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Abstract

In this paper, we present a new two-layer model of Savage–Hutter type to study submarine avalanches. A layer com-
posed of fluidized granular material is assumed to flow within an upper layer composed of an inviscid fluid (e.g. water). The
model is derived in a system of local coordinates following a non-erodible bottom and takes into account its curvature. We
prove that the model verifies an entropy inequality, preserves water at rest for a sediment layer and their solutions can be
seen as particular solutions of incompressible Euler equations under hydrostatic assumptions. Buoyancy effects and the
centripetal acceleration of the grain movement due to the curvature of the bottom are considered in the definition of
the Coulomb term. We propose a two-step Roe type solver to discretize the presented model. It exactly preserves water
at rest and no movement of the sediment layer, when its angle is smaller than the angle of repose, and up to second order
all stationary solutions. Finally, some numerical tests are performed by simulating submarine and sub-aerial avalanches as
well as the generated tsunami.
� 2008 Elsevier Inc. All rights reserved.
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1. Introduction

Recent improvements in seabed and sub-surface mapping techniques as bathymetry measurements and seis-
mic imagery have revealed a large amount of slide scars and a wide diversity of related deposits on many of the
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world’s continental margins (e.g. [28,48]). Submarine avalanches or landslides are poorly studied compared to
their sub-aerial counterparts. This is, however, a key issue in geophysics. Indeed, submarine granular flows
driven by gravity participate in the evolution of the sea floor and in particular of the continental margins. They
also represent a threat to the submarine infrastructures, especially for the oil or port industry as well as to
many sea shore inhabitants due to the potential tsunamis that can be triggered by such landslides. In this
paper, we present a new two-layer Savage–Hutter type model, with application to sub-aerial/submarine ava-
lanches over variable topography and generated tsunami. The first layer is filled with a homogeneous inviscid
fluid with constant density and the second layer is made of a fluidized granular mass. The two fluids (i.e. water
and fluidized debris) are assumed to be immiscible. Important questions are (i) the rheological behavior of the
fluidized granular mass on a complex topography and (ii) the interaction between the two layers.

Numerical modeling of sub-aerial debris or snow avalanches has been extensively investigated during this
last decade with application to both laboratory experiments dealing with granular flows and geological events
[32,29,39,49,21,2,3,27,5,1,33]). Most of the models devoted to gravitational granular flows describe the behav-
ior of dry granular material following the pioneer work of Savage and Hutter (see [45]): a shallow water type
model (i.e. thin layer approximation for a continuum medium) is derived to describe granular flows over a
slopping plane based on Mohr–Coulomb considerations: a Coulomb friction is assumed to reflect the ava-
lanche/bottom interaction and the normal stress tensor is defined by a constitutive law relating the longitudi-
nal and the normal stresses through a proportionality factor K.

New Savage–Hutter models over a general bottom have been proposed by Bouchut et al. [6], that take into
account the curvature of the bottom. The authors introduce two new models: the first one is deduced under the
hypothesis of small variation of the curvature and the second one deals with a general bottom topography.
The new curvature terms introduced in the models are necessary for two reasons: they make it possible to pre-
serve water at rest solutions and to exactly verify an energy inequality. In this paper, we consider the first
hypothesis, i.e. a small variation of the curvature. The equations are derived in a local coordinate system
attached to the non-erodible topography and takes into account its curvature (see [6]), in particular the cen-
tripetal acceleration due to the bottom curvature.

A generalization to 2D aerial avalanches over surfaces with small lateral curvature has been carried out in
[49,41]. In [7], Bouchut and Westdickenberg generalized the previous models for small or for general slope
variation in two dimensions. The discretization of 2D aerial avalanches can be done, for example, by finite
volume by using kinetic schemes [31], by Roe type finite volume methods [11], or distribution schemes [43].

A two-layer shallow water type model with compressible effects has been introduced by Morales de Luna
[34]. He considered an upper compressible and a lower incompressible layer. The model is presented in local
coordinates, verifies an entropy dissipation inequality and gives an approximation of the free surface com-
pressible–incompressible Euler equations.

