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Entrainment in plane turbulent pure plumes
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Turbulent jets and plumes are commonly encountered in industrial and natural
environments; they are, for example, key processes during explosive eruptions. They
have been the objects of seminal works on turbulent free shear flows. Their dynamics
is often described with the concept of the so-called entrainment coefficient, α,
which quantifies entrainment of ambient fluid into the turbulent flow. This key
parameter is well characterized for axisymmetric jets and plumes, but data are
scarcer for turbulent planar plumes and jets. The data tend to show that the Gaussian
entrainment coefficient in plane pure plumes is about twice the value for plane
pure jets. In order to confirm and to explain this difference, we develop a model
of entrainment in turbulent plane jets and plumes taking into account the effect of
buoyancy on entrainment, as a function of the shape of the velocity, buoyancy and
turbulent shear stress profiles. We perform new experiments to better characterize the
rate of entrainment in plane pure plumes and to constrain the values of the model
parameters. Comparison between theory and experiments shows that the enhancement
of entrainment in plane turbulent pure plumes relative to plane turbulent pure jets is
well explained by the contribution of buoyancy.
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1. Introduction

Plane turbulent plumes and jets are encountered in various natural environments.
Explosive basaltic eruptions, for example, often occur through fissures and produce
plane (or linear) turbulent plumes on Earth (Stothers et al. 1986; Stothers 1989;
Woods 1993) and on other terrestrial planets (Glaze, Baloga & Wimert 2011).
Turbulent planar plumes can also be formed during the melting of sea ice (Wettlaufer,
Worster & Huppert 1997; Widell, Fer & Haugan 2006) or can be associated with
the discharge of rivers into quiescent water (e.g. Rowland, Stacey & Dietrich 2009).
Classical models of natural plane plumes are based on the top-hat formalism of
Morton and co-workers (Morton, Taylor & Turner 1956) and on their concept of
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an entrainment coefficient (α) which determines the rate of entrainment and the
dynamics of the flow.

The entrainment coefficient of jets and plumes is well characterized in the
axysymmetric case, and various experimental studies have shown that the entrainment
coefficient is about two times larger in axisymmetric plumes than in axisymmetric
jets (e.g. Fischer et al. 1979, Papanicolaou & List 1988, Linden 2000 and Wang
& Law 2002). Kaminski, Tait & Carazzo (2005) and Carazzo, Kaminski & Tait
(2006) have shown how enhanced entrainment in plumes could be explained by the
contribution of buoyancy. Only a few experimental studies are available for plane
turbulent plumes. Since the seminal works of Rouse, Yih & Humphreys (1952) and
Lee & Emmons (1961), systematic studies have confirmed a similar difference of
efficiency of entrainment in plumes and jets in plane geometry. As acknowledged in
early work by Kotsovinos (1977), the ‘Gaussian’ coefficient for pure planar plumes
(no initial momentum flux), αplume = 0.064 ± 0.008 (Kotsovinos 1975; Fischer et al.
1979; Ramaprian & Chandrasekhara 1989), is about twice the coefficient for pure
planar jets (no initial buoyancy flux), αjet = 0.035± 0.010 (Miller & Comings 1957;
Bradbury 1965; Heskestad 1965; Kotsovinos 1975; Gutmark & Wygnanski 1976;
Fischer et al. 1979; Ramaprian & Chandrasekhara 1985; Paillat & Kaminski 2014).
More recently, van den Bremer & Hunt (2014) used a linear relation between α and
the Richardson number to study the behaviour of turbulent planar plumes. However,
no theoretical modelling of the difference of efficiency of entrainment between plane
jets and plumes has been proposed so far, and the aim of this study is to do this based
on the formalism developed in Priestley & Ball (1955) and Kaminski et al. (2005)
in axisymmetric geometry. In the first part of the article we develop a theoretical
model of entrainment in plane turbulent jets and plumes, and a comparison with
experimental results is presented in the second part.

2. A theoretical model of entrainment in plane turbulent plumes

Planar ‘pure’ plumes are turbulent free shear flows driven only by their initial
buoyancy flux and produced by a linear source that is infinite in one direction. The
flow is bi-dimensional and can be described in an (x, z) plane, where z is the vertical
direction and x lies in the horizontal plane and is normal to the direction of the linear
source. Previous studies have shown that the profiles of the vertical velocity w(x, z)
and the reduced gravity g′(x, z)= ((ρ0 − ρ)/ρ)g in the plume (where ρ is the plume
density and ρ0 is the density of the ambient fluid) are well described, at distances
z/d> 5 (where d is the width of the source) from the source, by Gaussian functions

w(x, z) = wm(z) exp

(
−
[

x
bw

]2
)
, (2.1)

g′(x, z) = g′m(z) exp

(
−
[

x
bT

]2
)
, (2.2)

