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bstract

The geomagnetic field and secular variation exhibit asymmetrical spatial features which are possibly originating from an hetero-
eneous thermal control of the Earth’s lower mantle on the core. The identification of this control in magnetic data is subject to
everal difficulties, some of which can be alleviated by the use of core surface flow models. Using numerical dynamos driven by
eterogeneous boundary heat flux, we confirm that within the parameter space accessible to simulations, time average surface flows
bey a simple thermal wind equilibrium between the Coriolis and buoyancy forces, the Lorentz, inertial and viscous forces playing
nly a secondary role, even for Elsasser numbers significantly larger than 1. Furthermore, we average the models over the duration
f three vortex turnovers, and correlate them with a longer time average which fully reveals the signature of boundary heterogeneity.
his allows us to quantify the possibility of observing mantle control in core surface flows averaged over a short time period. A scal-
ng analysis is performed in order to apply the results to the Earth’s core. We find that three vortex turnovers could represent between
00 and 360 years of Earth time, and that the heat flux heterogeneity at the core-mantle boundary could be large enough to yield an
bservable signature of thermal mantle control in a time average core surface flow within reach of the available geomagnetic data.

2006 Elsevier B.V. All rights reserved.
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. Introduction

Over the last two decades many studies have been
arried out to investigate possible intrinsically asymmet-
ic spatial properties within the Earth’s magnetic field.
n the historical time scale, the secular variation (SV)
f this field is quite heterogeneous (e.g. Bloxham and

ubbins, 1985; Jackson et al., 2000; Hulot et al., 2002),
ith a more active Atlantic hemisphere and a quieter
acific hemisphere, and magnetic flux patches seemingly
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locked at remarkably stable spatial positions (Bloxham,
2002). It has also been suggested that the time aver-
age paleomagnetic (Gubbins and Kelly, 1993; Johnson
and Constable, 1995) and archeomagnetic (Constable et
al., 2000; Korte et al., 2005) fields show similar depar-
tures from axisymmetry as the modern historical field,
although the robustness of such conclusions has been
questioned by several authors (McElhinny et al., 1996;
Carlut and Courtillot, 1998; Hongre et al., 1998) and
is indeed difficult to assess without appropriate statisti-

cal tools (Hulot and Bouligand, 2005; Bouligand et al.,
2005; Khokhlov et al., 2006).

The physical properties of the Earth’s liquid core
are however spatially homogeneous, and were the

mailto:aubert@ipgp.jussieu.fr
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core-mantle boundary to impose homogeneous bound-
ary conditions, no symmetry-breaking properties should
arise in the time average behavior of the magnetic field
created by the geodynamo, except possibly equatorial
symmetry breaking properties which may arise sponta-
neously (Hulot and Bouligand, 2005; Bouligand et al.,
2005). It is, therefore, generally thought that a longitu-
dinal asymmetric signature within the geomagnetic field
should reflect some spatially heterogeneous coupling
at the CMB. Various coupling mechanisms have been
proposed. Thermal control by the mantle, however,
remains the most obvious and has indeed received
much attention in the last decades (see for instance
Hide, 1970; Jones, 1977; Bloxham and Gubbins,
1987). Given typical fluid velocities and heat diffusion
constants at the base of the mantle, local temperature
heterogeneities are likely to remain for millions of years,
i.e. much longer than any time scale of core dynamics.
Seen from the mantle, the rapidly mixed core is an
isothermal boundary. Temperature anomalies in the
mantle therefore translate into heat-flow anomalies (a
colder mantle extracting more heat from the isothermal
core). Since heat flow is continuous at the CMB, the
core then “sees” the mantle as prescribing a steady and
heterogeneous heat flow boundary condition.

Several difficulties hamper the identification of ther-
mal mantle control in geomagnetic data. First, the
signature of boundary heterogeneity is best seen when
considering time averages (for instance Olson and
Christensen, 2002; Bouligand et al., 2005) because tran-
sients usually mask the signal. Unfortunately, the needed
averaging time is likely longer than the available geo-
magnetic time series. Autocorrelation functions of the
geomagnetic field (Hulot and Le Mouël, 1994; Le Huy
et al., 2000) indicate indeed that the signal loses memory
of itself (a necessary condition for the removal of tran-
sients) on times of the order of several hundreds of years.
A second difficulty is associated with the magnetic signa-
ture of thermal mantle control itself. Numerical dynamo
models with heterogeneous heat flow at the outer bound-
ary have shown that departures from the geocentric axial
dipole are weak (Olson and Christensen, 2002) and dif-
ficult to distinguish from the statistical noise (Bouligand
et al., 2005). The secular variation provides a clearer sig-
nature (Christensen and Olson, 2003) but it is difficult to
formulate a simple theoretical link with the structure of
boundary heterogeneity.

Core flows can be inverted at the core-mantle bound-

ary (CMB) of the Earth from the historical magnetic field
and SV observations (recently Hulot et al., 2002; Amit
and Olson, 2004). Summarizing all the available infor-
mation into a fluid dynamical framework, they tend to
netary Interiors 160 (2007) 143–156

suffer less from the difficulties mentioned above. Their
autocorrelation time is shorter (Le Huy et al., 2000),
because the advection of momentum is much more turbu-
lent than the advection of the magnetic field, as a result of
the large ratio of magnetic diffusivity to viscosity in the
Earth’s core. Furthermore, a simple thermal wind theory
is expected to connect them with CMB heat flow hetere-
ogeneities (Bloxham and Gubbins, 1987; Bloxham and
Jackson, 1990), although questions remain concerning
the role of the Lorentz force, which will be addressed
in the present study. Finally, they preserve the spatial
asymmetry of the original data (Amit and Olson, 2006):
the Atlantic/Pacific dichotomy, as well as stable vortices
(specifically in the southern hemisphere). In addition
heterogeneity is also present between the northern and
southern hemispheres, with significant westward drift
at mid-latitude of the southern hemisphere but nearly no
drift at mid-latitude of the northern hemisphere (Pais and
Hulot, 2000; Amit and Olson, 2006). In this line of work,
several studies compared core flows models with the time
average outcome of numerical convection models driven
by heterogeneous thermal boundary conditions, espe-
cially focusing on the interaction of convection structures
with the boundary heat flow pattern (Zhang and Gubbins,
1992, 1993; Gibbons and Gubbins, 2000).