In most industrial applications and real debris flows, the fluid which is present in the granular material can-
not be neglected. Recent attempts have been developed to describe mixtures of grains and fluids in shallow
water two-phase or mixture models ([26,40,37,42]). Iverson and Denlinger [26] extended the SH model to study
avalanches of fluidized granular masses where the pores between the grains are assumed to be filled with a
fluid. In [42], Pudasaini et al. generalized the work [26] for a general channel on local coordinates. In both
works, a simplified system is considered, assuming that the velocity of the fluid within the pores is equal to
the velocity of the grains. The same hypothesis is used here: the fluidized mass is assumed to be a porous med-
ium composed of sand grains, filled with the fluid present in the upper layer (see [26]). The dissipation within
the granular medium is modeled by a Coulomb friction law taking into account the buoyancy effects over the
sand grains. The other key point concerns the definition of the stress tensor for the fluid and grain phases of
the second layer. From the vertical momentum equation and dimensional analysis, the vertical stress tensor of
the complete layer can be derived. However, it is necessary to know the stress tensor for each phase (i.e. fluid
and solid phases) in order to apply different constitutive relations for the fluid and solid phases separately.
Therefore, additional hypotheses have to be introduced (see [26]).

Finally, very few models have been proposed to deal with the interaction of a fluidized mass and the sur-
rounding fluid in which the avalanche propagates. One of the outcomes of the interaction between water and
debris is the generation of water waves and possible tsunami for particular configurations of the coastal topog-
raphy and of the submarine avalanche. Most of the models dedicated to the simulation of landslide generated
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tsunamis reduce the trigger mechanism to a vertical motion imposed as boundary condition in the water wave
propagation model (see, for example, [20]). Submarine landslides are actually modeled by partially or totally
submerged pistons, rigid bodies entering the water or initial water displacement (see, e.g. [44,35]). More
recently, submarine avalanche dynamics has been taken into account using depth-averaged or full Navier–
Stokes models describing the rheological behavior by a Coulomb friction law or by viscous dissipation
([22,23,30,19]). A similar attempt has been performed by Heinrich et al. [24] but without taking into account
the effects of the fluid on the landslide dynamics (i.e. the sea-bottom deformation induced by the landslide is
used as input data in the tsunami model). As a result, the momentum equation for the fluidized granular mate-
rial does not contain any coupling terms between the two layers which should appear in the pressure gradient
terms. Other systems, named active models, with a dynamic displacement of sea bed are used with a coupling
between a shallow water system and visco-elastic equations, see for instance [16,17]. The interested reader is
referred to [15,18] for references around Tsunamis and challenging modeling.

In this paper, we present a 1D model for submarine avalanches, which is a generalization of the Savage–
Hutter (SH) 1D model [45] for aerial avalanches and the model proposed by Heinrich et al. [24].

To discretize the model that we introduce in the paper, we propose a well-balanced finite volume method.
Firstly we begin by rewriting the model obtained in local coordinates to Cartesian coordinates. We can write
the model as a hyperbolic system with conservative terms, source terms and non-conservative terms. One of
the characteristics of the model is that as we consider the variations of the topography, the physical flux func-
tion depends on the variable x measured along the horizontal coordinate. This dependence of the flux with
respect to x makes difficult the derivation of an exact well-balanced method for water at rest (see [9,36]). More-
over, for the proposed model the water at rest solution should be understood as no movement of the water
column and no movement of the sediment layer when the angle of the sediment surface is smaller than the
angle of repose. In such situations, it is necessary to discretize properly the source terms due to the variations
of the bottom angle and the derivatives of the flux function with respect to the angle.

The more specific difficulty related to discretization of system comes from the Coulomb friction term. Its
discretization is important, to properly simulate the landslides and to preserve the stationary solutions corre-
sponding to water at rest and no movement of the sediment layer. We propose a two-step numerical scheme to
treat the Coulomb friction term. In the first step, a discretization of a term that can be interpreted as a redef-
inition of the Coulomb term for stationary solutions is considered. This term is only introduced in the unc-
entered component of the numerical scheme. In the second step, a semi-implicit treatment of the Coulomb
term at each cell is performed. We proof that the numerical scheme constructed in this way preserves the solu-
tions corresponding to water at rest and no movement of the sediment layer for angles smaller than the angle
of repose.

