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Abstract

Most techniques used in seismological practice have been performed under the assumption that surface waves propagate along
great circle arcs between the epicenter and the station. However, lateral variations of surface wave phase velocities should result
in deviation of the wave paths from great circle arcs and in corresponding anomalies of geometrical spreading (so-called focusing
effect). We performed numerical modeling of these effects using the ray approximation on the basis of recent global phase velocity
maps for fundamental Rayleigh mode obtained by tomographic inversion in the period range from 60 to 150 s.

The aim for such a modeling is to investigate where the conventional methods based on using great circles as paths fail, and to

obtain quantitative characteristics for the effects of rays focusing.

Predicted and observed focusing effects are analyzed from a statistical point of view on a dataset of real seismic data. Records
of earthquakes in a wide magnitude range (6 < Ms < 7) and with epicenters in different seismic regions are used for the analysis
(over 3000 measurements). Synthetic and observed Rayleigh wave amplitude spectra are found to be in better agreement when the
focusing effect is taken into account: correction of spectra for predicted focusing effect significantly improves the fit of synthetics
to observations at periods larger than 75 s.

Calculation of focusing effect based on ray theory ignores the effects of wavefront smoothing which increases with increasing
period. However, even this approximation gives considerable improvement of synthetics at periods up to 150 s and, therefore, can
be used in many applications, such as seismic source studies, magnitude measurements, and Q estimates.

We also demonstrated that the discrepancy between real data and synthetics cannot be explained by attenuation effects. It means
that there is still large room for improvement of the existing tomographic models which, in order to correctly explain observed
amplitudes, must include heterogeneity of anisotropy and anelasticity up to higher degree.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

Surface waves recorded at teleseismic distances con-
tain information both on the earthquake source parame-
E-mail address: jpm@ipgp.jussieu.fr (J.-P. Montagner). ters and on the Earth’s structure along the source-station
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path. These waves convey most of the long period energy
(periods longer than 20 s) and are characterized by a
high signal-to-noise ratio. This is the reason why sur-
face waves are widely used in seismology for studying
the crust and upper mantle structure and seismic source
parameters.

Most techniques used in seismological practice are
based on the assumption that surface waves propagate
along great circle paths. At the same time the results
of tomographic studies show that the amplitude of lat-
eral variations of surface wave phase velocities can be
as large as 10%. Such variations should result in devia-
tions of the wave paths from great circles and consequent
anomalies of surface wave amplitudes and polarization
(see Romanowicz, 2002 for a review). In particular the
amplitude and phase anomalies should be associated
with focusing and defocusing effects related to caustics
formed by intersection of surface wave paths at large
epicentral distances, strongly pronounced for multi-orbit
waves, e.g. R2, R3, etc.

This effect was noted by Lay and Kanamori (1985)
and Jobert and Jobert (1987) when modeling long period
surface wave paths. Woodhouse and Wong (1986) and
Wang and Dahlen (1994) studied the amplitude and
phase anomalies in slowly varying laterally heteroge-
neous media using the first order ray perturbation theory.
Wang and Dahlen (1994) developed a numerically effi-
cient implementation of the JWKB approximation to
derive the same anomalies and then compared the results
with the corresponding ones obtained by using the first

length of the surface waves. A number of studies were
dedicated to investigation of the limitations of ray the-
ory, as well as to generalization of the methods of surface
wave studies incorporating the effects of finite frequency
(e.g., Hung et al., 2001; Spetzler et al., 2002; Yoshizawa
and Kennett, 2002, 2004; Tanimoto, 2003; Zhou et al.,
2004).

Recently, more sophisticated techniques for simula-
tion of wave propagation in heterogeneous media, such
as a method based on spectral elements (Komatitsch
et al., 2002) also demonstrated large deviation of the
observed amplitude compared with synthetic amplitude.

