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Abstract. Crystallization at the margin of a
quiet cooling magma has been studied numerically,
taking into account the kinetics of crystalli-
zation. The variables are the latent heat value,
the growth and nucleation functions, the initial
magma temperature, and the thermal contrast bet-
ween magma and country rock. We have investigated
a wide range of values for these parameters cor-
responding to natural conditions. We show that
after a highly transient stage, crystallization
tends toward an equilibrium between heat produc-
tion (latent heat release) and heat loss. Given
the small diffusivity of country rocks, latent
heat release is the main factor controlling the
temperature evolution. In order to minimize the
latent heat release, crystallization occurs at a
temperature where nucleation 1s small. This can
be close to either the 1liquidus or the solidus,
depending on the initial conditions. The main
process controlling crystallization is nucleation
and not crystal growth. Nucleation occurs as a
series of sharp pulses followed by longer periods
of crystal growth. The nucleation pulses give
birth to thermal oscillations. These oscillations
can be sustained 1if the interior magma tempera-
ture is above the liquidus independently of the
heat loss mechanism. We show that the phenomenon
occurs on the scale of a few centimeters which
corresponds to the 1inch-scale layering of many
ultrabasic complexes. The model allows us to cal-
culate crystal sizes which are in good agreement
with geological observations. The crucial parame-
ters which determine crystal size variations near
the margins of 1gneous bodies are the initial
thermal conditions as well as the nucleation and
growth functions. In the main cooling regime
close to the liquidus, significant gize varia-
tions can be created by small thermal distur-
bances.

1. Introduction

The dynamic¢ crystallization of magma bodies
involves both thermal and chemical transport
phenomena, because the rate of crystallization
depends on temperature as well as composition.
Studies of phase equilibria in silicate systems
have been numerous since the pioneering work of
Bowen [1928], but have usually been independent
of the cooling history. Recently, cooling models
for magma chambers have been proposed | Jaeger,
1968; Usselman and Hodge, 1978; Spera, 1980].
These assume that crystallization occurs at a
fixed melting point and probably give reasonable
thermal predictions for large times, but are
helpless for understanding the fine structures
which are observed in igneous rocks. These struc-—
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tures must depend in one way or another on local
crystallization conditions.

The first attempts to study dynamic crystal-
lization have been tackled from an experimental
point of view. Since the first experiments of
Fouqué and Michel-Levy [1882], systematic inves-
tigations have been made on nucleation and crys-
tal growth rates [Winkler, 1947; Klein and
Uhlman, 1974; Kirkpatrick et al., 1976; Swanson,
1977; Fenn, 1977] and on rock textures [Jahns and
Burnham, 1958; Lofgren, 1971, 1974, 1980; Donal-
dson, 1976, 1977]. However, these experiments are
usually carried out at constant cooling rate, or
at constant temperature, which makes it difficult
to extrapolate them to natural conditions which
are essentially transient and often out of the
range of the laboratory.

Thus it is difficult at present to integrate
structural and petrological observations in a
well-founded physical framework. For example, the
spectacular rhythmic layered structures which are
observed on a variety of scales in fossil magma
chambers [ Wager and Brown, 1968] have been inter-
preted in several different ways [Maal¢e, 1978;
McBirney and Noyes, 1979; Irvine, 1980, 1982;
Huppert and Sparks, 1980; Chen and Turner,
1980]. These interpretations often rely on an
assumed thermal regime. There is clearly a need
for a sound understanding of the thermal evolu-
tion of magmas in the intermediate range spanning
the time needed for the growth of one crystal to
that needed for the crystallization of a whole
layer. It is the purpose of this paper to £ill
this gap. Kirkpatridc?1976] investigated various
models of crystallization, but his calculations
do not exhibit the importance of latent heat
release as he made a small but significant error
(Appendix C). Dowty [1980] showed that latent
heat release is the determining factor but did
not take into account the coupling with heat flow
through country rocks. We pursue these studies in
more realistic conditions.

The crystallization regime of a magma is
determined by latent heat release, heat transport
in the magma, and heat removal through country
rocks. The corresponding boundary conditions are
complex and probably variable spatially [Spera et
al., 1982]. In a magma chamber, crystallization
occurs on all sides, along vertical or sloping
walls, and at the top and bottom. In a large
aspect ratio chamber, most crystallization takes
place in the bottom boundary layer [Huppert and
Sparks, 1980] where conditions are much simpler.
There 1is probably no hydrothermal convection in
the country rocks below since they are heated
from above. Also, there is probably no convection
in the magma close to the crystallizing layer.
Recent fluid dynamical experiments have indicated
the presence of a stagnant layer isolated from
convective stirring at the bottom of magma cham-
bers [Jaupart et al., 1984]. Thus it is likely
that crystallization in the bottom boundary layer
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is controlled solely by conduction. We present
numerical calculations based on this assumption.
Our aim is to show how nucleation and crystal
growth adjust to heat loss conditiong. Our calcu—
lations represent a first step for other cases
with more complex tiansport phenomena. We try to
generalize our results using simpler equations
and the insight gained from our numerical expe-
riments.

We present a set of numerical experiments in
which the role of the main parameters, the
nucleation and the growth rates, are investigated
systematically. We follow the temperature evolu-
tion of magma and calculate crystal sizes. We
compare our results with petrological obser-
vations.

2. The Kinetics of Crystallization of Magmas

2.1. Nucleation Rate (I)

Nucleation 1s classified as either homoge-
neous, if it arises through random thermal fluc-—
tuations in the liquid, or heterogeneous if the
presence of another phase facilitates the pro-
cess. For magmas, most nucleation occurs hetero-
geneously on preexisting grains [Kirkpatrick,
1977; Dowty, 1980]. The factors which affect the
nucleation rate are the same as for homogeneous
nucleation, for which the theory is well known.
The major difference is the critical interval 8T
[Dowty, 1980] over which the nucleation rate is
negligible. The 6T is larger in the case of homo-
geneous nucleation. Using general expressions of
homogeneous nucleation theory and parameters ade—
quate for heterogeneous nucleation, it is possi-
ble to obtain suitable expressions for the
nucleation rate (I) in the general form | Turnbull
and Fischer, 1949; Turnbull, 1950, 1952]

I = K exp(- AG4/RT) exp(- AHgr/RT) ¢))

where AHyr is the transport enthalpy, 4Gy the
critical nucleus free energy, T the absolute tem—
perature. The pre-exponential term depends on the
geometry of the system and on temperature. A good
apprﬁximation for it is |Turnbull and Fischer,
1949
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Fig. 1. Two curves of nucleation rate (I) versus
undercooling ©, depending on parameters K, K,,
and K3 (see text). The critical nucleation delay
6T 1is small, corresponding to heterogeneous
nucleation.
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Fig. 2. Three curves of growth rate (Y) versus

undercooling o, depending on parameters Ky, Ky,
and Kg (see text).