Previous studies have shown that core flows also need
time-averaging to reveal the mantle signature. A central
question remains: how long should the time-average be
in order to remove enough of the transients? We antic-
ipate that this should be shorter than for the magnetic
field, and the first goal of the present study is precisely
to assess this. Amit and Olson (2006) used the histor-
ical geomagnetic SV data to infer a time-average flow
model for the period 1840–1990. Is such an averag-
ing interval enough to reveal the core flow driven by
boundary heterogeneity? To address this question we
focus on self-consistent numerical models of convective
dynamo action with heterogeneous boundary heat flow,
and produce two types of flows: snapshots, and aver-
ages over intermediate intervals which we argue would
cover 100–360 years of real Earth time once properly
rescaled. These flows are compared to the actual steady
flow computed by averaging over the entire simulation
time. A statistical analysis of the correlation coefficient
between the intermediate flows and the steady flow then
provides us with a quantitative way to assess the like-
liness of revealing mantle control in time-average core
surface flows. This study also provides an opportunity

to investigate core surface fluid flows, in very much the
same way as Olson and Christensen (2002) investigated
the magnetic field. Finally it makes it possible to discuss
more quantitatively the possibility that certain robust fea-
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ures of SV inversion core flows could indeed be due to
hermal control from the mantle.

. Numerical model

.1. Formulation

We model thermal convection and self-sustained
ynamo action in a rotating spherical shell. A spheri-
al coordinate system (r, θ, ϕ) with unit vectors (er, eθ ,
ϕ) is chosen. The magnetohydrodynamic equations for
he velocity u, magnetic induction B, temperature T and
ressure P are solved for a conducting and convecting
oussinesq fluid within a spherical shell between radii ri

nd ro, the aspect ratio ri/ro being fixed to 0.35 as for the
iquid outer core of the Earth. The shell is rotating about
he ez axis of rotation. We adopt the dimensionless form
hosen by Christensen and Aubert (2006), with a slight
odification to account for a fixed heat flux boundary

ondition at the outer boundary:

∂u
∂t

+ u · ∇u + 2ez × u + ∇P

= Raκ

r
ro

T + (∇ + B) × B + E∇2u (1)

∂B
∂t

= ∇ × (u × B) + Eλ∇2B (2)

∂T

∂t
+ u · ∇T = Eκ∇2T (3)

· u = 0 (4)

· B = 0 (5)

he inverse of the rotation rate �−1 is chosen as time
cale. The length scale is the shell thickness D. The mag-
etic induction is scaled by (ρμ)1/2�D, where ρ is the
uid density andμ the magnetic permeability of the fluid.
he temperature is scaled by

T = q0D

ρCpκ
(6)

here q0 is the homogeneous part of the heat flux per
nit surface, Cp the specific heat of the fluid and κ is the
hermal diffusivity. The dimensionless parameters are
he Rayleigh number Raκ and the thermal, magnetic and
iscous Ekman numbers Eκ, Eλ and E:

aκ = αgoq0

ρCp�2κ
(7)
κ = κ

�D2 (8)

λ = λ

�D2 (9)
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Eλ = ν

�D2 (10)

Here α is the thermal expansion coefficient, go the
gravity at the outer boundary, λ is the magnetic diffu-
sivity and ν is the viscosity of the fluid. The reader may
be more familiar with the Prandtl and magnetic Prandtl
numbers Pr = ν/κ and Pm = ν/λ which will be reported in
our Table 1 of numerical simulations.

The velocity field satisfies rigid boundary conditions.
The magnetic field satisfies insulating boundary condi-
tions. Although treating the inner core as an insulator
is non-physical, the influence of inner-core conductivity
is indeed thought to be insignificant (Wicht, 2002). The
inner boundary has a constant and uniform temperature.
A spatially heterogeneous heat flow is prescribed at the
outer boundary, the influence of which we wish to inves-
tigate. Following Olson and Christensen (2002) the level
of this heterogeneity is quantified by the parameter

q∗ = qmax − qmin

2q0
(11)

representing half the ratio of the peak-to-peak amplitude
of the heterogeneity to the average heat flux q0.

The numerical implementation MAGIC by Johannes
Wicht is used in this study (Wicht, 2002).

2.2. Numerical data set, methods and outputs

Table 1 summarizes the different numerical calcula-
tions which have been performed. Cases q00 and q06
are reproductions of cases already published in Olson
and Christensen (2002). Case T1 is similar to the “tomo-
graphic” dynamo of these authors. Our choice of values
for q* is subject to several constraints. Obviously q*

is bound to zero on the low side (no mantle control),
whereas, dynamo action is lost for too large values of q*

(Olson and Christensen, 2002). We show in Section 3.1
that the product q*Raκ is the main scaling parameter for
the amplitude of steady, boundary-driven flow. In Section
4, we estimate the values of q* and Raκ in the Earth’sκ

core and show that numerical simulations can reach
Earth-like values of q*Raκ. We, therefore, use lower val-
ues of Ra�, and higher values of q* than in the Earth’s
core, while maintaining Earth-like values of q*Raκ.