However, if the lateral scale of heterogeneity is much
larger than the wavelength of surface waves, then it is
possible to use efficiently the ray theory for calculation
of surface wave amplitudes outside the caustics. In this
paper we calculate the surface wave amplitude anoma-
lies in the JWKB approximation. The applicability of
this approach is discussed in Section 4. On the basis of
ray theory, surface wave ray paths are calculated and
geometrical spreading for a given map of phase velocity
anomalies and a given location of the epicenter is esti-
mated. The amplitude anomaly is defined as the ratio
of the calculated amplitude in the laterally heteroge-
neous sphere to that in a spherically symmetric model.
Below we name the effect of the geometrical spreading
anomalies on the amplitudes as focusing effect, though
the rays can converge (focusing) or diverge (defocus-
ing). The amplitude anomalies are calculated on a grid on
the Earth’s surface. We calculated the spectral amplitude
order ray perturbation theory. Wang et al. (1993) and
Dahlen and Tromp (1998) presented the results of a cal-
culation of the R2–R3 and R1–R2 wave paths in the
vicinity of an epicenter and its antipode. They demon-
strate that the intersection of the rays forms many caus-
tics. The caustics have a specific shape: they consist of
two branches, which form cusps in the points of their
merging. Yanovskaya (2004) has shown that the wave
amplitudes in the vicinity of such a caustic are described
by the Pearcey integral (Pearcey, 1946), and that the
amplitudes differ substantially from those calculated on
the basis of the ray theory. Wang and Dahlen (1995) con-
sidering the Fresnel area along the surface wave ray path
obtained the necessary and sufficient condition for the
validity of the JWKB approximation in laterally hetero-
geneous media. They have shown that the misfit of the ray
approximation related to this condition can be attributed
to the wavefront smoothing produced by the Fresnel area
along the ray path. This finite frequency effect is ignored
in the ray theory, and, therefore, the JWKB estimates of
the focusing effect tend to be overestimated when the
scale length of lateral heterogeneity is close to the wave-
anomalies for Rayleigh waves within the period range
60–150 s using recent global isotropic phase velocity
maps (Beucler, 2002; Beucler and Montagner, in press).

Additional cause for the amplitude anomalies is
anelastic attenuation, which can be different on different
paths due to lateral variation of anelasticity. We compare
these two effects: the focusing effect due to geometrical
spreading and the effect of lateral variation of anelastic-
ity.

It is practically useless to look for focusing effect
by direct comparison of calculated and observed sur-
face wave amplitudes on individual records, because the
maps of lateral velocity variations are rather smoothed
and do not include all peculiarities of the velocity pat-
tern. Another cause of a possible discrepancy between
calculated and observed amplitudes is the uncertainty
in the determination of the source model that may affect
strongly the calculated amplitudes. Therefore it is worth-
while to compare the calculated and observed ampli-
tudes statistically, on a large data set of seismograms
corresponding to different events and stations. Such a
comparison was performed by using records of earth-
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quakes with 6 < Ms < 7 occurring in different seismic
regions. The decrease of misfit between synthetic and
observed Rayleigh wave amplitude spectra when allow-
ing the focusing effect confirms the possibility to take
into account the ray approximation estimates of surface
wave amplitude anomalies in routine seismological stud-
ies based on dynamic characteristics of surface waves.

2. Surface wave spectra

We approximate the elastic model of the Earth by
a weak laterally inhomogeneous model (Woodhouse,
1974; Babich et al., 1976). The spectrum of displace-
ments u(ω) in surface wave generated by an instant point
source in such a model (Levshin et al., 1989) can be
expressed in form

u(xrω) = exp(−iπ/4)√
8π

exp(−iωτ)√
ωJ/c

× χ(xs, γ, ω)√
cvI

∣∣
s

U(xr, ω)√
cvI
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r

q(xr, ω). (1)

where ω is the angular frequency, xs and xr the coor-
dinates of the source and of the registration point, γ
the ray azimuth in the source, c and v the phase and
group velocity of the wave, χ the radiation pattern of the
source dependent on the moment tensor, eigenfunctions
and their derivatives in the source vicinity, and direction
of radiation, U the eigenfunction describing the distri-
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3. Equations for kinematic and dynamic ray
tracing

The system of equations for kinematic ray tracing on
a sphere is obtained from the general equations for ray.
It has the form (Julian, 1970; Aki and Richards, 1980):

dθ

dτ
= −c(θ, ϕ) cos α

R

dϕ

dτ
= c(θ, ϕ)

sin α

R sin θ

dα

dτ
= − 1

R

(
sin α

∂c

∂θ
+ cos α

sin θ

∂c

∂ϕ

)
+ c

R

sin α

tan θ
. (2)

where θ, ϕ are spherical coordinates, R radius of the
sphere, α the ray azimuth at the current point, c the phase
velocity, and τ is the propagation time. The coordinates
of a source θ0, ϕ0 and azimuth of the ray in the source
α0 are the initial conditions (at τ = 0) for integration of
this system.