K=K} T (2)

where K| is a constant. Dowty |1980 | uses a dif-
ferent expression, but the overall shape of the
nucleation function 1s not changed signifi-
cantly. Calculations done with both types of
functions yield essentially the same results.
0Gy 1s the energy barrier for the formation of
nuclei of critical size, and can be written as
[Turnbull and Fischer, 1949 |

MGa=KyR/ ( Ty - T)? (3)

where Ty 1s the 1liquidus temperature. K; is
considered as constant in a first approximation.
For a given magma, (I) is thus a function of the
single variable undercooling ©=Ty-T. Typical
examples are given in Figure 1.

Parameters K;, K;, and K3=AHyr/R determine,
respectively, the maximum rate of nucleation
Inax, the critical 8T of nucleation, and the
interval of temperature ey over which nuclea-
tion occurs. Estimates of Ipzx are obtained in
Appendix A. Ky depends on various physical para-
meters which have been discussed in detail bg
Dowty [1980J and takes values from 10° to 10!
K3. These détermine 8T which is always found to
be greater than S5°C. We consider the lowest
values (between 5° and 10°C), which correspond to
heterogeneous nucleation. Donaldson |[1979] has
shown experimentally that ST is smaller than 13°C
for olivine ecrystals in basaltic melts. Finally,
K3 is such that ey is of the order of 100°C
(typical 1interval of crystallization). This
represents aan enthalpy AHgy varying from 20 to
200 kcal/mol.

2.2. Growth Rate (Y)

Crystal growth 1is controlled by two factors.
At the beginning of crystallization, the limiting
processes are the interface reactions [Allégre et
al., 1981], with a growth rate depending only on
undercooling [Kirkpatrick, 1975]. Chemical dif-
fusion becomes the 1limiting process at larger
times [Loomis, 1982; Lasaga, 1982, but it is
clear that the effect of temperature dominates in
highly transient cooling conditions. Kirkpatrick
[1977] has shown that growth in lava lakes is
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TABLE 1: List of Numerical Experiments
Ls ATg, To-Ty,, I Y Lpaxs ET, Ymaxs ey, tfin*,
x10
J/kg °c o¢ K1 Ky K3 Ky, Ks K¢ cm sl 9%  cms! °c x10" s
1 3.6 100 0. 5 105 10* 0'3 20 10* 6. 600 5x10'z 600 60
2 3.6 100 O. 5 10> 10 1002 20 10" 6. 600 5x10~5 600 60
3 3.6 100 O. 5 10° 102 107 20 10" 6. 600 5x1072 600 30
4 3.6 100 O, 5 1o5 10 1012 20 10: 6. 600 5x10™" 600 30
5 3.6 100 O. 5. 10 10" 5x1017 20 7x10 6. 600 5x10~¢ 150 30
6 3.6 100 O. 8x1017 5x10° 6x10° 2x101% 20 6x10 7., 200 6xloTe 200 50
7 3.6 100 O. 8x10:3 5x10: 6x10* ZxIOi: 20 6x10* 7x10 , 200 6x10% 200 30
8 3.6 100 0. 8x1Q° 5xl0 6x10" 2x10!3 20 ex10* 7x107% 200 6x10°% 200 30
9 3.6 100 O. 10 65 106 6x10* 2x101%® 20 6x10 6. 200 6x10~% 200 30
10 3.6 100 0. 5x1015 102 6x10: 2x1013 20 6x10: 6. 200 6x107% 200 30
11 3.6 50 O. 8xloi5 5x10°  6x10,'° 2x101: 20 6x10) 7. 200  6x1070 200 90
12 3.6 200 0. 8xl0!® s5x10° 6x10" 2x10!? 20 6x10 7. 200 6x1070 200 50
13 3.6 600 0. 8x10l° 5x1o5 6x10: 2x10 ; 20 6x10: 7. 200  6x107° 200 90
14 2.1 100 O. 5 10° 10 1072 20 10 6. 600  5x107° 600 15
15 8.3 100 O. 5.6 105 10* 10;? 20 10: 6. 600 5x10~° 600 30
18 3.6 300 100 8x10'% 5x10° 6x10" 2x10 ; 20 6x100 7. 200 6x107° 200 30
19 3.6 700 100 BXIOi: 5x10: 6x10: 2x1oi3 20 6x10) 7. 200  6x1070 200 70
20 3.6 200 -100 8x10%° 5x10° 6x10° 2x101> 20 6x10 7. 200 6x107° 200 50
21 3.6 200 =200 8x101: 5x10%  6x10* 2x101: 20 6x10: 7. 200 6x10~% 200 20
22 3.6 800 0. 8x10%3 s5x10° 6x10* 2x10*% 20 6x10 7. 200 6x10"% 200 60
*tein s duration of the experiment. 7 3 3
Here, cp = 1.09x10° Jkg=°C™", « = 7x10~" m“/s, and p = 2.8x10° kg/cm”.
controlled by interface attachment kinetics. Our medium (magma) as follows:
aim in this paper 1is to investigate the role of
nucleation far from equilibrium, and we consider dTAEt = « d2T/oz2 (5)
for simplicity, growth rates which are only
temperature dependent. The growth rate (Y) 1is dT/OL = k d2THRZ + 1/p cp d3Qfdt (6)
written
where ¢p is the isobaric heat capacity, P 1is

Y = K, exp( - AG'/RT )

x | 1 - exp( - AG"/RT )] %)
is the activation free energy and depends on
temperature. We take it to be equal to AHgp in
a first approximation. AG"” is the bulk chemical
free energy difference between melt and crystal,
and 1s roughly proportional to the undercooling ©
[Kirkpatrick, 1975]. Y 1s thus a function of the
single wvariable © (Figure 2). Parameters Ky,
Ke=AG"/R, and Kg=AG'/R determine,respectively,
the maximum growth rate Ypayx, the temperature
at which ¥ is maximum, and the width of the crys-
tallization interval €Y. ;Je consider values of
Ynax between 10-"* and 10~/ cm/s (see the compi-
lation by Dowty [1980]). Parameter K; has little
effect on the growth rate and is fixed at a value
of 20. Parameter Ky is taken equal to Kj.