In most calculations the heat flow heterogeneity has
been reduced to a single spherical harmonic (denoted
by Ym

l as in Olson and Christensen (2002)) to facili-
tate the understanding of the results. For the real Earth a

more complex boundary condition should obviously be
used. The heat flow heterogeneity at the CMB is poorly
known, and usually assumed to be correlated with seis-
mic shear velocity at the base of the mantle (e.g. Olson
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Table 1
Set of numerical models (see text for details)

Case Pattern q* Ra� E� Pm Pr U Uave Pe δ Λ τave/τu

q00 None 0 0.225 3 × 10−4 2 1 2.14 × 10−2 0 71.3 – 5.4 497

q01 Y2
2 0.1 0.225 3 × 10−4 2 1 2.15 × 10−2 1.80 × 10−3 71.7 0.130 5.3 213

q02 Y2
2 0.2 0.225 3 × 10−4 2 1 2.15 × 10−2 2.20 × 10−3 71.7 0.079 5.2 215

q04 Y2
2 0.4 0.225 3 × 10−4 2 1 2.21 × 10−2 3.89 × 10−3 73.7 0.069 4.7 515

q04h Y2
2 0.4 0.45 3 × 10−4 2 1 3.33 × 10−2 1.15 × 10−2 111.2 0.088 4.5 280

q06 Y2
2 0.625 0.225 3 × 10−4 2 1 2.21 × 10−2 5.56 × 10−3 73.7 0.061 4.7 589

Pr03 Y2
2 0.625 0.75 10−3 2 0.3 7.85 × 10−2 2.90 × 10−2 78.5 0.087 14.9 80

hh Y2
2 0.625 0.675 3 × 10−4 2 1 4.18 × 10−2 1.68 × 10−2 139.3 0.056 5.4 238

ll Y2
2 0.625 0.0315 3 × 10−5 2 1 3.00 × 10−3 4.59 × 10−4 100 0.062 12.2 50

lh Y2
2 0.625 0.18 3 × 10−5 1 1 8.57 × 10−3 2.52 × 10−3 285.7 0.032 8.1 89

q08 Y2
2 0.8 0.225 3 × 10−4 2 1 2.30 × 10−2 7.83 × 10−3 76.7 0.060 3.6 307

Y21-2 Y1
2 0.2 0.225 3 × 10−4 2 1 2.17 × 10−2 1.97 × 10−3 72.2 0.141 5.1 364

Y21-1 Y1
2 0.625 0.225 3 × 10−4 2 1 2.17 × 10−2 4.31 × 10−3 72.3 0.129 5.4 290

Y21-3 Y1
2 0.39 0.36 3 × 10−4 2 1 2.88 × 10−2 5.52 × 10−3 96.1 0.120 4.8 404

Y21-4 Y1
2 0.625 0.36 3 × 10−4 2 1 2.90 × 10−2 8.18 × 10−3 96.7 0.112 4.8 119

Y21-5 Y1
2 0.625 0.675 3 × 10−4 2 1 4.75 × 10−2 1.22 × 10−3 158 0.085 0.9 130

T2 Tomo 0.2 0.225 3 × 10−4 2 1 2.14 × 10−2 1.13 × 10−3 71.3 0.091 5.4 369

T1 Tomo 0.5 0.225 3 × 10−4 2 1 2.14 × 10−2 2.49 × 10−3 71.3 0.097 5.7 357

T3 Tomo 0.31 0.36 3 × 10−4 2 1 2.85 × 10−2 5.07 × 10−2 95.2 0.107 4.8 144

T4 Tomo 0.4 0.36 3 × 10−4 2 1 2.88 × 10−2 4.70 × 10−3 96 0.065 4.7 251

T5 Tomo 0.93 0.36 3 × 10−4 2 1 2.98 × 10−2 7.5 × 10−3 99.3 0.051 3.5 287

T6 Tomo 0.5 0.675 3 × 10−4 2 1 4.44 × 10−2 1.1 × 10−2 148.1 0.071 2.4 138

S1 Y2
2 0.625 2.25 × 10−4 3 × 10−4 2 1 3 × 10−5 4.31 × 10−5 0.1 0.693 0 Steady flow

S2 Tomo 0.5 2.25 × 10−4 3 × 10−4 2 1 1.414 × 10−5 1.80 × 10−5 0.047 0.57 0 Steady flow
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nd Christensen, 2002): regions of the mantle with high
eismic shear velocity are supposedly colder than aver-
ge, extracting more heat from the core. Note that this
ssumption allows to prescribe the pattern, but not the
mplitude, of boundary heterogeneities. Note also that
xplaining seismic shear velocity variations in terms of
emperature alone is quite a crude assumption because
t entirely ignores possible contributions from chemi-
al heterogeneities as well as possible phase transitions
bove the CMB. Obviously, it would be desirable to sep-
rate thermal and chemical contributions to the seismic
nomalies. Such a decomposition has in fact been tenta-
ively introduced by Trampert et al. (2004), but only with
sub-family of spherical harmonic components. Despite

he lack of information, a multi-harmonic boundary
ondition should be included in order to render geo-
hysically relevant non-linear effects. In cases T1–T6
nd S2 (hereafter also labelled as tomographic cases) we
ave used the pattern of the seismic shear velocity model
f Masters et al. (2000) at the base of the mantle. This
attern contains little energy after spherical harmonic
egree 8 and is therefore truncated at this degree.

In cases S1 and S2 (hereafter also labelled as sub-
ritical cases) the Rayleigh number has been set to a
alue below the critical value for convection onset. The
uid is then stably stratified and the system responds only

o the lateral heat flow heterogeneity imposed at the outer
oundary. Obviously cases S1 and S2 are not dynamos.
ll other cases but case Y21-5 produce a self-sustained
agnetic field with a non-reversing axial dipole. Case
21-5 presents a weaker axial dipole with excursions.
he time-average magnetic field and secular variation
roduced by heterogeneous dynamos has been studied
n detail by Olson and Christensen (2002), Christensen
nd Olson (2003) and is not within the general scope of
he present study. However, for a crude estimate of the
elative importance of the Lorentz force in the system,
e have reported in Table 1 the value of the Elsasser
umber defined as:

= 1

EλV

〈∫
V

B2 dV

〉
τave

(12)

ngular brackets denote time-averaging. The averaging
ime τave is the duration of the run. The shell volume is
enoted by V.