where bw and bT are the (1/e)-widths of the profiles, wm is the centreline velocity
(x = 0) and g′m is the centreline buoyancy. Following Morton et al. (1956), the
conservation equations for a pure plume are written as

d
dz
(bwwm)= 2αG wm, (2.3)

d
dz

(
bww2

m

)=√2 bT g′m, (2.4)
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d
dz

(√
π

1+ λ2
bTwmg′m

)
= 0, (2.5)

where αG = 1/2 dbw/dz is the ‘Gaussian’ entrainment coefficient and λ= bT/bw.
To model the variation of αG between jets and plumes, we follow the same approach

as in Priestley & Ball (1955) and Kaminski et al. (2005). We introduce u= u+ ũ as
the velocity along the x direction, w=w+ w̃ as the velocity along the z direction and
g′=g′+ g̃ as the buoyancy, with u, w and g′ the time-averaged quantities, and ũ, w̃ and
g̃ their turbulent fluctuations. At large Reynolds numbers, in a uniform environment
and under the Boussinesq approximation, the time-averaged local mass, momentum
and buoyancy conservation equations are written as

∂u
∂x
+ ∂w
∂z
= 0, (2.6)

u
∂w
∂x
+w

∂w
∂z
= g′ + 1

ρ

∂τ

∂x
, (2.7)

u
∂g′

∂x
+w

∂g′

∂z
= 0, (2.8)

where τ =−ρũw̃ is the turbulent shear stress that drives entrainment. The integration
of the conservation equations (2.6)–(2.8), subject to the boundary conditions
u(x= 0, z)= τ(x= 0, z)= limx→∞,z τ(x, z)= limx→∞,z w(x, z)= 0, yields

d
dz

Q(z) = −2 lim
x→+∞

u, (2.9)

d
dz

M(z) =
∫ +∞
−∞

g′(x, z) dx, (2.10)

d
dz

F(z) = 0, (2.11)

where Q(z), M(z) and F(z) are the mass, momentum and buoyancy fluxes, respectively,
defined as

Q(z) =
∫ +∞
−∞

w(x, z) dx, (2.12)

M(z) =
∫ +∞
−∞

w2(x, z) dx, (2.13)

F(z) =
∫ +∞
−∞

w(x, z)g′(x, z) dx. (2.14)

In (2.9), the limit of u when x→ +∞ quantifies entrainment in the plume, but is
not known a priori. Morton et al. (1956) avoid the use of this limit through the
introduction of a ‘top-hat’ entrainment coefficient α,

d
dz

Q(z)= 2α
M
Q
, (2.15)

where the top-hat coefficient is related to the Gaussian coefficient through α=√2παG.

755 R2-3



S. Paillat and E. Kaminski

To obtain an explicit expression for the entrainment coefficient, we consider the
conservation of the vertical kinetic energy (Priestley & Ball 1955),

∂

∂z

(
1
2

w3

)
+ ∂

∂x

(
1
2

u w2

)
=w g′ + w

ρ

∂τ

∂x
. (2.16)

The integration of which, subject to the same boundary conditions as for (2.9) and
(2.10), yields

d
dz

Ec(z)= 2
∫ +∞
−∞

w g′ dx+ 2
∫ +∞
−∞

∂w
∂x

ũw̃dx, (2.17)

where Ec =
∫ +∞
−∞ w3dx is the flux of kinetic energy.

We introduce three shape functions, f , h and j, for the time-averaged vertical
velocity, buoyancy and turbulent stress profiles, respectively,

w(x∗, z) = wm(z)f (x∗, z), (2.18)
g′(x∗, z) = g′m(z)h(x

∗, z), (2.19)
τ(x∗, z) = 1

2ρ wm(z)2j(x∗, z), (2.20)

where x∗ = x/bw(z), with bw(z) the length scale for the velocity profile of the plume.
Six associated dimensionless integrals,

I1 =
∫ +∞
−∞

f (x∗, z) dx∗, (2.21)

I2 =
∫ +∞
−∞

f (x∗, z)2 dx∗, (2.22)

I3 =
∫ +∞
−∞

f (x∗, z)3 dx∗, (2.23)

I4 =
∫ +∞
−∞

∂f (x∗, z)
∂x∗

j(x∗, z) dx∗, (2.24)

I5 =
∫ +∞
−∞

h(x∗, z) dx∗, (2.25)

I6 =
∫ +∞
−∞

f (x∗, z) h(x∗, z) dx∗, (2.26)

are then used to write the conservation of kinetic energy (2.17) as

d
dz

Ec(z)= 2F0 −
(

M
Q

)3 I4I3
1

I3
2

(2.27)

and the conservation of mass flux as

d
dz

Q(z)= 2
Q
M

d
dz

M(z)− Q
Ec

d
dz

Ec(z)+ M2

Ec

d
dz

(
QEc

M2

)
. (2.28)