Ml

3. Basic Equations and Boundary Conditions

At time t=0, magma is emplaced in cold country
rocks. We consider the one-dimensional problem.
Both magma and country rock are initially iso-
thermal, with a temperature difference ATy. We
assume that crystallization takes place in the
magma only. The heat equation is written in the
outer medium (country rock) and in the inner

density, and ¢ is thermal diffusivity. 8Q/dt is
the heat production rate per unit volume due to
crystallization and 1s equal to

3QRt =

Ly dV/ot )

where Ly is the latent heat per unit volume and
9V/dt the volumetric rate of increase of crys-
tals. We assume that crystallization occurs in
the form of a single phase. Madels for processes
involving simultaneous nucleation and growth have
been developed for metals by Johnson and Mehl

[1939] and Avrami [ 1939, 1940, 1941]. These can
be applied to igneous systems, although nuclea-
tion 1s not of the same type [Kirkpatrick,
1976]. As rates of nucleation and growth depend
on temperature, the relationship is | Kirkpatrick,
1976]
t
pURL = -t U Y[ 1(1)
0
t
[/ Y(du]? &« (8)

T

where U represents the volume fraction of melt
remaining uncrystallized at time t. U 1is simply
equal to 1-V. A unit volume of crystallized mate-
rial comprises N crystals, with a mean radius R*:
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t

N = [ UIdt 9
0

R* = (4/3% m)-L/3 (10)

The boundary conditions are

z>0 t=0 T =Ty (11)
z<0 t =0 T =Tp ~ ATy (12)
z = +o £t>0 T =Ty (13)
z = - t>0 T =T, - ATq (14)

where Ty is the initial magma temperature. It is
more convenient to think in terms of dimension-
less undercooling defined by

e* = (T, - T)/ ATy (15)

This system of equations has been written in
dimensionless form and solved numerieally.
Details about the method are given in Appendix
B. Numerical experiments have been performed for
a wide range of parameters (Table 1). Parameters
k¥, p, and cp have been kept constant because
they vary little for magmas (their values can be
found in Table 1l). A general discussion with
dimensionless variables is made in section 7.

4. Thermal Evolution During Crystallization

All experiments show similar effects, and we
describe here one typical experiment. We follow
the evolution of the temperature and of the frac-

tion crystallized at different depths in the
magma.

4.1. Experiment 6

In experiment 6, magma is intruded at the
liquidus 1n country rocks which are colder by

TIME (x10"s)

DIMENSIONLESS UNDERCOOLING

b N i
° S~~~ 3.6em
[
°' 1 i w L L L L
Fig. 3. Evolution of the dimensionless undercoo-

ling as a function of time at various distances
from the margin (full line). Note the change of
scale at t=2.5x10" 8. The solution without latent
heat release is represented by dotted 1lines.
Large dots mark the beginning of crystalli-
zation.
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by growing the existing crystals, and the number
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nucleation does not start until a later time
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100°C. Magma cools (Figure 3), but crystalliza-
tion does not start immediately because a finite
length of time 1s necessary for the formation of
nuclei and their growth to a significant size.
Time v, (Figure 4) marks the onset of significant
crystallization. Before t;, undercooling is high
and nucleation rates are high. The number of
nuclei produced is therefore large and the final
crystal size is small. At time t;, latent heat
release 1is important, temperature increases
markedly, and the production of nuclei 1is stopped
(Figure 4). Crystallization proceeds by growing
the existing crystals. This is an important fea-
ture of disequilibrium cooling experiments.

The first thermal shock does not affect the
fluid over a large distance (less than 12 cm,
Figure 4). As crystals of the first generation
grow to their final size, latent heat release
becomes less important and temperature decreases
again. This allows crystallization to proceed. A
second batch of nuclei is generated at time T3
(Figure 4), with fewer crystals because tempera-
ture is closer to the liquidus. The final crystal
size will therefore be larger than near the con-
tact. Temperature rises again, which again stops
the nucleation, and the scheme 1is repeated
again.

4.2. Thermal Conditions During Crystallization

The progress of crystallization can be follo-
wed by the movement of the crystallization front,
which 1s at depth z where V 1s equal to 99%.
Except during the initial period which follows
magma emplacement, crystallization occurs at
decreasing undercoolings close to the liquidus.
This general decrease (Figure 7) 1is such that
nucleation slows down. There 1is a tendency to
achieve an equilibrium between crystal production
and growth on the one hand, and heat loss through
country rocks on the other hand. The temperature
profile tends to a roughly constant gradient
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Dimensionless undercooling versus depth at various times for experiment 2. Num—

bers along the curves are times in units of 10' s. The margin is at z=0 (vertical
line). Note that the country rock (z<0) is reheated. Note also that the curves tend to a
more or less constant gradient which is quite large (a few °C/cm).

which corresponds to a constant rate of heat loss
by conduction (Figure 5). Note that, except for
slight effects at the beginning of crystalli-
zation (Figure 5a), the temperature gradient is
always negative, 1i.e., corresponding to heat
being transported away from the magma. This shows
that latent heat release does not act as a heat
source into the uncrystallized magma.

Another important parameter is the crystalli-
zation interval which we define as the region
where V is between 1% and 99%. We find that its
thickness is very small, of a few centimeters.
Latent heat release increases with the thickness
of the crystallization interval, which must be
limited.

Thermal instabilities occur during the whole
crystallization sequence. We have verified that
they do not have a numerical origin (Appendix
B). The first instability has been explained
above in detail (at time 1,;). 1In the cooling
conditions envisioned here, crystallization thus
proceeds by the episodic nucleation of crystals
at a temperature close to the liquidus. This is
due to the inability of country rocks to lose
heat at a rate equal to that of heat production
by crystallization. Note that temperature gra-
dients are large (of the order of 1°C/cm, Figure
5) corresponding to high heat flows of about
10°mW/m2 out of the magma. These high heat flows
even allow the contact zone to stay at the soli-
dus, as explained below. Conduction through the
crystallized pile thus occurs with rates of heat
loss comparable to hydrothermal conditions |_see
Spera et al., 1982].

5. Parametric Study

5.1. The Influence of "Internal”
Parameters: Y, I, L

In all these experiments, the initial tempe-
rature is equal to the liquidus.

The influence of the growth rate is mainly due
to parameter Ypax, (experiments 1-4; for more
details, see Brandeis [1983]). At low Ypax, T
is large, and a large magma thickness is under-
cooled by a significant amount. Crystallization
starts at temperatures far from the 1liquidus,
where nucleation rates are high. This leads to a
fine-grained matrix. On the contrary, 1f Yy,
is large, <t; is small and temperatures in the
whole magma are quickly brought back to the
liquidus. The first nucleation episode does not
occur over a large distance. Because nucleation
occurs closer to the liquidus, the mean crystal
size 1increases more quickly with distance. This
also shows that crystal sizes will be greater
than at small growth rates.