This paper is organized as follows: the model is derived in Section 2. Section 3 is devoted to study the model
properties. In Section 4, we present a well-balanced finite volume numerical scheme to discretize the model.
We prove that the numerical scheme exactly preserves water at rest and no movement of the sediment layer,
and up to second order all stationary solutions. Finally, in Section 5 a series of numerical tests are performed,
including the simulation of a tsunami generated by the motion of a sediment layer, following [24]. In
Appendix, we present the details related to the change of variable used in the incrompressible Euler equations
to write the equation in a local coordinate system attached to the bottom topography.

2. Derivation of the model

In this section, we present the derivation of a two-layer model of Savage–Hutter type to study submarine
avalanches and generated tsunamis. We denote with index 1 the upper layer, composed of a homogeneous
inviscid fluid of constant density q1. We also consider a grain layer of density qs, and porosity w0 (see
Fig. 1). We consider that the pores in the grain layer are filled with the fluid of the upper layer. Then, the
density of layer 2 composed of the fluidized mass is defined as

q2 ¼ ð1� w0Þqs þ w0q1: ð1Þ

First, the system of equations describing the dynamics of the two-layer system is presented. Next, a change of
variables to local coordinates attached to the bottom (see Appendix) is performed and the boundary and

7722 E.D. Fernández-Nieto et al. / Journal of Computational Physics 227 (2008) 7720–7754



Author's personal copy

kinematic conditions are set. The final model is derived based on a dimensional analysis and a vertical inte-
gration of the equations.

2.1. Starting system of equations

We consider the incompressible Euler equations. The unknowns are

~V i ¼
ui

vi

� �
; i ¼ 1; 2;

ui and vi being the horizontal and vertical velocity components of each layer, respectively. Then, the incom-
pressible Euler equations can be written as

div~V i ¼ 0; i ¼ 1; 2; ð2Þ
qiot

~V i þ qi
~V ir~V i ¼ �divP i þ qirð~g � ~X Þ; i ¼ 1; 2; ð3Þ

where we denote by P i, i ¼ 1; 2 the pressure tensor of each layer

P i ¼
pi;xx pi;xz

pi;zx pi;zz

 !
; i ¼ 1; 2

(with pi;xz ¼ pi;zx), by qi, i ¼ 1; 2 the densities of each layer, by ~X a point in Cartesian coordinates ~X ¼ ðx; zÞ,
and ~g ¼ ð0;�gÞ.

In order to model the evolution of the granular layer using the Euler equations, following [26] we suppose
that the velocity of the fluid in the pores of the second layer and the grains are the same and P 2 can be decom-
posed as

P 2 ¼ P s
2 þ P f

2;

where P s
2 and P f

2 are the pressure tensor of the solid phase (grains) and the fluid phase, 1respectively.
Next, a change of variables is performed to Eqs. (2) and (3). Local variables over a non-erodible bottom

defined by z ¼ bðxÞ are considered. X denotes the arc’s length of the bottom and Z is measured orthogonally
to the bottom (see Fig. 1).

θ

b

x

z

X=(x,z)

Z

X

η 0

η

η S

h 2

1h

2h

Water surface

ρ

ρ
1

2

Fig. 1. A fluid layer over a grain layer and a non-erodible bottom b.

1 In a binary mixture model, the pressure tensor of the mixture is exactly given by

P ¼ P s þ P f �
X2

a¼1

qað~V a � ~V bÞ � ð~V a � ~V bÞ; where ~V b ¼
X2

a¼1

qa
~V aP2

a¼1qa

is the barycentric velocity. This reduces to P ¼ P s þ P f if the fluid and solid velocities are the same.
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In what follows we denote by h1 and h2 the thickness of the fluid and grain layers, respectively, measured
orthogonally to the bottom (see Fig. 1), by S ¼ h1 þ h2 the free water surface.