To construct the system for dynamic ray tracing we
apply the usual approach: by considering the new func-
tions

∂θ

∂γ
= S1,

∂ϕ

∂γ
= S2 and

∂α

∂γ
= P,

where γ is the ray azimuth in the source, and differentiate
Eq. (2) with respect to �. Then the equations for S1, S2
and P are found to be as follows:

dS1

dτ
= Pc sin α

R
−

(
∂c

∂θ
S1 + ∂c

∂ϕ
S2

)
cos α

R

ution of displacements in the wave along the vertical
irection, q a factor describing the wave attenuation, I the
nergy integral of eigenfunction, s and r are, respectively,
he indices of the source and receiver, J the geometrical
preading, and τ is the wave arrival time. So, the sur-
ace wave spectrum in this approximation is determined
y the near source and near receiver velocity structure,
y the average phase velocity and attenuation along the
ave path, and by geometrical spreading. At the same

ime the amplitude spectrum does not depend on the
verage phase velocity of the wave. In such a model the
rrors in source location do not affect the amplitude spec-
rum (Bukchin, 1990). For spherical symmetric Earth

odel we have τ = R∆/c0, q = exp[−ωQ0
−1R∆/(2c0)],

= R sin∆. Here R is the Earth radius, ∆ is the epi-
entral distance, c0 is the value of phase velocity of
he wave, and Q0 is the surface wave quality factor. In
he case of a weakly laterally inhomogeneous medium
e are able to calculate the arrival time, attenuation

nd geometrical spreading of the wave integrating the
ystems of equations for kinematic and dynamic ray
racing.
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Initial conditions for integration of this system are the
following:

S1 = S2 = 0, P = 1.
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The functions S1 and S2 obtained from the system of
Eq. (3) determine the geometrical spreading:

J = R(S1 sin α+ S2 cos α sin θ). (4)

To calculate the attenuation factor it is necessary to
add the equation

dψ

dτ
= 1

Q(θ, ϕ)
, (5)

where Q(θ, ϕ) is the surface wave quality factor, with
the initial condition ψ(0) = 0. Then the attenuation fac-
tor q = exp(−(ωψ/2)). Eqs. (2), (3) and (5) should be
integrated jointly.

To calculate the values of the geometrical spreading
and the attenuation factor at a given receiver point (sta-
tion) from a given source point (epicenter) we used the
shooting method.

4. Numerical modeling of wave field anomalies

We perform numerical modeling of the effects due to
a weak and smooth lateral inhomogeneity of the elastic
Earth model using global phase velocity anomaly maps
for fundamental Rayleigh mode in the period range from
60 to 150 s (Beucler, 2002; Beucler and Montagner, in
press). The distribution of velocity anomalies and errors
of their determination on the Earth surface are given by
spherical harmonics expansion up to degree 20. Exam-
ples of such maps for period of 75 s are given in Fig. 1.
The maps are plotted in azimuthal equidistant projection
for two hemispheres. Both velocity anomalies and errors
are measured in percentage with respect to the reference
velocity value for spherically symmetric model PREM
(Dziewonski and Anderson, 1981).

For a given location of the epicenter we calculate the
propagation time τ, attenuation factor q and geometrical
spreading J by integrating the systems (2), (3) and Eq.
(5). We calculate these quantities in different points of
Fig. 1. (a) Phase velocity anomalies (%) and (b) errors (%) of phase velocit
75 s.
y anomalies determination for fundamental Rayleigh mode at period
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Fig. 2. Scheme of rays for 75 s Rayleigh fundamental mode (a) for the hemisphere centered at the epicenter and (b) for the hemisphere centered at
the epicenter’s antipode. The epicenter is located in Indonesia (−1◦, 124◦).

rays radiated in the whole range of azimuths in order to
get a map of the amplitude anomalies for a given source,
as well as in a given location of stations.