In a second set of experiments (6-8, Table 1),
we changed the value of the nucleation rate
Imax. R 1s smaller for 1large Ipax near the
contact but increases very quickly afterward and
becomes even slightly greater than for small
Imax (Figure 6). This shows again that the
magma cannot be in equilibrium in a state where
nucleation is high.

In a third set of experiments (6,9,10; Table
1), the only varying parameter is the nucleation
delay &T. Above all, this parameter determines
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Fig. 6. Mean radius as a function of distance
for different values of Ip.y (experiments
6-8).

the equilibrium conditions of crystallization,
which are such that the nucleation rate is small,
i.e., at a temperature very close to Tp-8T.

The latent heat was varied between 2x10° and
8x10° J/kg [Bottinga and Allégre, 1978]. This
represents less than 1 order of magnitude varia-
tion, and the effect is not very important.

5.2. Cooling Conditions

All the experiments have been performed with
the same growth and nucleation functions.

In a first series of experiments (6,11,12,
13,22), the only variable parameter was ATj. One
of our ailms was to compare the crystallization
history of magma bodles intruded at different
depths. T, is equal to the liquidus. At large
ATy, temperature oscillations are quickly damped,
because undercoolings are generally high and a
new nucleation step does not require a large
temperature decrease. Note that the undercooling
at the crystallization front depends weakly on
ATy (varying by only 10°C when AT, goes from 50°C
to 800°C, Figure 7).

Variations of AT, imply differences in the
crystal size evolution away from the margin: the
variation is less rapid if AT; is large and the
crystal size decreases with increasing ATy
(Figure 8). For large AT; (experiments 13 and
22), temperatures near the contact are lower than
the solidus, and crystallization starts farther
away. Because a significant temperature gradient
is maintained (Figure 5), there is a thin zone
near the contact where temperatures may remain
close to the solidus (Figures 8 and 9). When
temperatures are brought down to solidus values,
they pass through the nucleation and growth
maxima. The ensuing release of 1latent heat
depends on how much time is spent around the
maxima. If temperature decreases fast enough,

Brandeis et al.: Crystallization and Temperature in Cooling Magmas

there is not enough nucleation, the crystalli-
zation front moves away at a fast rate, and the
zone stays cold. Thus for large enough values of
ATy, there will be a subsolidus zone which
remains uncrystallized and an adjacent one which
crystallizes around the solidus. This corresponds
well to the centimeter-sized aphanitic layers
observed near the boundaries of dikes [Gray,
1970]. The thickness of this zone increases with
ATg (Figure 8).

In a second set of experiments (18,19), Tg is
greater than the liquidus by 100°C. Temperatures
are quickly brought back to the 1liquidus and
oscillate very quickly with only slight damping
(Figure 10). The interior temperature is above
the 1liquidus; hence there is a significant
thermal gradient into the crystallizing 1layer.
This prevents widespread simultaneous nuclea-
tion. The thickness of the crystallizing layer is
smaller than in the preceding cases (0.5-1.5 cm
instead of 3-4 cm). Each nucleation step thus
occurs over a small distance and in a small
amount of time. This results in rapid and high-
amplitude temperature oscillations because the
smoothing effect of heat conduction 1s inef-
fective.

6. Discussion

6.1. Limitations of the Model

We have investigated many different nucleation
functions with varying degrees of steepness
around the liquidus, and the same behavior has
always been observed. In all cases, I is taken to
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Fig. 7. Evolution of the undercooling at the

crystallization front for different values of
ATg. Tg 1s at the liquidus.
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Fig. 8.

Mean radius as a function of distance to the contact for different values ATj.

The arrows indicate the thickness of the zone which crystallizes at subsolidus tempera-
tures. Note that this thickness increases with AT(. Note also that the mean crystal size

close to the contact does not depend on ATy.

be zero at the liquidus. This may not be true at
very small undercoolings where the initial number
of sites (heterogeneities) plays an important
role which is unfortunately impossible to eva-
luate. Experimental and theoretical work at low
undercoolings 1s thus required to improve our
understanding of dynamic crystallization. These
limitations do not affect our main results. We
have shown that temperature tends toward an equi-
librium between heat loss and heat production, at
a small and roughly constant undercooling. This
will hold for any model of heterogeneous nuclea-
tion. Thus the nucleation rate is approximately
constant, which leads to homogeneous grain sizes
in the interior of magma bodies, in good agree-
ment with observations (Table 2).

We have neglected chemical diffusion, but we
have shown that nucleation 1is the controlling
factor of crystallization. At a given depth,
nucleation essentially occurs only once, and
crystallization proceeds by growing the existing
nuclei. The exact mechanism of crystal growth is

(-3 8 .
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Fig. 9. Plot of the fraction crystallized versus

time at various depths for experiment 13. Note
the much smaller rate of crystallization at depth
z=4.9 cm. There, crystallization proceeds close
to the solidus.

thus less important and does not limit the vali-
dity of our results.

Finally, we have treated a limited class of
thermal models. As stressed before, we have
always observed the same qualitative behavior and
we feel that our catalog of solutions is exten-
sive enough to study most cases. Only the quanti-
tative estimates are likely to differ. Consider,
for example, that a heat flux is imposed at the
crystallization front, which would correspond to
the roof of a magma chamber where there is
convection. This can be understood using our
results for initial magma temperatures above the
liquidus. The resulting thermal structure 1is
similar, with a temperature gradient into the
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Fig. 10. Evolution of the wundercooling at the
crystallization front, when the initial magma
temperature is above the liquidus. Numbers along
the curves are values of ATg.
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TABLE 2a. Crystal Sizes in Igneous Bodies: Dikes and Sills
Dike Thickness, Main Size, Distance to Reference
m Minerals mm Contact, m

Cleveland 16 plagioclase  0.055 - 0.11 0-38 Winkler [ 1949]

Grenville 60 plagioclase 1.2 - 3.5 1-13 Gray [1970]
clinopyroxene 1 -3 1 -13

Kigaviarluk 106 plagioclase 0.8 - 2.8 0.3 - 22 Gray [1970]
clinopyroxene 1.2 -6 0.3 - 22

Palisade 300 plagioclase 0.5 - 1.5 0 - 300 Walker [1940]
olivine 0.15 - 0.25 0-25
clinopyroxene 0.01 - 60 ?

crystallizing layer. The consequence is a slower
cooling rate (compare Figures 7 and 10) because
country rocks must lose both the heat produced by
crystallization and the imposed heat flux. There
is also the possibility that hydrothermal convec-
tion 1s operating, at least at the top of a magma
chamber. We show in section 7 that this type of
heat loss results in the same general behavior.

