azimuthal
flow produce the toroidal magnetic fields. Localized radial flows,
arising in the mid-latitudes where large azimuthal and longitudi-
nal gradients in CMB heat flux exist, act on this toroidal field, twist-
ing it into strong normal and reverse polarity flux spots. The
location of the reverse polarity flux patches is controlled by the
heat flux pattern on the CMB. This behavior differs from convection
driven models (RaL � Ra�Q ), where such patches tend to develop
near the equator and in the vicinity of the tangent cylinder, e.g.
(Wicht and Tilgner, 2010).
Fig. 8. Three-dimensional magnetic field line renderings for snapshots of the (a) Y10,
equator. The magnetic field line thickness is rendered in proportion to local magnetic e
drawn in white. The inner (ICB) and outer (CMB) boundaries of the model are color-code
color coding is the same as on the hammer projections of previous figures, with ICB
transparent, with a transparency level that is inversely proportional to the local radial m
parallel (red) and antiparallel (blue) directions. A detailed description of this rendering alg
in this figure legend, the reader is referred to the web version of this article.)
5. Discussion

5.1. Dynamo mechanisms

The magnetic field morphologies generated by our neutrally-
stratified boundary-modulated dynamos (RaL > 0; Ra�Q ¼ 0; Re-
gime III) differ from those that occur in convection-driven dynamo
models (RaL � Ra�Q ), which often feature axial, dipolar fields (e.g.
Wicht and Tilgner, 2010). Three-dimensional magnetic field line
renderings (Aubert et al., 2008) of these dynamos (Fig. 8) and
CMB power spectra (Figs. 4d, 5, 6, and 7d) show that the individual
heat flux patterns lead to magnetic field morphologies that signif-
icantly differ from one another as well. The Y20 dynamo case is
dominated by the axisymmetric octopole (l = 3) term. The Y10 case
has a localized, complex CMB field with magnetic field energy
spread out over spectral space. The Y11 case contains significant
energy in its axial dipole (l = 1) and equatorial dipole (m = 1) com-
ponents. The Y22 case has comparable axial dipole and octupole
(b) Y11, (c) Y20 and (d) Y22 Regime III dynamo cases, viewed from 15� above the
nergy. An outer boundary great circle (solid line) and the equator (dashed line) are
d with the radial magnetic field (red patches denote outwardly oriented fields, the

magnetic fields divided by 2. In addition, the outer boundary is made selectively
agnetic field intensity. Field lines are also color-coded in order to indicate the ez-

orithm is given in Aubert et al. (2008). (For interpretation of the references in colour



Fig. 9. Y10 dynamo field snapshot extrapolated to the surface of a Mars-like planet
having a surface radius of 3400 km and a CMB radius of 1700 km.
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terms, as well as a strong equatorial quadrupole (m = 2) term, in
good agreement with Sreenivasan (2009).

5.1.1. Axisymmetric heat flux patterns
The first-order variation in the magnetic field structures shown

in Fig. 8 implies that the dynamo mechanisms differ between the
individual heat flux patterns. In the cases driven by axisymmetric
heat flux patterns (Y10 and Y20), dynamo action has not been
found to occur until the thermal wind becomes unstable to convec-
tive, and possibly baroclinic, instabilities. These three-dimensional
(3D) instabilities generate intense small-scale poloidal fields. The
instabilities develop in the vicinity of the tangent cylinder in both
cases. In addition, the flow inside the tangent cylinder appears to
contain large-scale axial thermal wind shears that create macro-
scopic poloidal and toroidal fields. Thus, the equatorially symmet-
ric Y20 case produces dynamo action almost exclusively within the
tangent cylinder.

In contrast, the equatorially anti-symmetric Y10 case generates
a weak external field only in the northern hemisphere. In the
southern hemisphere, large-scale x-effects generate strong, qua-
si-periodically reversing toroidal fields. The poloidal fields, which
are strongest in the southern hemisphere, are likely generated by
a macroscopic a-effect controlled by the large-scale poloidal recir-
culation that is driven by Ekman pumping. This Y10 case, with its
frequent reversals, appears to be a novel form of an ax dynamo
wave solution. Grote and Busse (2000) and Busse and Simitev
(2006) find hemispherical dynamos in models with mechanically
stress-free, fixed heat flux boundary conditions. In these models,
the internal and external field are both strongest in one hemi-
sphere. In contrast, the region of expelled external field remains
fixed in the northern hemisphere in our Y10 model, whereas the
strong internal field remains fixed in the southern hemisphere.