The details of this change of variables are given in the Appendix. The change of variables is valid when the
local radius of curvature of the bed is smaller than h1 þ h2. Eqs. (2) and (3) are re-written in the new variables
as

oX ðU iÞ þ oZðJW iÞ ¼ 0; i ¼ 1; 2;

qiotðJU iÞ þ qioX ðU 2
i Þ þ qioZðJW iU iÞ þ qioX ð~g � ~X Þ

¼ �oX ðPiXX Þ � oZðJPiZX Þ þ qiW iðoX ðUihÞ þ oZðJW ihÞÞ þ PiXZdX h: i ¼ 1; 2;

qiotðJW iÞ þ qioX ðUiW iÞ þ qioZðJW 2
i Þ þ qiJoZð~g~X Þ

¼ �oX ðPiXZÞ � oZðJPiZZÞ � qiU iðoX ðUihÞ þ oZðJW ihÞÞ � PiXX dX h; i ¼ 1; 2;

8>>>>>><>>>>>>:
ð4Þ

where we denote by U i, i ¼ 1; 2, the velocity parallel to the bottom and by W i, i ¼ 1; 2, the velocity perpen-
dicular to the bottom, with i referring to layers 1 and 2. The pressure tensor Pi is defined by

Pi ¼
cos h sin h

� sin h cos h

� �
P i

cos h � sin h

sin h cos h

� �
¼

Pi;XX Pi;XZ

Pi;ZX Pi;ZZ

� �
:

Observe that as pi;xz ¼ pi;xz, then Pi;XZ ¼ Pi;ZX .
Moreover, let us recall that q1 is the density of the fluid and that q2 is defined by (1). h is the angle between

the tangent vector of the bottom and the horizontal (see Fig. 1), and J ¼ 1� ZdX h is the Jacobian of the
change of variables (note, dX h ¼ oX h, for a non-erodible bed, see Appendix). Observe that J 6¼ 0 if the local
radius of curvature of the bed is smaller than h1 þ h2.

2.2. Boundary and kinematic conditions

We denote by gS the unitary normal vector to the free water surface Z ¼ S (S ¼ h1 þ h2) with positive ver-
tical component, by gh2 the unitary normal vector to the surface Z ¼ h2 and by g0 ¼ ð0; 1Þ the corresponding
unitary normal vector to the bottom (Z ¼ 0).

The following kinematic conditions are considered:

otS þ U 1oX S � W 1 ¼ 0; ð5Þ
oth2 þ U ioX h2 � W i ¼ 0; i ¼ 1; 2: ð6Þ

Finally, the following boundary conditions are imposed:

� On Z ¼ S:

P1 � gS ¼ 0: ð7Þ
� On Z ¼ h2:

gh2 � ðP1 � P2Þgh2 ¼ 0; ð8Þ

Pi � gh2 � gh2ðgh2 � Pig
h2Þ ¼

fricðU 1;U 2Þ
0

� �
i ¼ 1; 2; ð9Þ

where fricðU 1;U 2Þ is a friction term between both layers.
� On Z ¼ 0:

ðU ;W Þ � g0 ¼ 0) W ¼ 0; ð10Þ

P2g
0 � g0ðg0 � P2g

0Þ ¼ �g0 � ðP2 � P1Þg0 U0
2

jU0
2
j tanðd0Þ

0

 !
: ð11Þ

Note that the Coulomb friction law in Eq. (11) takes into account the buoyancy effects due to the fact that the
grains are submerged within a fluid layer.
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Remark 1. Eq. (9) assumes no water exchange between the two layers. Nevertheless, there is a water exchange
between the fluid and the porous avalanche, so Eq. (9) constitutes a simplification of the problem. This
entrainment process has been studied first by Beaves and Joseph in [4].

Eq. (6) assumes that the second layer has constant porosity (volume fraction) since q2 is constant, then
w0 ¼ constant.

2.3. Dimensional analysis

Next, a dimensional analysis of the set of Eqs. (4), the kinematic and boundary conditions is performed.
The non-dimensional variables (e:) read

ðX ; Z; tÞ ¼ ðLeX ;H eZ ; ðL=gÞ1=2etÞ;
ðUi;W iÞ ¼ ðLgÞ1=2ðfUi ; efW iÞ; i ¼ 1; 2;

hi ¼ H ehi ; i ¼ 1; 2; ðPiXX ;PiZZÞ ¼ gHðeP iXX ; eP iZZÞ; i ¼ 1; 2;

PiXZ ¼ gHli
eP iXZ ; i ¼ 1; 2;