6.2. Comparison With Previous Models

Dowty [1980] already attempted to calculate
crystal sizes. Assuming a constant rate of volu-
metric heat loss, he showed that once a certain
number of nuclel has appeared, temperature is
brought back to the liquidus. Our results comple~-
ment his, specifying in particular the thickness
of the crystallization interval and the heat flow
values reached naturally by conduction cooling.

Our model predicts that crystallization tends
to occur at an equilibrium temperature below the
liquidus. In a sense, this justifies the assump-
tion of Jaeger [1968] that magma behaves as an
ideal body, i.e., that latent heat is released at
a fixed melting point. According to his model,
the crystallization front position is given by a
power law A/t, where A 18 the solution of an
implicit equation. Consider, for example, expe-
riment 13. Using the same latent heat value, we
have solved Jaeger's equation for that same value
of the 1initial temperature contrast and for a
phase change occurring at an undercooling of
10°C, which corresponds to the equilibrium value
at the crystallization front (Figure 7). The
agreement with our numerical results is good, but
the slopes are slightly different (Figure 11).
The numerical model predicts somewhat smaller
crystallization rates at large times because the

TABLE 2b. Crystal Sizes in Igneous Bodies: Major basic intrusions
Intrusion Height, Main Mean Distance From Base of Reference
m Minerals size, Intrusion to Measure-
mm ment Site, m
Skaergaard 3000 plagioclase 1 -2 1600 (UZa) McBirney and
pyroxene 0.6 - 1 1600 (uza) Noyes [1979]
oxides 1 -2 1600 (UZa)
olivine 0.05 - 3 ~100 (hidden zone) Maalpe [1978]
Stillwater 5000 olivine 1 -4 ultramafic zone Jackson [ 1961]
bronzite 1 -4 300 - 1100
chromite 0.1 - 0.4
bronzite 0.7 -1 0 - 300
chilled 0.3
marginal contact
gabbro
Rhum 1200  olivine 1 ? Brown [ 1956]
plagioclase 1
Eatern 7500 bronzite 1 1200 - 2300 Cameron [1975]
Bushweld olivine 1-3 1200 - 2300
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TABLE 2c. Crystal Sizes in Igneous Bodles: Other Intrusions
Intrusion Main Mean Size, Observations Reference
Minerals mm
Duke Island olivine 0.2 - 2 size-graded layer 1Irvine [1963]
pyroxene 4 - 10 5-25 cm thick
Great Dyke olivine - 1 -3 chromitite layer Wilson [1982]
chromite
Klokken felspars 1.5 reverse modally Parsons [1979]
Complex pyroxene 5 graded layer
Imilik plagioclase 0.25 - 2 size-graded Brown and
pyroxene 0.25 - 2 layer 1 m thick Farmer [1971]
olivine 0.25 - 4
Nunnarsuit felspars 2.5 Parsons and
olivine 1 normal modally Butterfield [ 1981]
pyroxene 1 graded layer
Ilimaussaq felspars 5 little size Strensen [ 1968]
nepheline 2-5 grading
pyroxene 5
Chebucto quartz 2 -4 reverse size- Smith [1975]
Head plagioclase 2-5 graded layer
biotite 2-3 30 cm thick
K~-felspar 1 -3
all of the 1 microgranite layer
same size
all of the 0.5 - 4 leucogranite layer
same slze
Southern plagioclase 3-6 Emeleus [1963]
Greenland biotite 1 -2
pyroxene 3
Jimberlana  bronzite 1 - 2 Campbell [1977]
0.5 - 1 (contact) ‘
olivine 0.2 - 2
chromite 0.05
Ploumanac'h biotite 2 - 3 reversed size- Barriére [1981]
quartz 1 - 8 graded layer
oligoclase 3 -7
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crystallization temperatures and thicknesses are
still changing. We stress that the equivalent
phase-change temperature is not equal to the
1iquidus and cannot be determined a priori. Ve
have shown that it depends strongly on the ini-
tial conditions. In the case of low ATy, the evo-
lution of the crystallization front does not
follow a power law (Figure 11) because the crys-
tallization interval is of large thickmess, which
does not correspond to Jaeger's assumptions.

7. Simplified Formulation and Qualitative
Behavior of the Solutions

Thermal oscillations result from the interac-
tion of two mechanisms, heat loss and latent heat
release, which are coupled through temperature.
To show the essential physical aspects and the

critical parameters of the problem, we now pro-
pose a simpler system of equations which has the
same behavior as our numerjcal solutions. We take
a lumped approach for the mean temperature in the
crystallizing layer:

fowpm+ oo

dt CP

(16)

Heat loss 1is modeled as the exchange between
magma at temperature T and country rocks at tem—
perature Ty, P characterizes its intensity, and
G is the growth rate of the crystallized fraction
(dv/dt). Because the relation-ship between tempe-
rature and nucleation and grawth rates 1is non
linear, there is no simple form for G as a func-
tion of T. Because of 1its finite thickness, the
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Fig. 11. Position of the crystallization front

for various values of AT,. Dashed curves repre-
sent the solution of Jaeger [1968] for a fixed

phase~-change temperature 9.

layer responds to a temperature change with some
delay <. This has already been suggested by
Samoylovitch [1979]. G 1s thus the solution of
the following differential equation:

T dG/dt + G = £(T) Qan

Here f(T) has the form of a bell-ghaped curve
(Figure 12). For our present purposes, it is suf-
ficient to consider a simple Gaussian law:

£(T) = A exp [ - (T-Te)/b]? (18)

The system 1is best discussed in the (T,G)
phase-plane [Arrowsmith and Place, 1982], where
all solutions are conveniently represented as
trajectories. Sustained oscillations can be pre-
dicted under specific conditions (Figure 12).
There are four types of solutions depending on
the values of the parameters and on the respec-
tive positions of isoclines (dT/dt = 0 and dG/dt
= (0). When the isoclines do not intersect (case
1), all trajectories tend to fixed point B (Tp,
0), which corresponds to a uniform temperature
equal to that of country rocks. For solutions to
be oscillatory, the isoclines must intersect.
This occurs when the dimensionless variable B¥*,