In this study, the root-mean-squared, time average

elocity in the shell is defined as

=
√〈

1

V

∫
V

u2 dV

〉
τave

(13)
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Due to the choice of 1/� as time scale, U is a Rossby
number of the flow. To quantify the importance of ther-
mal advection versus diffusion of heat, we introduce the
classical Péclet number

Pe = ŨD

κ
(14)

where we generally denote with a tilde the value of vari-
ables in the dimensional world (for the present instance
Ũ = U�D). In the non-dimensional world, we have
therefore

Pe = U

Eκ

(15)

Also derived from Ũ is the advection time, or vortex
turnover time τ̃u:

τ̃u = D

Ũ
(16)

In the non-dimensional world, we simply have

τu = 1

U
(17)

Numerical models are run until energetic equilibration.
The steady flow is then extracted by a further calcula-
tion averaged over a time τave ranging from 50 (for the
most demanding calculations), to 500 vortex turnover
times. The vortex turnover time is the fundamental time
scale for mixing, and the steady flow therefore corre-
sponds to a well-mixed thermal state where the effect of
heterogeneous heat flow boundary conditions appears.

On a shorter time interval made of fewer vortex
turnovers, average flows are associated with an incom-
plete thermal mixing. We now attempt to estimate the
vortex turnover time in the Earth’s core, in a manner
consistent with (13) and (16). A conventional range of
values for the velocity close to the CMB is 3 × 10−4 m/s
to 5 × 10−4 m/s (Bloxham and Jackson, 1991; Eymin
and Hulot, 2005). According to the numerical dynamos
of Christensen and Aubert (2006), surface flow mag-
nitudes have to be amplified by a factor 2–4 to get
root-mean-squared flow velocities inside the core, yield-
ing estimates of U = 6 × 10−4 to 2 × 10−3 m/s. The
estimate for the vortex turnover hence ranges from 35
to 120 years. This range is consistent with the typi-
cal auto-correlation times computed from core surface
flows inferred from the historical geomagnetic data (Le
Huy et al., 2000). To determine the likeliness that core
flows time averaged over historical time periods con-

tain a signature of mantle control, we, therefore, define
intermediate flows averaged over 3τu time units of the
simulation, and compare them to fully converged time-
averages. For the real Earth, considering a duration of
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three vortex turnovers corresponds to performing time
averages over historical periods of 100–360 years. It
must be stressed that our approach is equivalent to match-
ing the non-dimensional time in numerical simulations
to the actual time in the Earth’s core through the advec-
tion, or vortex turnover time. We are well aware that
this choice is quite uncommon, because the Reynolds
number in numerical dynamos (which represents the
amount of momentum advection with respect to vis-
cous diffusion) has a typical value of a few hundreds
and is very remote from Earth’s core values of order 108

(Christensen and Aubert, 2006). The magnetic Reynolds
number (which is the equivalent of the Reynolds number
for magnetic advection) is more Earth-like in numerical
dynamos, and this often motivates the choice to re-scale
non-dimensional time to Earth’s core time through the
magnetic dipole decay time (see for instance Christensen
and Tilgner (2004)). This is, however, of little use in the
present study since we focus on flow and thermal features
rather than on magnetic field features. We rather attempt
to capture the mixing effect of three large-scale vortex
turnovers, while the effect of smaller-scale, unresolved
vortices is represented by an overestimated viscosity.

Flows will be examined on a spherical surface S
located below the core-mantle boundary, at the top of
the free stream, outside the viscous Ekman layer. The
homogeneous dynamo drives a significant part of the
zonal flow observed on S (Aubert, 2005). This part must
be removed in order to avoid spurious positive corre-
lations that are unrelated with our ability to retrieve
mantle control. Since it is technically difficult to isolate
the homogeneous dynamo zonal flow at all time scales,
we simply use the non-axisymmetric velocity field una
and temperature field Tna. The amplitude Uave of the
boundary-induced, steady flow is defined as:

Uave =
√

1

S

∫
S

〈una〉2
τave

dS (18)

We also define a thermal penetration depth δ as

δ=
(

1

S

∫
S

〈Tna〉2
τave

dS

)1/2
(

1

S

∫
S

〈
∂Tna

∂r

〉2

τave

dS

)−1/2

(19)

The intermediate and steady flows will be compared
through a standard vector correlation coefficient
Cint =
∫
S
〈una〉3τu

· 〈una〉τave
dS√∫

S
〈una〉2

3τu
dS

√∫
S
〈una〉2

τave
dS

(20)
netary Interiors 160 (2007) 143–156

Instantaneous correlation coefficients will also be com-
puted using flow snapshots:

C =
∫
S

una · 〈una〉τave
dS√∫

S
u2

na dS

√∫
S
〈una〉2

τave
dS

(21)

Obviously, C and Cint are variable in time because
snapshots and incomplete time averages are time-
dependent. A statistical approach is therefore adopted.
For each numerical model, 10 independent realizations
of C and Cint are performed, in order to extract the mean
and standard deviation of the correlation coefficients.

3. Results

3.1. The steady flow

In this study, the steady flow serves as a reference for
detecting the signature of mantle control. In early studies
of heterogeneous mantle control (Zhang and Gubbins,
1992, and followers) it was shown that a thermal wind
balance between the buoyancy and Coriolis vorticities
drives the flow at the top of the free stream. However,
these studies used models of non-magnetic convection,
which are unlikely to be relevant to the real core since the
flow may change much in the presence of a magnetic field
(Olson and Glatzmaier, 1996). The exact influence of the
Lorentz force at the top of the core is not well-known.
The hypothesis that it is weak is grounding the tangential
geostrophy assumption (Le Mouël et al., 1985) that is
commonly used in core flow inversion from geomagnetic
SV data (Hulot et al., 2002). Here, we first clarify the role
of the Lorentz force in the numerical models.