ð12Þ

where l1 ¼ 1, l2 ¼ tanðd0Þ, d0 being the angle of repose in the Coulomb term (see [45]). By L and H we denote,
respectively, the characteristic lengths tangential and normal to a representative basal direction of the domain.
We suppose a shallow domain, so e ¼ H=L is supposed to be small. Note that the Savage–Hutter model has
been shown to reproduce experimental granular collapse over horizontal plane for aspect ratio � 6 0:5 [32].
Using the above change of variables, the system of equations (4) is re-written as (we omit the tildes)

oX ðU iÞ þ oZðJW iÞ ¼ 0; i ¼ 1; 2; ð13Þ

JotðqiU iÞ þ qiU ioX U i þ qiJW ioZU i þ qioX bþ Z cos hþ PiXX

qi

� �
e

¼ �lioZðJPiXZÞ þ qiW ieU idX hþ oX hPiXZlie; i ¼ 1; 2; ð14Þ

efJotðqiW iÞ þ qiU ioX ðW iÞ þ qiW ioZðW iÞ þ oX ðPiXZÞ � oX hPiXX � PiZZdX hg þ qiJoZðbþ cos hZÞ
¼ �JoZðPiZZÞ � qiU

2
i dX h; i ¼ 1; 2: ð15Þ

The kinematic conditions (5) and (6) are re-written as

otS þ U 1oX S � W 1 ¼ 0; oth2 þ U ioX h2 � W i ¼ 0; i ¼ 1; 2: ð16Þ
Finally, the boundary conditions (7)–(11) are now given as

� Z ¼ S: On Z ¼ S, we have gS ¼ ð�eoX S; 1Þ=uS with uS ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ e2ðoX SÞ2

q
, then from (7) we obtain

�eoX SP1XX þ l1P1ZX ¼ 0; ð17Þ
�eoX Sl1P1XZ þ P1ZZ ¼ 0: ð18Þ

� Z ¼ h2: On Z ¼ h2, we have gh2 ¼ ð�eoX h2; 1Þ=uh2 with uh2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ e2ðoX h2Þ2

q
, then from (8) and (9) we

obtain

P1ZZ ¼ P2ZZ þOðeÞ; ð19Þ
�ePiXX oX h2 þ liPiXZ ¼ �ðgh2Pig

h2ÞðeoX h2Þ þ fricðU 1;U 2Þ; i ¼ 1; 2; ð20Þ
�eliPiZX oX h2 þ PiZZ ¼ ðgh2Pig

h2Þ i ¼ 1; 2: ð21Þ
� Z ¼ 0: On Z ¼ 0, we have g0 ¼ ð0; 1Þ, then from (10) and (11) we obtain

W 2 ¼ 0; ð22Þ

l2P2XZ ¼ �ðP2ZZ � P1ZZÞ
U 0

2

jU 0
2j

tanðd0Þ: ð23Þ
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2.4. Constitutive laws

We suppose that dX h ¼ OðeÞ. Then, from (15) we obtain

oZðP1ZZÞ ¼ �q1 cos hþOðeÞ; ð24Þ
oZðP2ZZÞ ¼ �q2 cos hþOðeÞ: ð25Þ

If we integrate (24) from Z > 0 to S, we have up to order e,

P1ZZ ¼ q1ðS � ZÞ cos h; ð26Þ

therefore, P1ZZðh2Þ ¼ q1h1 cos h. Using this last expression, the relations given in (19) and integrating (25) from
Z > 0 to S, we have, up to first order

Ps
2ZZ þ Pf

2ZZ ¼ P2ZZ ¼ q1h1 cos hþ q2 cos hðh2 � ZÞ: ð27Þ
The last equation defines the total pressure, P2ZZ , perpendicular to the base. The constitutive relation for

both the grains and the fluid, i.e. Ps
2ZZ and Pf

2ZZ , is required to close the model.
The same problem appears if we study a grain–fluid mixture aerial avalanche. See, for example, [26,41]. In

order to obtain an expression for the normal stress of both phases, they suppose that both are linear in Z.
Moreover, they suppose that the component of the stress tensor of the fluid phase normal to the basal surface
is proportional to the pressure of a fluid layer, without the solid phase.