' (Te—Tm) Cp
B* =B _ 19
LA

1s smaller than 1. If condition (19) 1is met,
there is another stable fixed point, labeled A
(Figure 12). The behavior- of solutions in its
vicinity is described by parameter & [Arrowsmith
and Place, 1982]: : .

daf
6 = - (20)

dT | T=Tp

and dimensionlgss variable t* defined by
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Lé
(21)

t*

Sp

Trajectories converge toward stable A, either
directly (case 2), oscillating with strong
damping (case 3), or oscillating with 1little
damping (case 4, Figure 12). The four types of
solutions are realized for different values of B*
and t* (Figure 13). Sustained oscillations (case
4) require that B* be smaller than a limit-value
f1 and also that t* be neither too small nor too
large. :

Parameter T measures the response of the crys-
tallizing layer to temperature changes and is a
function of its thickness: a thick layer is slow
to adjust. We have seen that the thickness
remains quite small, even for high rates of heat
loss. The 8 has a large range of variations
because of the shapes of the nucleation and
growth curves and is therefore a critical para-
meter. From (20) it is a measure of the sensiti-
vity of nucleation and growth to temperature
changes. Damping decreases with increasing &, in
agreement with our numerical experiments. Large
values of 8 correspond to the solutions of Figure
10 (high undercoolings).

This schematic discussion shows that three
variables enter the problem: the intensity of
heat loss, the thickness of the crystallization
interval, and the sensitivity of crystallization
rate to temperature changes. They are not inde-
pendent, the first one determinipg the other
two. Our experiments show that the thickness of
the crystallization interval varies 1little and
that higher rates of heat loss essentially lead
to higher undercoolings and therefore to greater
values of &.

We now discuss the system quantitatively. We
have always found values of § smaller than B,
even for efficient hydrothermal convection. We
also estimate that t* remains between values of
10 and 10°. We find therefore that crystalli-

GROWTH RATE

TEMPERATURE

Fig. 12. Trajectories in the (T,G) phase-plane.
The units are arbitrary. The straight 1line is
isocline dT/dt=0 where the tangents to the
trajectories are vertical. The bell-shaped curve
is isocline dG/dt=0 where the tangents to the
orbits are horizontal. When the two 1soclines
intersect each other, all trajectories converge
toward either fixed point B (Tp,0) or fixed
point A. Sustained oscillations with <low damping
are possible around A.
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Graphical representation of the four possible solutions in the (1*,B*)

space. In each region, the corresponding behavior is illustrated schematically (circled
numbers refer to cases detailed in the text). The white inner region is where sustained

oscillations occur. B is the maximum value of B
Arrows indicate the range of parameters <

solution.
tions.

zation always occurs with oscillations, although
the degree of damping varies (Figure 13).

8. Implications and Comparison With
Petrological Observations

8.1. Undercoolings and Cooliﬁg Rates in
Crystallizing Magmas

_Magma crystallizes in two different regimes.
The initial regime is highly transient with
tehperatures significantly below the liquidus arid
high cooling rates. The second regime is one of
quasi-equilibrium at a low undercooling deter-
mined by the density of heterogeneous nuclei and
the initial thermal conditions. The cooling rate
is low. In thick dikes and magma chambers, most
crystallization should occur in this regime.
There 1is good evidence that this 1is indeed the
case [ Morse, 1979] .

8.2. Inch-Scale Layering

We have shown that temperature oscillations
occur on a spatial scale of a few centimeters
(Figures 6,8), which is similar to that of inch-
scale layering [Waget and Brown, 1968]. The
origin of inch-scale layering has been usually
ascribed to "oscillatory nucleation” [Zyl, 1959;
Wager, 1959; Vannier, 1976; Maaloe, 1978;
McBirney and Noyes, 1979; Morse, 1979]. Crystal-
lization in most basaltic chambers tends td ocecur
at a cotectic composition, as was emphasized by
Morse [1979], for example. Consider two cotectic
crystal phases A and B. The crystallization of A,
say, changes the liquid composition. When nuclea-
tion stops, the liquid composition is in the sta-
bility field of crystal B. Temperature decreases
and, at sufficient undercooling, the nucleation
of B starts. This eventually brings bick the
1iquid composition in the stability field of A,
and the cycle repeats itself. We have shown in

above which }here is no oscillatory
and B° in geological condi-

this paper that the phenomenon occurs for thermal
reasons on the scale of a few centimeters, which
is observed in the field. We have also emphasized
that the most favorable conditions for sustained
osclllations correspond to interior magma tempe-
ratures above the liquidus (Figure 10).

8.3. Crystal Sizes in Dikes and
Larger Intrusions

For the whole set of models considered here,
we find a total range of crystal sizes of 0.0l to
10 mm. This corresponds very well to the values
observed 1in all types of igneous rocks (Table
2). We predict that, 1in general, crystal size
increases away from the margin (Figures 6,8) and
should eventually reach a more or less constant
value when quasi-steady thermal conditions are
achieved. This agrees with measurements made in
dikes (Figure l4). Our calculated sizes are close
to the observed ones. During dike emplacement,
heat advection associated with the flow of magma
is important and may change the boundary condi-
tions. However, flow velocities are high (=1 m/s)
[Einarson and Brandsdottir, 1980] and a 10 km
long dike {is emplaced in about 10* s, which is
short compared to cooling times (Figure 4). Our
calculations emphasize that size variations
depend on the initial thermal conditions. Note
that in three cases, the Kigaviarluk and Gren-
ville Dikes and the Palisade Sill (Figure 14),
the plagioclase data are in striking agreement,
which 1indicates similar cooling conditions.
Pushing the reasoning to the 1limit, these data
suggest that the initial temperature contrast was
greater than about 600°C (Figure 8), which is
compatible with 1likely crustal conditions. We
also suggest on the same grounds that the initial
temperature contrast was slightly greater for the
Kigaviarluk Dike than for the Grenville Dike. The
Cleveland Dike is an exception both because the
variation occurs over a smaller distance and
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o KIGAVIARLUK DIKE
clinopyroxene

GRENVILLE DIKE

plagloctace

KIGAVIARLUK DIKE
plagloclase
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! plagioclase
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Fig. l4. Varlations of crystal sizes in dikes.
Sources for the data are given in Table 2. Data
for the Kigaviarluk and Grenville dikes are
nucleation density measurements and have been
transformed into crystal sizes using relation
(10). The squares represent results obtained with
experiment 13.

because the interior sizes are smaller. This
points to a significantly higher thermal con-
trast. Together with the small thickness of the
dike, this implies higher undercoolings and
therefore smaller crystdls. This discussion
11lustrates the interest of crystal size measu-
remencts.