As in Christensen and Aubert (2006) we write the
curled version of Eq. (1) to obtain an equation for the
vorticity ω =�× u:

∂ω

∂t
+ ∇ × (ω × u) − 2

∂u
∂z

= Raκ

ro
∇ × (T r)

+ ∇ × [(∇ × B) × B] + E∇2ω (22)

The thermal wind balance holds when the Coriolis vor-
ticity −2∂u/∂z is balanced by the buoyancy vorticity
Raκ/ro�× (Tr). The two horizontal components of this
balance are checked at the top of the free stream, for the
steady flow, in Fig. 1. The azimuthal component shows
a well-respected balance, dominated by the axisymmet-
ric component. This is in agreement with the findings
of Aubert (2005): the steady zonal flow in homoge-

neous dynamos is mainly a thermal wind. The meridional
component reveals more the quality of the balance for
non-axisymmetric flows driven by the heterogeneous
boundary condition. The agreement, while being less
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ig. 1. Long-term (τave) time average of case q04. Check of the meridio
re negative values) and azimuthal (contour interval 0.03) thermal win
alance from thermal wind. The root-mean-squared residual amplitude
urled force amplitude.

atisfactory (especially near the equator where thermal
ind is expected to fail) still shows a good degree of cor-

elation with a low residual. The Lorentz force makes for
ost of this residual, while inertia and viscosity play a

econdary role in this case (not shown here). At first
lance it may seem surprising that the Lorentz force
oes not perturb the system from a thermal wind bal-
nce. However, one must bear in mind that the magnetic
ressure, which represents a sizeable part of this force,
oes not enter the curled force balance (22), reducing
he contribution of the Lorentz force, even when the
lsasser number Λ is clearly above 1 (for case q04 we
ave Λ = 4.7).

Now that we are confident that steady flows of the
eterogeneous dynamos can reasonably be described in
erms of thermal winds, we may propose a scaling for
heir amplitude, which will be useful to quantify their
mportance versus transient flows. The thermal wind
alance writes

2
∂u
∂z

= Raκ

ro
∇ × (T r) (23)

he �× operator acting on Tr introduces a length scale

n the lateral direction. The z-derivative on the left-hand-
ide contains radial and lateral length scales. In a thick
pherical shell, both can be anticipated to be of the same
rder of magnitude. The left-hand side and right-hand
ntour interval 0.09, plain contours are positive values, dashed contours
ce at depth 0.07. The residual represents the deviation of the vorticity
ents 33% (meridional) and 20% (azimuthal) of the root-mean-squared

side length scales therefore cancel in the scaling for Uave
which writes:

2Uave ≈ RaκTave (24)

Here Tave is the typical amplitude of the temperature
variations associated with the thermal wind Uave. In the
non-dimensional form introduced by (6), the Fourier law
of heat conduction writes:

q = −∂T

∂r
(25)

Hence, a scaling for Tave is obtained by using the ther-
mal penetration depth δ and the amplitude of heat flux
heterogeneity q*:

Tave ≈ 2q∗δ (26)

Note that the factor 2 here is due to the fact that Tave
represents a peak-to-peak variation, while q* is a zero-
to-peak value. The scaling for Uave writes

Uave

δ
≈ q∗Raκ (27)

The proposed scaling is checked in Fig. 2. For the Y2
2 pat-

tern (circles, diamonds and cross), U /δ linearly grows
ave
with q* and with Raκ, with a slope of 0.72, close to the
theoretical slope 1. Moreover, a given value of the prod-
uct q*Raκ yields a unique thermal wind amplitude. This
response is checked against various values of Raκ, Eκ
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and Pr. For Y1
2 and tomographic patterns the linearity still

mostly holds, with lower slopes of 0.45 (tomographic)
and 0.33 (Y1

2 ). Indeed these patterns contain equator-
antisymmetric forcing components, which oppose the
Proudman-Taylor constraint of the rotating system to set
up a flow.

The Y1
2 and tomographic patterns have, however, an

additional peculiarity when compared to Y2
2 : looking for

instance at cases T1 and T3 (or Y21-1 and Y21-3, T5
and T6) we see that it is possible to obtain slightly dif-
ferent thermal wind values (within a factor 2) for two sets
of (q*, Raκ), while maintaining a constant value for the
product q*Raκ. Due to the Proudman-Taylor constraint,
equator-symmetric and antisymmetric patterns induce
different responses. In the Y2

2 cases the homogeneous
(Raκ) and heterogeneous (q*) forcings are both equator-
symmetric, so the roles of q* and Raκ can be swapped
(for instance cases q04h and q08 yield almost exactly
the same Uave/δ). In the Y1

2 and tomographic cases, the
heterogeneous forcing is no longer equator-symmetric,
and this breaks the symmetry between q* and Raκ.
Different behaviors of equator-symmetric and antisym-
metric forcings were already observed by Gibbons and
Gubbins (2000). While the symmetry-breaking between
q* and Raκ can influence the thermal wind amplitude,
it certainly does not change its order of magnitude. We

conclude that the response is still mostly linear.

Fig. 2 shows that, for a given flow pattern and as
predicted by (27), the amplitude of the steady flow
responds mostly linearly to the level of imposed man-

Fig. 2. Amplitude Uave of the steady thermal wind, corrected for
the thermal penetration depth δ as a function of the scaling param-
eter q*Raκ. The three dashed lines represent the respective fits
Uave/δ = 0.72, 0.45, 0.33 q*Raκ for cases with Y2

2 , tomographic and
Y2

1 heat flow patterns.
netary Interiors 160 (2007) 143–156

tle heterogeneity q*Raκ if we correct for the thermal
penetration depth δ. The nonlinear part of the response
is hidden in δ, which is crucially sensitive to advec-
tion and mixing of heat. To provide a scaling for δ,
we first assimilate δ to a thermal boundary layer thick-
ness (although the limitations of this hypothesis will be
shown below). In a classical Rayleigh-Benard system
without rotation, the dimensional δ̃ correlates then with
the thermal diffusion length