By combining this last equation with (2.27) and (2.10) we obtain

d
dz

Q(z)= 2
{

D

A
Ri
(

1− 1
D

)
+ C

2
+ Q2

2M
d ln A

dz

}
M
Q
, (2.29)
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and hence an explicit expression for α,

α = D

A
Ri
(

1− 1
D

)
+ C

2
+ Q2

2M
d ln A

dz
, (2.30)

where Ri, the Richardson number, is defined as

Ri= F0Q3

M3
, (2.31)

and the three other coefficients are defined as

A = I1I3

I2
2
, (2.32)

C = I4I2
1

I3I2
, (2.33)

D = I5I3

I6I2
. (2.34)

For Gaussian velocity and buoyancy profiles, the three model parameters can be
written as

A =
√

4
3 , (2.35)

C = √6I4, (2.36)

D =
√

2
3

√
1+ λ2. (2.37)

The parameter A is then a constant, and may influence entrainment only if there
is a self-similarity drift in the flow (Kaminski et al. 2005). Here, C quantifies the
efficiency of turbulent entrainment driven by the Reynolds turbulent shear stress
and D corresponds to the coupling between the velocity and buoyancy profiles,
and controls the impact of buoyancy on entrainment. In the case of a pure plume
considered here, the Richardson number can further be expressed as

Ri=
√

8π

1+ λ2

bTg′m
w2

m

= 2

√
4π

1+ λ2
αG, (2.38)

which leads to a simplified expression of αG,

αG = C√
8π

(
D

2−D

)
, (2.39)

where we obtain that the efficiency of entrainment depends only on one ratio of
integral profiles, the one involving the Reynolds shear stress, and on the ratio of
the widths of the buoyancy and velocity profiles. To determine the values of these
ratios, and to test the validity of the model, we performed an experimental study of
turbulent entrainment in pure plumes.

3. Experiments

In our experiments, turbulent linear plumes are generated by the injection of salt
water through a line source in a 45 cm × 30 cm × 30 cm glass tank filled with a
mixture of fresh water and ethanol (between 10 and 40 weight per cent) added to
match the refractive index of salted water (figure 1). For particle image velocimetry
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FIGURE 1. Schematic showing the experimental set-up.

Experiment d (mm) Q0 (l min−1) Re0 Γ0 z∗ = z/d

1 1 1.57 141 0.29 60–140
2 1 1.36 123 0.36 40–150
3 1 1.93 174 0.19 80–140
4 1 1.55 140 0.49 60–140
5 1 1.59 143 0.18 80–140
6 1 1.57 142 0.22 60–120
7 1 1.87 169 0.19 40–120
8 0.5 1.57 141 0.05 150–250
9 0.5 1.50 135 0.06 130–250

10 0.5 1.47 132 0.04 130–250

TABLE 1. The experimental conditions. Here, Q0 is the mass flow rate at the source (z=0),
z is the distance from the source, Re0 is the source Reynolds number and Γ0 = Ri0/Rip
is the source flux parameter calculated using the mean value of the Richardson number
when the pure plume regime is reached in our experiments, Rip = 0.140.

(PIV) measurements, the fluid is seeded with glass hollow-sphere particles (LaVision
110P8) with a mean diameter of 11.7 µm and a median of 8 µm. Videos of the
plumes are recorded with a camera at a frame rate of 40 Hz, and DavisTM software is
used to compute the instantaneous velocity in the flow by standard PIV methods. To
measure the buoyancy field, Rhodamine 6G is added to the salted water. Rhodamine
6G fluoresces at 552 nm (orange) when excited by a green laser light at 532 nm.
A dichroic filter separates the 532 nm light, which is recorded by the PIV camera
through a green filter, and a second camera records other wavelengths. The intensity
of light is proportional to the concentration of dye and gives the concentration
profile in the plume. The concentration profile has the same characteristic length as
the buoyancy profile, and its centreline value is related to the centreline buoyancy
through g′m = (cm/cm0)(F0/Q0) (Fischer et al. 1979).

The experimental conditions are given in table 1 for the ten experiments we
performed. To generate the plumes, we used two different slot widths d of 0.5 mm
and 1 mm (with aspect ratios of 370 and 185 respectively), allowing measurements
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FIGURE 2. Examples of velocity profiles (black symbols) and buoyancy profiles (grey
symbols) for two experiments with different widths: (a) d= 1 mm, Re0= 141, Ri0= 0.041,
60< z∗ < 140; (b) d= 0.5 mm, Re0 = 132, Ri0 = 0.006, 130< z∗ < 200.

within a range of dimensionless distances relative to the source, z∗ = z/d, between
40 and 250. The plumes are forced plumes as their momentum flux is not zero at
the source. We restrict the presentation and the discussion of the experiments to
the measurements made at distances from the source at which the plumes can be
considered as pure plumes. The criterion we use is that the vertical velocity remains
constant with z∗.