An example of a scheme of rays for fundamental
Rayleigh mode for period 75 s is presented in Fig. 2. The
epicenter is located in Indonesia. The rays are drawn in
azimuthal equidistant projection. The rays deviate neg-
ligibly from the great circle arcs at distances less than
90◦, but in the opposite hemisphere (90◦ <∆< 180◦) the
deviations become significant.

As can be seen from Fig. 2, a multipathing area
bounded by caustics appears in a really wide area around
the epicenter antipode. Geometrical spreading is vanish-
ing at a caustic and becomes negative behind the point
of contact. Numerical calculations show that among the
rays passing any point of the multipathing area there
exists at least one ray tangent to the caustic. These fea-

tures of the ray field are caused by two factors: lateral
heterogeneity of the Earth and spherical geometry.

We define the amplitude anomaly due to deviation
of the ray from the great circle arc by calculating the
focusing coefficient f that is the ratio of spectral ampli-
tudes in the laterally inhomogeneous Earth model and in
the spherically symmetric model. As follows from for-
mula (1), the value of f can be calculated by formula
f = √

R sin ∆/J , where the geometrical spreading J is
determined from (4) after integrating (2), (3).

The amplitude anomaly map (the spatial distribution
of focusing coefficient f) corresponding to the scheme of
rays for the fundamental Rayleigh mode for period 75 s
is presented in Fig. 3. The map is plotted in azimuthal
equidistant projection for two hemispheres centered at
the epicenter and at the epicenter antipode. The ampli-
tude anomalies are calculated on the rays covering the

F ode. T
s

ig. 3. Map for amplitude anomalies for 75 s Rayleigh fundamental m
haded gray.
he epicenter is located in Indonesia (−1◦, 124◦). Multipathing area is
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entire Earth surface except the shaded gray area corre-
sponding to multipathing. As seen from Fig. 3, strong
anomalies appear at epicentral distances ∆> 90◦. But
they can be significant at shorter distances as well.

Wang and Dahlen (1995) have shown that ampli-
tude anomalies obtained using the JWKB approxima-
tion can be overestimated when the scale length of lat-
eral heterogeneity is insufficiently large in comparison
to the wavelength of the surface waves. On the other
hand excessive smoothing makes the model nonrealistic.
Wang and Dahlen (1995) considering contrived degree-
36 model as ‘ground truth’ model of the Earth compared
the errors due to the JWKB approximation with errors
due to truncation in the model for 150 s fundamental
Rayleigh mode. They have found for this model that
the total amplitude misfit due to the two error sources
attained its minimum value at about degree 17. Taking
into account the complexity of the real Earth we use
degree-20 model for calculation of the synthetic ampli-
tude spectra and compare the results with real obser-
vations. At the same time to avoid the overestimated
amplitude anomalies due to the limitations of the ray the-
ory we consider paths with focusing coefficients in the
range 0.5 < f < 1.5.

5. Effects of lateral variations of anelasticity on
surface wave amplitude spectra

Lateral variations of anelasticity also cause deviations
of surface wave amplitude spectra from those expected in

Fig. 4. World seismicity (6.5 < Ms < 7.0) for period from 1990 to 2000
and focal zones (stars) selected for the study of effects related to the
deviation from spherical symmetry of the elastic and anelastic Earth
models.

ing multipathing areas or related to stations located in
the vicinity of epicenter. The results of comparison of
the focusing effect and the effect of lateral variations
of anelasticity are shown in 2D diagram for relative
q factor and focusing coefficient in Fig. 5. Every cir-
cle at the diagram corresponds to one path. As can be
seen from Fig. 5, there is no correlation between focus-
ing effect and q factor effect and the focusing effect
caused by lateral inhomogeneity of the elastic Earth
model can be significantly larger than the effect related to
the lateral inhomogeneity of attenuation for fundamental
Rayleigh mode at the period of 150 s. In further analysis
we assumed Q values for spherically symmetric model
PREM.
spherically symmetric Earth. We measure corresponding
amplitude anomaly by a ratio of q factors calculated for
a Q model for laterally inhomogeneous Earth and for
constant Q.