√
κD/Ũ. Due to the pres-

ence of a dominant Coriolis force, it is expected that core
flows behave differently. It is possible to derive a scal-
ing for the thermal boundary layer thickness in rotating
dynamos from the extensive parameter space study of
Christensen and Aubert (2006), starting from their scal-
ing Nu* ∝ (Ra∗

Q)0.5 tying their modified Nusselt Nu* and
Rayleigh Ra∗

Q numbers

Nu∗ = ro

ri

qadv

ρCp	T�D
(28)

Ra∗
Q = ro

ri

αg0qadv

ρCp�3D2 (29)

Only the advective part qadv of the total heat flux q0
escaping from the core enters the formulas above. In
their models the temperature difference 	T is prescribed
between the inner and the outer sphere of the shell. We
have a different choice of boundary conditions, where
	T is a variable while q0 is prescribed. To adapt their
result, we use Fourier’s law to relate 	T with q0 using
the thermal penetration depth δ̃:

q0 = ρCpκ
	T

2δ̃
(30)

Considering only sufficiently forced models so that q0
≈ qadv an expression for Nu* as a function of δ follows:

Nu∗ ≈ ro

ri

Eκ

δ
(31)

and we also have

Ra∗
Q = ro

ri
RaκEκ (32)

so that the Christensen and Aubert (2006) scaling finally
relates δ with control parameters:

δ ∝
(

Raκ

Eκ

)−0.5

. (33)

In Fig. 3, a power-law fit for supercritical cases with
Y2 heat flow pattern yields δ = 1.1(Ra /E )−0.4, in rea-
2 κ κ

sonable agreement with (33). Assimilating δ to a thermal
boundary layer thickness obviously fails to describe its
sensitivity to q* (circles aligned along a vertical). How-
ever q* is bound by the need to maintain a dynamo (Olson
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Fig. 4. (a) Heat flow pattern used in cases S2 and T1, derived from the
Masters et al. (2000) seismic shear velocity model (larger than average
outwards heat flux in red). (b and c) streamfunction representations of
the steady flow at depth 0.07, plotted over the steady temperature field
at the same depth. For (b), the sub-critical case S2 (contour interval

−6
ig. 3. Y2
2 heat flow pattern. Scaling of the thermal penetration depth

according to Christensen and Aubert (2006). The best-fit power law
s δ = 1.1(Ra�/E�)−0.4.

nd Christensen, 2002) and can certainly not influence δ

n a range larger than that indicated on Fig. 3.
The advection of temperature alters the magnitude,

ut also the structure of the steady flow, especially when
he boundary heterogeneity pattern has a complex spec-
ral content such as in the tomographic cases T1 and S2.
ig. 4a shows the heat flow pattern used in these cases. In
ig. 4b we first show the pattern of sub-critical response
case S2) to this heat flow, with no underlying convec-
ion. The temperature field is simply a smoothed (due to
hermal diffusion) image of the prescribed heat flow, and
he resulting thermal wind is rather equatorially symmet-
ic. Fig. 4c presents the supercritical response (case T1).
or the purpose of comparison with Fig. 4b, the steady
ontribution from the homogeneous dynamo case q00
which has the same parameters as case T1 except the
alue of q*), which is entirely zonal, has been removed.
he flow pattern is similar to that obtained by Olson and
hristensen (2002, Fig. 9b), and Gibbons and Gubbins

2000, Fig. 4c). Here the temperature structure results
rom two effects: the imposed boundary heterogeneity
s in Fig. 4b, but also the underlying thermal mixing,
hich drastically reduces the depth δ of penetration of

he boundary condition, from one half of the shell in
ig. 4b to one tenth of the shell in Fig. 4c (see Table 1).
he flow pattern driven by the mixed temperature hetero-
eneity is now quite asymmetric, with only two strong
ortices (southern Atlantic and northern American) and
uieter zones such as the southern Pacific.

Another interesting effect of temperature advection

s the longitudinal angular shift between the imposed
eat flow pattern and the flow vortices. Indeed a com-
arison between Fig. 4b and c reveals that the main
frican temperature patch and its associated vortex are
1.5 × 10 , 20 color contours from −0.07 to 0.07) and for (c) the
supercritical case T1, after removal of the homogeneous steady flow
and steady temperature field from case q00 (contour interval 0.0003,
20 color contours from −3.1 to −2.4).

displaced roughly 20◦ to the west when convection is
present. Gibbons and Gubbins (2000) and Olson and
Christensen (2002) have exhibited a dependence of this
shift with the Ekman number. We argue here that the
relevant parameter is the Peclet number of the flow (see
(14)), because the shift crucially depends on temperature
advection. To illustrate this, we use all cases with Y2

2
heat flow pattern, including a sub-critical case. All con-
trol parameters are therefore varying. The westward shift
is measured between the heat flux maxima/minima and

the closest vortices, in both northern and southern hemi-
spheres. This yields a set of eight results for each case, the
mean and standard deviation of which are plotted versus
Pe in Fig. 5. The sub-critical Y2

2 case has almost no shift,
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Fig. 5. Y2
2 heat flow pattern. Westward longitudinal shift between the

heat flow pattern and the streamfunction pattern, as a function of the
Peclet number Pe. The error bars reflect the standard deviation of the
angular shift in the set of 8 vortices (4 north, 4 south) created by a Y2
2
heat flow pattern. The deviation is overestimated due to the asymmetric
character of cyclones and anticyclones.

Fig. 6. Case q06 (high level of mantle control q* = 0.625) streamfunction r
(larger than average outwards heat flow in light grey), (a) steady flow obtain
flow, corresponding to the effect of the heterogeneous boundary condition, is
intermediate averaging over a time 3τu corresponding to three vortex turnove
from realizations (c and d), respectively. The vector correlation coefficient C
0.0003.
netary Interiors 160 (2007) 143–156

which strongly suggests that the shift is resulting from
the advection of temperature patches by the underlying
dynamo flow, away from the imposed heat flow loca-
tion. As the Peclet number increases, the shift increases
due to a coherent advection. The shift then reaches a
maximum and decreases for large values of Pe, because
advection becomes of smaller scale and less coherent.
We, therefore, expect that the temperature patches reach
zero shift with respect to the heat flux patches as mix-
ing becomes complete in the large Peclet number limit
which is relevant for the Earth’s core.