We adapt this hypothesis to our case, taking account of the fact that the fluidized layer has an upper layer
of fluid. Concretely, we suppose

Pf
2ZZðZÞ ¼ k1q1h1 cos hþ k2q1h2 cos hðh2 � ZÞ; ð28Þ

where k1 and k2 are two parameters. Moreover, by (27), we have

Ps
2ZZðZÞ ¼ q1h1 cos hð1� k1Þ þ cos hðh2 � ZÞðq2 � k2q1Þ: ð29Þ

The study of the stress transition conditions at a singular surface between two mixtures, which do not have the
same number of components, is a very difficult subject. Hypothesis (28) can be seen as a first trial, in the con-
text of this paper. Some earlier papers looking at the problem of interfacial transition conditions with different
number of constituents have been included in the references. For example, Hutter et al. [25] studied the tran-
sition conditions, with application to glaciers where the upper layer is ice and the under layer is a sediment–ice
mixture (see also [47,50,51]).

Remark 2. Comparisons with experiments are necessary to define k1 and k2. Nevertheless, we can make some
possible choices.

The first simplification is to consider k1 ¼ k2. In this case, the component of the stress tensor of the fluid
phase normal to the base is proportional to the pressure of a fluid, without the solid phase in the second layer.

Nevertheless, we prefer at this moment to retain two different parameters. Because the role of k1 could be
different of that of k2. Observe that if we evaluate (28) and (29) for Z ¼ h2, we obtain

Pf
2ZZðh2Þ ¼ k1q1h1 cos h; Ps

2ZZðh2Þ ¼ q1h1 cos hð1� k1Þ:
Note that k1 controls the distribution of the pressure at the interface into the two phases of the second layer.

We have imposed continuity of the component of the stress tensor normal to the base across the interface of
the first and second layers (Eq. (8)), and we observe that it is verified independently of the definition of k1. If
we want to include an additional condition, for example, the continuity of the pressure of the fluid phase of the
second layer with the first layer of fluid, then we obtain that k1 ¼ 1. Depending on the material of the second
layer, we can also suppose that the fluid that fills the pores of the second layer is nearly isolated of the fluid of
the first layer, in this case we can consider k1 � 0.

Independently of the additional hypothesis that we can use to set the distribution of the pressure at the
interface between the solid and fluid phases, we have still the parameter k2 at our disposal, in order to impose a
similar hypothesis to that introduced by Iverson and Delinger, but only for the second layer.
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Another possible choice is to fix k1 ¼ k2 ¼ w0, where w0 is the porosity of the second layer. We obtain in
this case

Ps
2ZZ ¼ ð1� w0Þðq1h1 þ qsðh2 � ZÞÞ cos h; Pf

2ZZ ¼ w0q1ðh1 þ h2 � ZÞ cos h:

An interesting property of this choice is that P2ZZ at height Z ¼ h2 is proportional to the pressure that is obtained
in the absence of the fluid phase (with proportional constant ð1� w0Þ). Observe that Ps

2ZZ depends on qs, the den-
sity of the solid phase, and not q2, the density of the mixture defined by (1). Analogously, Pf

2ZZ is proportional to
the pressure (with proportional constant w0) that is obtained in the absence of the solid phase. Moreover, if the
porosity of the second layer is zero, then P2 ¼ Ps

2, which is automatically deduced from this definition.

Finally, the following relations are also considered (see, for example, [26,41]):

P1XX ¼ P1ZZ ; Ps
2XX ¼ KPs

2ZZ ; Pf
2XX ¼ P f

2ZZ ;

where K measures the anisotropy or normal stress effects in the solid phase. The definition of K can be done in
different ways. For example, Heinrich et al. in [24] consider K ¼ 1, other definitions of K can be found in [26].
The effects related to the definition of K in numerical modelling of experimental and natural flows are studied
in [41,38].

Remark 3. The value K ¼ 1 corresponds to isotropic conditions, K 6¼ 1 makes ‘overburden pressures’ different
from the normal stresses parallel to the basal surface. In soil mechanics, K corresponds to the earth pressure
coefficient, see [41]. For non-Newtonian rheology K may also be different from unity.