The amplitude anomalies due to lateral variations of
anelasticity are compared with those caused by focusing
effect for fundamental Rayleigh mode at the period of
150 s. The global map of local attenuation (Romanowicz,
1995) is calculated from the expansion of Q in spheri-
cal harmonics up to degree 10. The lateral resolution of
this map is significantly different from those of degree-
20 model for phase velocity anomalies. But it is more
correct to compare these two effects using models with
similar order of lateral heterogeneities. For this reason,
we calculate amplitude anomalies caused by focusing
effect, when using smoothed model for phase velocity
anomalies truncated up to degree-10.

We selected 25 seismofocal zones from all over the
world (Fig. 4). For each epicenter zone attenuation effect
and focusing effect are calculated for 252 stations of
the worldwide FDSN seismic network, representing a
total amount of 6187 paths except 113 paths intersect-
Fig. 5. (a) Comparison of amplitude anomalies caused by focusing
effect and by asphericity of attenuation model for Rayleigh funda-
mental mode (T = 150 s). Every circle corresponds to one of paths. (b)
The same diagram as (a), superimposed by a map for circles density
(number of circles in a square 0.1 × 0.1).
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Fig. 6. Example of frequency–time analysis (FTAN) and floating filtering for Kamchatka earthquake record at IRIS/USGS station HKT in Hockley,
Texas, isolating fundamental Rayleigh mode and comparison of amplitude spectrum of filtered wave with synthetic values. FTAN diagrams for
(a) raw and (b) floating-filtered vertical component. (c) Vertical component of raw record (gray line) and floating-filtered (black line), normalized
to maximum value. (d) Amplitude spectrum of floating-filtered record (solid line) and two synthetic values: with (filled circles) and without the
focusing effect (open circles). The spectra are normalized to their maximum value.

6. Comparison of predicted focusing effect with
observations

We perform the comparison of predicted and observed
amplitude anomalies in fundamental Rayleigh wave by
using broadband records of 106 earthquakes (6 < Ms < 7)
located in the 25 seismic zones presented in Fig. 4. Using
frequency–time analysis technique and floating filtering
(Levshin et al., 1989) we isolate fundamental Rayleigh
mode for about 1400 paths. We reject signals recorded
within the multipathing area or at distances from caustics
less than one and a half wavelength. We use records of
a good quality in period range from 60 to 150 s. We
calculate amplitude spectrum for the periods of 60, 75,
100 and 150 s for all filtered records. The spectra are
corrected for the instrument response. Synthetic spectra
are calculated by formula (1) with the use of the CMT
solutions for normalized moment tensor from Harvard
catalog and seismic moments, which are recalculated on
the basis of the seismic records. The structure models
in the source and under the station are taken from the
3SMAC model (Ricard et al., 1996). For every observed
value of the amplitude spectra we calculate two synthetic
values: with and without the focusing effect. To calculate
the focusing effect f, Eqs. (2) and (3) are integrated and

the shooting method is used to obtain the result in a
given station location. Simultaneously with the focusing
effect, the average errors β of the velocity anomaly along
the rays that characterize the reliability of f estimate, are
calculated.

An example of frequency–time analysis and float-
ing filtering for Kamchatka earthquake, 25.06.1996
(Ms = 6.6) record at IRIS/USGS station HKT in Hock-
ley, Texas, isolating fundamental Rayleigh mode is given
in Fig. 6(a)–(c). The epicentral distance for HKT sta-
tion is about 75◦. The wave propagates along the regions
with dense path coverage for tomographic models and
for all the four periods under consideration the path
belong to 25% of best paths with least average error
β. The focusing coefficient f takes values 1.251, 1.237,
1.184 and 1.093 for respective periods of 60, 75, 100 and
150 s. The amplitude spectrum of isolated fundamental
Rayleigh mode and two synthetic values (without tak-
ing into account the focusing effect and taking it into
account) are shown in Fig. 6(d).

6.1. Data sampling

The total number of selected measurements is equal
to 3256. We consider different samples of observations
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and corresponding synthetics according to the value of
the focusing coefficient f and the value of average error
β. Along with samples containing paths characterized
by any value of f varying from 0.5 to 1.5 we consider
corresponding samples containing paths characterized
by strong focusing effect (f > 1.25 or f < 0.75). The total
number of measurements corresponding to paths with
strong focusing effect is equal to 786. The distribution
of the number of measurements versus period is given in
Table 1.