The hemispherical Martian dynamo model of Stanley et al.
(2008), driven by convection in conjunction with thermal wind
flow ðRaL � Ra�Q > 0Þ, features a hemispherically locked external
field similar to our Y10 case. This suggests that there is a broad
RaL � Ra�Q parameter space that can produce hemispherically-
locked dynamo fields. However, a significant difference occurs be-
tween our Y10 dynamo model and that of Stanley et al. (2008): the
magnetic field in Stanley et al.’s model is non-reversing, whereas
our Y10 model’s magnetic field undergoes relatively frequent
polarity reversals. The Y10 model reverses 6 times in 1 magnetic
diffusion time r2

o=g. If we assume a core radius of ro ¼ 1700 km,
similar to that of Mars, one magnetic diffusion time is approxi-
mately 105 years and the Y10 model would reverse approximately
every 15,000 years. This difference in reversal behavior is probably
due to the choice of mechanical boundary conditions. The non-slip
boundary conditions in our Y10 model drive a large-scale poloidal
recirculation via pumping through the Ekman boundary layer. In
contrast, no large-scale poloidal flow appears to exist in the Stanley
et al. model, which employs stress-free boundary conditions. Fur-
thermore, if our Y10 case is an ax dynamo wave solution, it is
one of the only such solutions to develop specifically because of
its non-slip boundary conditions.

5.1.2. Non-axisymmetric heat flux patterns
Dynamo action is produced by a similar mechanism in the Y11

and Y22 cases, which are both driven by non-axisymmetric, equa-
torially symmetric CMB heat flux patterns. In these cases, poloidal
and toroidal magnetic fields are generated by thermal wind shears
occurring outside the tangent cylinder. Locations of strong radial
flow convert toroidal field into poloidal field in the regions of
strong longitudinal thermal variations exist. The latitudinal ther-
mal variations create sectoral azimuthal shears that stretch poloi-
dal fields into toroidal fields. Furthermore, the axisymmetric zonal
flows induce a significant component of the toroidal field. Thus,
these cases appear to be macroscopic a2x dynamos, qualitatively
similar to the high E convective dynamo cases described in Olson
et al. (1999) and Aubert et al. (2008). In these convective dynamo
models, the dynamo mechanism is macroscopic in scale because
the overly strong viscous effects in these models favor the forma-
tion of large-scale convection structures. However, it is not clear
whether such structures pertain to actual planetary settings. In
contrast, the large-scale structure of thermal wind flow does not
depend on the fluid viscosity, and is dictated by the CMB thermal
field. It is therefore likely that such thermal wind flows could per-
tain to planetary conditions, e.g. (Aubert et al., 2008). This behavior
also accounts for the good agreement between our Y22 dynamo re-
sults, the comparable model of Sreenivasan (2009), and the Y22
kinematic dynamo model shown in Fig. 5 of Sarson (2003).
5.2. Implications

Boundary-modulated flows can act to either support or destroy
dynamo action in a given planet’s core. For instance, Olson and
Christensen (2002) proposed that overly strong CMB heat flux vari-
ations will tend to drive thermal wind flows that destroy convec-
tion-driven dynamo action. Our present models show that this is
not necessarily the case: for a variety of heat flux patterns, dynamo
action is recovered in the limit of dominant heterogeneous bound-
ary forcing ðRaL=Ra�Q !1Þ. Our results are also in qualitative agree-
ment with the dynamo modeling studies of Sreenivasan (2009) and
Takahashi et al. (2008). For example, in Takahashi et al. (2008), they
show that strong Y22 thermal winds are deleterious to convection-
driven dynamo action at relatively high Ekman number values E
(low rotation rates), but that the same CMB forcing enhances con-
vection-driven dynamo action as the Ekman number E is decreased
towards more realistic values (i.e. higher rotation rates).