Consider now the case of large magma cham-
bers. Although there 1s little doubt that some
form of convection operates in such large objects
[Bartlett, 1969], Jaupart et al. [1984] have
shown that thHe bottom crystallization occurs in a
stagnant boundary layer isolated from convective
stirring. Replenishment of the chamber by a new
influx of magma will change the thermal condi-
tions. The available evidence suggests that
replenishment 1s episodic [Hu pert and Sparks,
1980; Condomines et al., 1982% and hence that
crystaliization occurs mainly in a conduction
regime with only brief periods where heat advec-
tion plays a role. Thus our calculations are also
valid in this context. Magma chambers exhibit
complex layered structures where the crystal size
is usually remarkably coastant. Size homogeneity
is a feature of quasi-steady crystallization con-
ditions. In a few cases, the crystal size is
greater at the bottom of a layer, which is then
termed size-graded (Imilik, Duke Island). In
other cases (Ploumanach, Chebucto Head), a layer
can be reverse size—graded, which corresponds to
"normal" cooling conditions, analogous to the
dike examples of Figure 1l4. We have aoted that
relatively modest temperature disturbances around
the liquidus can lead to large size variationms
(Figure 8). This suggests that reverse size-
graded layers imply mechanisms of sudden empla-
cement on a colder substratum.

Crystallization and Temperature in Cooling Magmas

Sedimentation is often put forward to explain
gize-graded layers. However, those are not a
frequent feature of magma chambers. Qur calcula-
tions show that the thickness of the crystalli-
zation interval is small (a few centimeters).
This indicates that sedimentation can only occur
on a small scale. Of course, this says nothing
about the possibility of settling or flotation
from distant crystallizing interfaces.

8:4. Pillow Lavas

Inside a pillow lava, three textural zones can
be distinguished [Bryan, 1972; Schiffman and
Lofgren, 1982]. There is first a vitrophyric rim,
usually less than 2 cm thick that may contain
some phenocrysts. There 1s then a spherulitic
zone about 3-4 cm thick with skeletal ctystal
growth in a glassy matrix. The core of the pillow
is made of a holocrystalline zone showing inter-
granular textures. These three zones are usually
described in terms of different cooling rates.
Recent experimental work [Lofgren, 1983] indi-
cates that differences in textures comparable to
those due to varying cooling rates cam be produ-
ced by varying the kind and density of nuclei.
Although the cooling conditions for pillow lavas
must involve heat loss in water, our calculations
for very high initial temperature contrasts may
be used for comparison. As shown in section 5.2.,
our model predicts the existence of three zones:
first, an outermost one where crystallization
occurs below the solidus with few crystals
growing; second, an intermediate zone close to
the solidus; and third, the interior where
quasi-equilibrium cooling conditions are achie-
ved. This explains that crystal size is inde-
pendent of the pillow radius. Our calculated
thicknesses for the two outer zones agree with
the observations (Figure 9). As shown above, high
cooling rates are "frozen"” into the two outer
zones during the initial cooling period which
follows emplacement. The two zones then evolve
close to the solidus with low cooling rates. Thus
nucleation with high cooling rate characteristics
may coexist with growth of 1low cooling rate
characteristics.

9. Conclusion

As discussed in the text, the static nature of
our assumptions (no convection or magma flow)
applies more specifically to the bottom boundary
layer of magma chambers or sills. However, con-
duction always dominates in boundary layers, and
our study provides a general framework for the
study of magmatic processes tecorded in solidi-
fied igneous rocks. Our results are in good
agreement with observations of crystal sizes and
textural zones in dikes and pillow lavas. The
comparison with magma chambers 1s qualitative
because of the more complex thermal phenomena
associated with the emplacement and evolution of
such large reservoirs. Our model specifies the
"normal” conditions of crystallization, 1i.e.,
without taking into account possible physical
effects (density surges or replenishment) or che-—
mical effects (double~diffusion). Arguments about
the puzzling structures of fossil magma chambers
can be made by comparison with these "normal”
conditions.

Generally speaking, our experiments show that
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nucleation and growth are competing against each
other. Fast growth 1is assoclated with fast
nucleation and thus does not 1lead to 1large
crystal sizes. We have shown that size variations
tell us a lot about the thermal conditions pre-
vailing before the onset of crystallization.
Further, in the main cooling regime at small
undercoolings, if mechanical disturbances such as
density surges are assoclated with slight thermal
transients, they will result 1in measurable
crystal size variations. This raises the hope
that size measurements may be used in a syste-
matic fashion to investigate the thermal aspects
of magma cooling and differentiation.

Following Dowty [1980], we emphasize that
latent heat is one of the main controlling
factors for the thermal evolution of cooling
magmas. Crystallization 1is achieved through a
series of nucleation steps followed by periods of
crystal growth. Each step occurs over a few cen-
timeters and is associated with a temperature
jump of several degrees. This oscillatory beha-
vior must be compared to the phenomenon of inch-
scale layering. In all cases, the crystallization
interval is of small thickness, which implies
that crystal settling occurs on a small scale.

Appendix A: Estimations of the
Nucleation Rate

Some measvrements of the nucleation density N
have been performed over a large range of tempe-
ratures at counstant undercooling [Fenn, 1977;
Swanson, 1977J. We propose here a method for cal-
culating the nucleation rate (I). In the experi-
ments, nucleation and growth rates are constant
and equation (8) can be integrated easily:

u(t) = exp(- w/3 IY3t") (Al)
The density N is then :
£*

N -
0

1 U(t)dt (A2)

where t* is the duration of the experiment. If
it is large enough, N is equal to
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-] h T
N = I [ exp(- - 1Y3t*)dt
0 3
I'(5/4) I 1
- = (A3)
*Ya *Ya

where « 1s equal to (%/3)IY?. This equation holds
under the following condition:

at** > 1 (A4)
Equation (A3) is rewritten as
1= N3 v x (n/3)/3 (AS)

Knowing I from (AS5), we calculate a to verify
condition (A4). High crystal growth rates are
requested as a varies with Y3, and the method has
been applied to Fenn's [1977] measurements. Fenn
gives curves of nucleation density versus under-
cooling, which exhibit a maximum. We calculate
the maximum nucleation rate at this value. In
some experiments the curves have no maximum, and
we have taken the data at the largest undercoo-
ling. Condition (A4) was always verified. We
find that Igax is between 10! and 10~2 cm-3s-!
for alkaline feldspar crystals (Table Ala).