Using value of average error β for characterization of
the reliability of f estimate we consider samples corre-
sponding to different quantiles of best paths.

6.2. Characterization of misfit

Let εqi and εqcorr be the misfit between synthetic and
observed amplitude spectra for i-th measurement of q-th
earthquake calculated, respectively, without taking into
account the focusing effect and taking it into account.
Let Nq be the number of such measurements, m0q -the
seismic moment of the q-th earthquake. We characterize
the misfit for q-th earthquake by rms values of εqi and
εqcorr normalized by seismic moment:

Eq = 1

m0q

√∑Nq
i=1ε

2
qi

Nq
, Eqcorr = 1

m0q

√∑Nq
i=1ε

2
qcorr

Nq
.

We define the average reduction of absolute misfit as

Fig. 7. Reduction of misfit for different periods. (a) Entire range of
focusing effect and (b) strong focusing effect.

7. Discussion of the results

If the estimates of focusing effects are valid in general,
one should expect larger reduction of misfit caused when
taking into account these effects for traces with smaller
averaged error of tomographic maps β. The results pre-
sented in Fig. 7 confirm such an expectation. As one
can see from Fig. 1(b) the errors are small in particular
regions with good path coverage for tomographic mod-
els, such as in the northern hemisphere and the Pacific
rim, while the errors become larger in the southern hemi-
sphere and oceanic regions. For samples including all
paths (100% quantiles) the reduction of misfit is vanish-
ing or becomes even negative, which means an increase
of misfit. The improvement of fitting becomes consider-
able for paths characterized by small error β and strong
focusing effect. Usually rays deviate negligibly from the
great circle arcs at distances less than 90◦. As a rule
for such distances the conventional ray theoretical meth-
ods with the approximation of the great circle paths may
work well. However, as could be seen from Fig. 3, this
deviation and related anomalies can be significant even
at shorter distances.

The results obtained for different periods visibly
differ from each other. The most significant improve-
ment is achieved for periods 100 and 150 s. The
misfit estimates depend on velocity anomaly maps as
well as on the maps for errors of velocity anomalies
determination. So, the difference of results for different
difference between these two values averaged over all
earthquakes:

∆ 〈E〉 = 〈E〉 − 〈Ecorr〉 .
The ratio∆〈E〉/〈E〉 in percentage for the total of four

considered periods and for each period separately is
shown in Fig. 7. The ratio characterizing the reduction
of misfit is given for four different samples correspond-
ing to different quantiles of best paths with least average
error β (best 25% of paths, best 50%, best 75%, and
100% corresponds to the total sample).

We present separately the results for samples cor-
responding to the entire range of focusing effect
(0.5 ≤ f ≤ 1.5) and the results for paths with strong focus-
ing effect (f ≤ 0.75 or 1.25 ≤ f).

Table 1
Distribution of the number of measurements vs. period

f value/period (s) 60 75 100 150
0.5 ≤ f ≤ 1.5 802 895 872 687
f ≤ 0.75 or 1.25 ≤ f 263 276 167 80
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periods may reflect the different quality of both kinds of
maps.

The results confirm that phase velocity maps are the
best resolved at periods longer than 75 s. At the period
of 100 s the ray theory is valid, and the improvement
of synthetics is significant for most of the traces. At
the 150 s period the ray approximation is still valid,
at least in the regions where the error of tomographic
map is small. At periods shorter than 100 s the ampli-
tudes of heterogeneities is much stronger and effects
such as scattering due to anisotropy and small scale
scatterers can have large influence on amplitude. Other
tomographic models (Montagner, 2002; Ekström et al.,
1997) were tested, but are not presented here since the
conclusions are not affected by the choice of these other
tomographic models.

So, there is still a large room for improvement of
tomographic models below periods of 100 s, by includ-
ing effects of anelasticity, anisotropy and small scatter-
ers. However, for long periods, it seems important to
correct the surface wave spectra for focusing effect in
order to avoid biases in the determinations of seismic
moments and focal mechanisms.

8. Conclusions

Presented results of numerical modeling and anal-
ysis of real seismic records show that synthetic and
observed Rayleigh wave amplitude spectra are in bet-
ter agreement when the focusing effect is taken into
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