3.2. The intermediate flows

Figs. 6 and 7 present streamfunctions representa-
tions of flows at the top of the free stream for cases
q06 and q02, corresponding to high (q* = 0.625) and
low (q* = 0.2) levels of mantle control, respectively, for

a constant value of Raκ. In both cases a single har-
monic Y2

2 is used as boundary heterogeneity. Y2
2 was

chosen because it is the largest single harmonic in the
mantle tomography model of Masters et al. (2000). In

epresentations of flows at depth 0.07, plotted over heat flow pattern
ed by averaging over τave. (b) Only the non-axisymmetric part of the

selected as a reference for correlation. (c and d) Two realizations of
r times (non-axisymmetric part of the flow). (e and f) Time snapshots
with (b) is reported in (c, d, e and f). Contour interval in all plots is
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Fig. 7. Same as Fig. 6, for case q0

igs. 6 and 7a, the steady flow pattern previously found
y Olson and Christensen (2002) is recalled. In order to
emove spurious correlations associated with the homo-
eneous dynamo, only the non-axisymmetric part of the
ow (Figs. 6 and 7b) is taken as reference for subsequent
nalysis. A flow will be considered to carry a signa-
ure of mantle control if its non-axisymmetric part has
statistically significant correlation with this reference
ow.

Figs. 6 and 7c and d show two intermediate flows
btained using time averaging over 3�u units of time.
hese flows carry a significant transient part (see the
igher density of streamlines compared to the reference
ow (Figs. 6 and 7b) which is richer in smaller length
cales. This transient flow is responsible for the time vari-
bility of the vector correlation coefficient C, which may
ary from low (Figs. 6 and 7c) to high (Figs. 6 and 7d)
alues. In the case of high correlation, a qualitative visual
heck also indicates that the reference heterogeneity
attern and reference flow can indeed be seen in the inter-
ediate flows. Comparing cases q06 and q02, we show

hat when the mantle control is large as in case q06, the

orrelation coefficient between the intermediate and ref-
rence flow is generally higher than when the mantle
ontrol is low as in case q02, which is an intuitive result.
somewhat more counter-intuitive and interesting result
level of mantle control q* = 0.2).

is revealed by case q02 in Fig. 7: the intermediate flow in
Fig. 7d is much stronger in amplitude (by roughly a factor
10) than the steady flow in Fig. 7b, yet the two flows are
highly correlated with C = 0.54. This shows that a weak
level of mantle control can have a dramatic influence
on the shape of the observable flow in this realization
of intermediate time averaging. However, of course, an
observer of the Earth core could be less fortunate and
see a realization such as the one shown in Fig. 7c where
the signature of mantle control has been lost (C = 0.03).

Figs. 6 and 7e and f present snapshots of flows
captured within the intermediate time averaging of
Figs. 6 and 7c and d, respectively. Snapshots are even
richer in smaller length scales than intermediate aver-
ages. This underlines the importance of time-averaging,
even over a short period of time such as 3τu: the result-
ing flows have higher correlation with the reference flow
than snapshots, increasing significantly our chances to
witness some mantle control.

3.3. Possibility of mantle control on intermediate
flows
We anticipate that a key parameter to determine the
correlation coefficient C is the relative amplitude A of
the steady thermal wind with respect to the underlying
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Fig. 8. Vector correlation coefficient C between steady thermal wind
and transient flow at the outer surface of the model, as a function of
the scaling parameter A = Uave/U, describing the relative amplitude of

the steady surface thermal wind and the underlying flow. Grey points
are snapshots, black points are 3τu intermediate time-averages. Points
and error bars respectively represent the mean and standard deviation
in a set of ten realizations.

dynamo flow, expressed as:

A = Uave

U
(34)

where Uave and U are respectively defined by (18) and
(13). Fig. 8 shows a plot of C versus A, covering all
cases in our data set. Points and error bars represent the
mean and standard deviation of the correlation level in a
set of ten realizations, for intermediate averages (black)
and snapshots (grey). Generally we found positive cor-
relation between intermediate and steady flows for all
non-zero values of q* which we investigated. The cor-
relation C is increasing with A for a given heat flow
pattern. Cases with different Ekman and Prandtl num-
bers, and with different heterogeneity patterns delineate
the same trend curve, supporting the choice of A as a scal-
ing parameter. Snapshots generally show about half the
level of correlation seen for intermediate time averages.

4. Discussion

The novel approach of our study is to model time-
average core flows from numerical dynamos with
non-uniform boundary heat flow on two distinct time
scales. On a long time scale representative of complete
thermal mixing, a steady thermal wind arises, which is

representative of the heterogeneous boundary heat flow
pattern. The Lorentz, inertial and viscous forces have
only a secondary influence. The thermal wind balance
allowed us to propose and test a scaling law for this
netary Interiors 160 (2007) 143–156

steady flow. In order to test the effect of an incom-
plete time-averaging, we have introduced the concept
of intermediate flow, which we computed here for var-
ious simulations by taking averages over three vortex
turnover times, presumably equivalent to 100–360 years
in the Earth’s core. Such intermediate flows are affected
by both the steady flow and a transient flow from the
underlying convective dynamo. We quantified the resem-
blance of steady and intermediate flow with a correlation
coefficient, which we showed to be primarily dependent
on the amplitude ratio of the two flows.