When condition (AS5) is not met, it is always
possible to find a minimum value for the nuclea-
tion rate by expanding integral (A2). A minimum
value for I is thus simply

I=N/t* (A6)

This second method was applied to Swanson's
[1977] experiments on the orthoclase-albite-
anorthite~quartz system, as growth rates are
small ('=10‘9 cm/s). Considerin% (A63, Inax 1s
found to be between 10! and 107 cm=9s~l. These
values are higher than those deduced from Fennm,
because the initial melt composition is drasti-
cally different.

The two sets of experimental data give a rea-
sonable range of values. There are a few direct
estimations of nucleation rates in less well-

TABLE Ala. Maximum Nucleation Rate Calculations of Alkaline
Feldspar Crystals From Density Meaturements [Fenn, 1977]

Melt AT, N, X, I=N“4/3y
Composition ocC cm—3 cm/s (A5)
Abg Oty o+2.7%H 0 400% 6x103 5%10~7 5.4x10~2
AbgoOr | g+5.4%H 50 200 2x103 5x10~5 1.3x10-1
AbgoOr | ¢+9.0%H 0 130 2x103 2.5X10-6 6.3x10-2
Ab70T 3¢+l . TZH 0 300% 2.5x103 10-° 3.4x10~2
Ab ;0T 3g+4 - 3%H 20 210 4x103 2.5x10-° 1.6x10-!
Ab;q0r 3¢+9.5ZH 0 110 103 2x10~% 2x10~2
Ab 5001 5¢+2 . 8%H 50 350% 4x103 4x10-6 2.5x10"!
Ab g 0T 5¢+6 - 2ZH 0 170 8x102 4x10~° 3x10~2

*No maximum nucleation density in the experiments. We took the data at

maximum undercooling.
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TABLE Alb. Maximum Nucleation Rate Calculations From Density
Measurements [Swaason, 1977]
I=N/t* (A6)
Crystal Melt AT, N, Y,

Composition oc cm—? cn/s 24h  144h

Quartz Gr + 3.5% Hy0 200 108 2x10~? 108 2x10?
Gr + 6.5% Hy0 450* 108 2x10-2 103 2x102

Gr + 127 H,0 400 108 10-8 103 2x102

Alkall Fs Gr + 3.5% Hy0 200 10/ 10~/ 102 2x10
Gr + 6.5% H0 450% 108 10-8 103 2x102

Gr + 12% H0 280 108 3x10-? 103 2x102

Plagioclase Gr + 3.5% H,0 350 108 10-? 102 2x10
Gr + 6.5% Hy0 300*  5x10’ 5x10-8 10} 2x102

6r + 12% H,0 300 10 3x10~ 108 2x102

*No maximum nucleation density in the experiments. We took the data at

maximum undercooling.

controlled conditions. Kirkpatrick [1977] made
some measurement on plagioclase crystals in
basalts from Hawaiian lava lakes. He found values
ranging from 7x10-2 to 2 cm—3s~! for small under-
coolings. Winkler [1947] obtained a value of
10-3cn—3s-1 for nepheline crystals.

Appendix B: Numerical Method and Convergence

The system of equations (5-8) and (11-14),
with a nonlinear parabolic partial differential
equation, was investigated by Crank and Nicolsom
[1947] using an implicit method. They treated the
case of heat generation by a chemical reaction
whose rate depends on temperature. We used a
second-order implicit method to solve the heat
equation with a truncation error of 0[(Az)2
+(kat) 2]. We transform equation (8):

dlnU/dt = £(0) (B1)
This ensures that U remains between O and 1.
Crank and Nicolson [1947] approximated (B2) with

n+1 n
Ln U, -1LanU 1
1 .- | dTl)
At 2
n
+£(6;) ] (B2)

This has a truncation error of order O] (xAt)?].
The calculation of temperatures at time t+At
requires several iterations with a relaxation
method [Shaw, 1953 ]. We chose instead to write

n+l n
Ln Ui - Ln Ui

At

(B3)

= f( e? )

which has a truncation error of order O(kAt).

The reason for doing so is that the truncation
error of the heat equation is O (xAt)?+(Az)?].
Implicit finite difference schemes are stable for
all values of ratio A=cAt/(Az)? and, in parti-
cular, for A=0.5, when (Az)? is of the same order

as kAt. Therefore the simpler form (B3) is accu—
rate enough and leads to a much simplified system
[ Ames, 1965].

The convergence in Az is the most difficult to
obtain because of the high value of the latent
heat term. Space steps vary from 0.25 to 0.0625
cm. Once convergence in space is achieved, con-
vergence in time is always assured. We used mesh
ratios such that A<4, which imply time steps
smaller than 10 s. The convergence has been
checked for each run, particularly in the case of
rapid oscillations (experiments 18 and 19). Each
oscillation occurs over more than 100 time steps
and is not of numerical origin.

Appendix C: Comparison With_ the Work
of Kirkpatrick [ 1976]

The initial condition in Kirkpatrick [1976] is
different from ours, as the country rock 1is
assumed to be initially preheated with a tempera-
ture gradient equal to 0=-8/3z (z in centime-

UNDERCOOLING (°C)
20
\
\

=] r n T T
0 3 6 9 12

TIME (x10's)
Comparison between Kirkpatrick's calcu-
lations (thin 1lines) and ours (heavy 1lines).
Dashed 1lines represent the solution without
latent heat release, which has been calculated
both analytically and numerically. Note that it
is almost identical to Kirkpatrick's solution.

Fig. 15.
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ters). We adapted our model in order to treat the
same condition, and the same growth and nuclea-
tion rates. We verified that our numerical solu-
tion of the equation without latent heat release
is identical to the analytical solution [Carslaw
and Jaeger, 1959]:

0(z) = -0,5zA erfc(z/2/kt)
-A 7/ (ct/n) exp(-2° /t)  (A=-8/3) (C1)

Kirkpatrick's solution is hardly different
from (Cl), whereas ours branches off at the onset
of the crystallization (Figure 15). Moreover, the
crystallization front does not move at the same
rate: at t=1.5x1055, the front only reaches z=6
cm, whereas Kirkpatrick finds it reaches 2z=60
cm.

This discrepancy is due to an error in Kirkpa-
trick's equations. Equation (7) had been simpli-
fied by setting:

dQ/dt = 3Q/dT x dT/at (C2)

This is not correct because Q is function of both
T and t. The proper equation is

dq/dt = 2Q/3T x dT/dt + dQ/dt|T (c3)

This second term 1s the largest. Kirkpatrick's
solution amounts, in Ffact, to ignoring 1latent
heat in the temperature equation (see Figure 15).
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