The entrainment coefficient and the parameter λ are obtained from the velocity and
concentration profiles in the pure plumes as illustrated in figure 2, where the x-axis
is non-dimensionalized with the coordinate z, since bw is proportional to z. Figure 3
shows that the centreline velocity is constant within error bars whereas the centreline
concentration decreases as 1/z once the pure plume regime has been reached (Fischer
et al. 1979). We find no systematic evolution of the entrainment coefficient with the
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FIGURE 3. The evolution of (a) the centreline mean velocity and (b) the centreline mean
buoyancy with z∗ for the ten experiments. Measurements are made dimensionless using
the local buoyancy flux (Fp) in the pure plume regime and the virtual plume source (z0),
determined from the theoretical expression of g′m in pure plumes (Fischer et al. 1979).

source parameters, and we obtain an average value αG = 0.071± 0.006. As expected,
the value of the entrainment in the pure plumes is about two times larger that the
value obtained for pure jets with the same experimental set-up, αG = 0.04 ± 0.010
(Paillat & Kaminski 2014). The value of the ratio of the velocity and buoyancy
profiles, λ, does not show a systematic variation as a function of the experimental
conditions either, and takes an average value of 1.29 ± 0.18. This value is smaller
than the one found in quasi-pure jets (λ≈ 1.5 for Ri0 ≈ 10−4, Kotsovinos (1975) and
Ramaprian & Chandrasekhara (1985)), which is consistent with an opening angle
larger in pure plumes than in pure jets but shows a larger spread in the experimental
data. The profiles of the Reynolds stresses for all experiments are shown in figure 4.
We find that the shape and magnitude of the Reynolds shear stress do not show
systematic variation with the source parameters (Ri0, Re0 and d) and are consistent
with the profile measured in pure jets by Paillat & Kaminski (2014) with the same
experimental set-up.
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FIGURE 4. The profiles of the Reynolds stress for the ten experiments. The diamonds
correspond to the slot width of 1 mm and the circles to 0.5 mm. The thick solid line is
the best fit used in the model. The dashed lines are the minimum and maximum values
of the Reynolds stress measured in pure jets with the same experimental set-up by Paillat
& Kaminski (2014).

λ D C αG αGexp Experiments

1.21± 0.17 1.28± 0.11 0.208± 0.030 0.074± 0.021 0.066± 0.006 RC89
1.29± 0.18 1.33± 0.12 0.198± 0.050 0.072± 0.027 0.071± 0.005 This study

TABLE 2. The parameters and predictions of the model for the experiments of
Ramaprian & Chandrasekhara (1989) (RC89) and for the present study.

The model parameter C is calculated from a fit of the Reynolds shear stress profile
as in Paillat & Kaminski (2014). The value we find, C = 0.198 ± 0.050, is close
to the value calculated with the experimental data of Ramaprian & Chandrasekhara
(1989), but significantly higher than the value of C in pure jets obtained by Paillat
& Kaminski (2014), C ≈ 0.150, even if the turbulent shear stress profiles are similar
in the two cases. The change of C is actually due to the larger opening angle in jets
than in plumes (which decreases the value of the integral I4).

The values of the model parameters and its predictions are given in table 2 for our
experiments and for the study of Ramaprian & Chandrasekhara (1989), which, to the
best of our knowledge, is the only published study where all the required profiles
are measured, together with the experimental value of the entrainment coefficient
αG = 1/2 dbw/dz, calculated from the opening angle of the plume. We see that the
theoretical model explains, within the error bars, the higher value of the entrainment
coefficient measured in pure plumes. The model predictions are consistent with both
our experiments and the one of Ramaprian & Chandrasekhara (1989).
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4. Conclusion

The entrainment coefficient is two times larger in pure plumes than in pure jets.
We have developed a theoretical model that relates the entrainment coefficient to
the local Richardson number and that explains enhanced entrainment in plumes by
the contribution of buoyancy. The model introduced two dimensionless parameters,
one giving the contribution of turbulent shear stress to entrainment (C ), which is
also present in the case of pure jets (Paillat & Kaminski 2014), and the other one
characterizing the coupling of the buoyancy and velocity profiles (λ). This second
term accounts for buoyancy-induced vorticity generation, which increases the net
engulfment of ambient fluid into the plume (Govindarajan 2002), and is responsible
for buoyancy-enhanced entrainment in pure plumes. The two model parameters have
different values in pure plumes and in pure jets and they are expected to vary with
the local Richardson number in forced plumes (van den Bremer & Hunt 2014).
Additional experiments would have to be performed in order to better constrain the
evolution of C and λ as a function of Ri and to test non-Gaussian velocity and/or
buoyancy profiles.
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