The generally positive character of the correlation
between intermediate and steady flows suggests the pos-
sibility to observe thermal mantle control on the Earth’s
core on time scales related to flow advection. This is
an encouraging perspective in light of the reliable SV
inversion flow data, which have currently a timespan
of roughly 150 years and could reach longer intervals
when issues concerning geomagnetic data prior to 1840
are addressed, such as a re-evaluation of the magnetic
field intensity (Gubbins et al., 2006). This is also consis-
tent with the early suggestion of Bloxham and Gubbins
(1987) that lateral temperature heterogeneities could
be sufficient to force mantle-driven core convection.
Here we may push the argument further by provid-
ing a quantification of this likeliness, and suggesting
that the needed observation time is within the existing
period of reliable historical geomagnetic data. To do this
we estimate the relative amplitude A = Ũave/Ũ of the
mantle-driven flow at the Earth’s core surface and the
underlying dynamo flow.

We may start by providing an estimate of the heat flow
heterogeneity at the top of the Earth’s core, from the man-
tle side of the CMB. Due to subducting plate material,
lateral temperature heterogeneities there are thought to
be quite considerable (Labrosse, 2002). Trampert et al.
(2004) have attempted a separation of the thermal and
chemical part of the seismic velocity heterogeneity. They
found zero-to-peak lateral temperature variations of the
order of 100 K. For the present estimation we will retain
a peak-to-peak temperature variation of δT = 200 K. The
thickness δm = 100 km of the thermal boundary layer
at the bottom of the mantle can be estimated using
the thermal diffusion length δm = √

κmDm/um, with
the mantle velocity, thermal diffusivity and size being
respectively taken as um = 1 cm/year, Dm = 3000 km and
Km = 10−6 m2/s (Schubert et al., 2001). Fourier’s law
then allows us to infer the heat flux heterogeneity across

the core-mantle boundary:

δq = ρmCpmκm

δT

δm

(35)
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Using the mantle specific heat and density val-
es Cpm = 1000 J K kg−1 (Schubert et al., 2001)
nd ρm = 5000 kg/m3 from PREM (Dziewonski and
nderson, 1981) we get δq = 10 mW/m2. Compared to a

easonable value for the superadiabatic heat flow out of
he Earth core of q0 = 15 mW/m2 (Labrosse, 2002), this
epresents a level of heterogeneity q* = δq/2q0 = 30%.

On the core side the thickness δ̃ of the thermal
oundary layer is estimated using our best fit for (33).
sing D = 2200 km, α = 10−5 1/K, Cp = 800 J kg K−1,

nd � = 5 × 10−6 m2/s (Stacey, 1992), ρ = 104 kg/m3

nd g0 = 10 m/s2 (Dziewonski and Anderson, 1981),
e get Raκ = 7, Eκ = 10−14 and finally δ̃ = 3 m.
hristensen and Aubert (2006) found a value of 106 for

he Nusselt number Nu, which is equivalent to the ratio
/δ̃. This is in agreement with our estimate for δ̃. It dif-

ers strikingly from a thermal diffusion length estimate
uch as done previously for the mantle, which would
ield δ̃ ≈ 100 m, as previously used by Bloxham and
ubbins (1987). The point here is that rotating convec-

ion is quite different from Rayleigh-Bénard convection,
nd that Taylor columns have a tendency to break the
onventional thermal boundary layer so as to shrink it
owards the typical size of a viscous Ekman layer. This
bviously appears only if the thickness of the thermal
oundary layer is larger than that of the Ekman vis-
ous boundary layer. The thickness of the Ekman layer
s DE1/2 (Greenspan, 1968). Using a core viscosity of
= 10−6 m2/s (Stacey, 1992), we have E = 2 × 10−15,
hich gives an Ekman layer of thickness 10 cm. The

hermal boundary layer is therefore expected to be still
hicker than the Ekman layer, as already suggested by
hristensen and Aubert (2006).

We next write the dimensional form of the thermal
ind scaling (27) with its theoretical prefactor, and pre-

erving its original form (23) as a force equilibrium:

�Ũave = αg0
δqδ̃

ρCpκ
(36)

ith the values previously used, we find Ũave =
× 10−4m/s. This is quite sizeable compared to
ur estimate Ũ = 6 × 10−4 to 2 × 10−3m/s for the
oot-mean-squared velocity inside the Earth’s core.
he amplitude ratio A = Ũave/Ũ = 0.2 − 0.7 is quite

avourable, suggesting a level of correlation C > 0.3
etween the intermediate and mantle-driven flow. Obvi-
usly we can only specify an order of magnitude for A,

specially if we add uncertainties concerning the deter-
ination of Uave which we have not included yet. Two

actors might be underestimated and could yield an even
tronger value for A. The peak-to-peak lateral tempera-
netary Interiors 160 (2007) 143–156 155

ture heterogeneity could be as large as 600 K (Trampert
et al., 2004), and the penetration depth δ̃ could also be
larger, but not possibly much smaller than our estimate,
since it already reaches down to the typical Ekman layer
thickness. On the other hand, the prefactor for (27) lies
between 0.33 and 0.72, depending on the boundary heat
flow pattern, which could yield somewhat (but not by an
order of magnitude) lower values for A. We conclude that
the amplitude ratio lies in the range 0.1 < A < 1, yielding
a mean correlation level C > 0.2. This therefore suggests
that the presence of a mantle signature in intermediate
flows is quite likely.

A common drawback of scaling approaches is that we
have to extrapolate a long way to reach Earth-like param-
eter values. This is not the case for scaling (27). For the
Earth’s core we have estimated Ra� = 7 and q* = 30%.
The numerical models typically use the same q*, and
lower Ra� than in the Earth’s core, but the key param-
eter to scale Uave is the product q*Ra� ≈ 2, which is
close to the range 0–0.5 explored by our models. There
is more concern about scaling (33) for �, in which the
thermal Ekman number enters, with model values still
remote from the Earth’s core value E� = 10−14. How-
ever, this scaling is derived from Christensen and Aubert
(2006), who validated their approach over a broad param-
eter range. Finally, The Earth-like range of the output
parameter A coincides with the explored range.

Our study suggests that core flows on centennial time
scales are an important intermediate step between the
geomagnetic data and their interpretation in terms of het-
erogeneous mantle control. We hope to motivate further
work, both in the direction of core flow models and other
coupling mechanisms between the core and the mantle.
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