The snapshot of the Y10 thermal wind dynamo model shown in
Fig. 5b reveals a complex CMB magnetic field that is localized in
the northern hemisphere, where the heat flux is directed outward.
This magnetic field is qualitatively similar to the observed crustal
field of Mars. Fig. 9 shows this field upward continued from the
CMB to the surface of a 3400 km radius planet, assuming a
1700 km radius core. The surface field has a smooth spatial struc-
ture and is roughly an order of magnitude stronger in the northern
hemisphere than in the southern hemisphere. The maximum
amplitude of the surface field, Bmax, is roughly three orders of mag-
nitude weaker than a comparable convective dynamo surface mag-
netic field, such that Bmax � 10�4 BCA06. Taking a peak Noachian CMB
heat flux of qo � 100 mW=m2 from Elkins-Tanton et al. (2005), we
estimate that Bmax � 80 nT. This instantaneous surface field inten-
sity estimate is approximately two orders of magnitude too weak
to account for the strong magnetizations inferred for the martian
crustal materials (e.g. Brachfeld and Hammer, 2006).

We have time-averaged the Y10 model’s magnetic field for just
over one magnetic diffusion time scale, r2

o=g. Assuming a 1700 km
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radius martian core, this time scale corresponds to sg ’ 105 years.
The magnetic field reverses six times over this time-averaging win-
dow, giving a characteristic polarity epoch time scale of
srev ’ 15;000 year. These relatively rapid reversals generate a
time-averaged rms surface magnetic field that is another order of
magnitude weaker than the surface field in Fig. 9, so that the esti-
mated time-averaged Bmax � 10 nT. It must be noted, though, that
the scaling method for these estimates, borrowed from the convec-
tion simulations of Christensen and Aubert (2006) ðRaL ¼ 0;
Ra�Q > 0Þ, need not be accurate for our buoyancy-modulated dyna-
mos ðRaL > 0; Ra�Q ¼ 0Þ.

Our Y10 model’s surface field does not seem capable of explain-
ing other aspects of the martian observations, which are indepen-
dent of the absolute intensity of the magnetic field. The
hemispherical variation of the model’s surface field intensity – by
approximately one order of magnitude – is significantly less than
the spatial variations observed on Mars (e.g. Purucker et al.,
2000; Nimmo et al., 2008). Furthermore, the relatively frequent
polarity reversals in our model would not leave a strong imprint
on a thick layer of crustal material. Nimmo (2000) estimated that
a 40–60 km thick layer of crust needs to be highly magnetized to
explain the strength of the martian crustal anomolies. For instance,
during our model’s typical 15,000 year polarity epoch, a dz � 2 km
of cooling crust can become magnetized, assuming the simple scal-
ing dz �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2jsrev

p
with j ’ 10�6 m2=s. Stacking many such 2 km

thick layers of opposing magnetization will produce a weak exter-
nal signal, unlike the martian observations. However, since the Ek-
man number is held fixed in this study at E ¼ 3� 10�4, it is not
possible to determine how the Y10 model’s reversal frequency
changes as the Ekman number is lowered towards more realistic
planetary values (e.g. E K 10�10Þ.
6. Summary

In this study, we have investigated Boussinesq models of plan-
etary dynamo generation driven via a laterally-varying heat flux on
the spherical shell’s outer boundary.

In the stably-stratified cases (Regime I) performed here, flows
driven by the laterally-varying CMB heat flux (i) remain baroclini-
cally stable and (ii) never penetrate to significant depth within the
fluid layer. Subsequently, dynamo action does not develop.

In neutrally-stratified cases (Regime III), the models represent
the limit of strong heterogeneous boundary forcing acting on a
well-mixed fluid shell. Because our neutrally-stratified models
agree at first order with comparable models that include convec-
tion in addition to a laterally-varying CMB heat flux, we argue that
our laterally-driven Boussinesq dynamos contain the basic features
of more complex models and provide a basic guide for understand-
ing them. We find that strong boundary-modulated flows do not
necessitate the cessation of dynamo action. Furthermore, our Y10
model suggests that boundary-modulated flows are unlikely to
generate more than an order of magnitude hemispherical variation
in a planet’s surface field. The Y11, Y20 and Y22 Regime III dynamo
models all produce equatorially symmetric fields, whereas the Y10
model produces a strongly anti-symmetric field. Further, the Y11
and Y22 models generate strong magnetic flux patches that spa-
tially correlate with strong lateral gradients of outward CMB heat
flow, whereas the surface magnetic fields in the Y10 and Y20 cases
cluster mainly within the inner core tangent cylinder.
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