Using the previous relations, the following expression for P2XX is derived

P2XX ¼ KPs
2ZZ þ Pf

2ZZ ¼ h1 cos hq1ðk1 þ Kð1� k1ÞÞ þ ðh2 � ZÞ cos hðk2q1 þ Kðq2 � k2q1ÞÞ: ð30Þ
Now, replacing (26) and (30) in (14), and using the incompressibility equation (13), we obtain up to second
order

otðq1U 1Þ þ q1oX U 2
1 þ q1oZðU 1W 1Þ þ q1oX ðbþ S cos hÞe ¼ �l1oZðP1XZÞ ð31Þ

and

otðq2U 2Þ þ q2oX U 2
2 þ q2oZðU 2W 2Þ þ q2oX bþ Z cos hþ 1

q2

½h1 cos hq1ðk1 þ Kð1� k1ÞÞ
�

þðh2 � ZÞ cos hðk2q1 þ Kðq2 � k2q1ÞÞ�
!

e ¼ �l2oZðP2XZÞ: ð32Þ

2.5. Integration process

In this section, Eqs. (31), (32) and (13) are depth-averaged in the direction normal to the topography. Let us
introduce the following notation: we denote by Ui, i ¼ 1; 2 the velocities of each layer averaged perpendicular
to the basal surface

�U 1 ¼
1

h1

Z S

h2

U 1ðX ; ZÞdZ; �U 2 ¼
1

h2

Z h2

0

U 2ðX ; ZÞdZ:

We also denote

U 2
1 ¼

1

h1

Z S

h2

U 2
1ðX ; ZÞdZ; U 2

2 ¼
1

h2

Z h2

0

U 2
2ðX ; ZÞdZ:

Assuming that dX h ¼ OðeÞ, then J ¼ 1� ZdX h is reduced to J ¼ 1 up to second order. Therefore, (13)
reduces to

oX ðU 1Þ þ oZðW 1Þ ¼ 0; ð33Þ
oX ðU 2Þ þ oZðW 2Þ ¼ 0: ð34Þ
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(I.1) If Eq. (33) is integrated from Z ¼ h2 to Z ¼ S, we obtain

0 ¼ oX ðh1
�U 1Þ � U 1ðSÞoX S þ W 1ðSÞ þ U 1ðh2ÞoX h2 � W 1ðh2Þ:

Now, using the kinematic conditions (16), the following equation is derived:

oth1 þ oX ðh1
�U 1Þ ¼ 0:

(I.2) Analogously, by integrating (34) between Z ¼ 0 and Z ¼ h2, we obtain

0 ¼ oX ðh2
�U 2Þ � U 2ðh2ÞoX h2 þ W 2ðh2Þ � W 2ð0Þ

and, using the kinematic condition (16) and the boundary condition (22), the following equation is derived:

oth2 þ oX ðh2
�U 2Þ ¼ 0:

(I.3) Let us now proceed with Eq. (31), integrating it from Z ¼ h2 to Z ¼ S. We obtain

q1otðh1U 1Þ þ q1oX ðh1U 2
1Þ � q1U 1ðSÞ½otðSÞ þ U 1ðSÞoX S � W 1ðSÞ� þ q1U 1ðh2Þ½oth2 þ U 1ðh2ÞoX h2 � W 1ðh2Þ�

þ q1

Z S

h2

oX ðbþ S cos hÞð ÞdZ
� �

e ¼ �l1ðP1XZðSÞ � P1XZðh2ÞÞ: ð35Þ

The expressions of P1XZðSÞ and P1XZðh2Þ are now derived using the boundary conditions and the constitutive
laws.

� Using (17) and (26) and the relation P1XX ¼ P1ZZ , the following expression is obtained:

l1P1ZX ðSÞ ¼ �eP1XX ðSÞoX S ¼ �eP1ZZðSÞoX S ¼ 0þOðe2Þ: ð36Þ
� Using (20), we have

l1P1XZðh2Þ þ eoX h2ðP1ZZ � P1XX Þ ¼ fricðU 1;U 2Þ þOðe2Þ:
Therefore, applying the constitutive law for the fluid layer, that is, P1XX ¼ P1ZZ , the following equality is
derived:

l1P1XZðh2Þ ¼ fricðU 1;U 2Þ þOðe2Þ: ð37Þ

Using the kinematic conditions (16), Eq. (35) and the expressions obtained for l1P1XZðSÞ (36) and for
l1P1XZðh2Þ (37), we obtain

q1otðh1
�U 1Þ þ q1oX ðh1U 2

1Þ þ q1

Z S

h2

oX ðbþ S cos hÞdZ
� �

e ¼ fricðU 1;U 2Þ þOðe2Þ:

Now, evaluating the integral, we obtainZ S

h2

oX ðbþ S cos hÞdZ ¼ h1dX bþ oX
h2

1

2
cos h

� �
þ h1oX ðcos hh2Þ �

h2
1

2
sin hdX h:

Finally, we obtain the equation

q1otðh1
�U 1Þþq1oX h1U 2

1þ e
h2

1

2
cosh

� �
¼ eq1 �h1dX bþ sinhdX h

h2
1

2
�h1oX ðcoshh2Þ

� �
þ fricðU 1;U 2ÞþOðe2Þ:

(I.4) Let us now integrate Eq. (32) from Z ¼ 0 to Z ¼ h2. As in the previous case, we use the kinematic con-
ditions (16) to obtain

q2otðh2U 2Þ þ q2oX ðh2U 2
2Þ þ q2

Z h2

0

oX bþ Z cos hþ 1

q2

½h1 cos hq1ðk1 þ Kð1� k1ÞÞ
��

þðh2 � ZÞ cos hðk2q1 þ Kðq2 � k2q1ÞÞ�
!

dZ

!
e ¼ �l2ðP2XZðh2Þ � P2XZð0ÞÞ: ð38Þ
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Let us denote by

r ¼ q1

q2

;

where q1 is the density of the fluid and q2 is defined by (1).
We obtainZ h2

0

oX bþ Z cos hþ 1

q2

½h1 cos hq1ðk1 þ Kð1� k1ÞÞ þ ðh2 � ZÞ cos hðk2q1 þ Kðq2 � k2q1ÞÞ�
� �

dZ

¼ h2dX bþ rh2ðKð1� k1Þ þ k1ÞoX ðh1 cos hÞ þ oX
h2

2

2
cos hðrk2 þ Kð1� rk2ÞÞ

� �
� h2

2

2
sin hdX h:

Replacing the last expression in (38), and dividing by q2 we obtain the equation

otðh2
�U 2Þ þ oX h2U 2

2 þ e
h2

2

2
cos hðrk2 þ Kð1� rk2ÞÞ

� �
¼ �eh2dX b� erh2ðk1 þ Kð1� k1ÞÞoX ðh1 cos hÞ þ e

h2
2

2
sin hdX h� l2

q2

ðP2XZðh2Þ � P2XZð0ÞÞ: ð39Þ

Just as in the previous case, the boundary conditions and the constitutive laws are used to derive l2P2XZðh2Þ
and l2P2XZð0Þ.

� Using (20), and Ps
2XX ¼ KPs

2ZZ , Pf
2XX ¼ Pf

2XX we have

l2P2XZðh2Þ ¼ fricðU 1;U 2Þ þ l2eoX h2P
s
2ZZðK � 1Þ:

In [21] Gray introduced the assumption that the Coulomb term is of order c for some c 2 ð0; 1Þ. That is,
l2 ¼ tanðd0Þ ¼ OðecÞ. Under this assumption, we have

l2P2XZðh2Þ ¼ fricðU 1;U 2Þ þOðe1þcÞ: ð40Þ
� Using Eq. (23), we obtain

l2P2XZð0Þ ¼ �ðP2ZZð0Þ � P1ZZð0ÞÞ
U 0

2

jU 0
2j

tanðd0Þ:

Now, using (26) and (27) we have

ðP2ZZð0Þ � P1ZZð0ÞÞ ¼ h2 cos hðq2 � q1Þ þOðeÞ:
Therefore, assuming tanðd0Þ ¼ OðecÞ, we have

l2P2XZð0Þ ¼ �ðq2 � q1Þh2 cos h
U 0

2

jU 0
2j

tanðd0Þ þOðe1þcÞ:

Nevertheless, it is possible to give another expression of the Coulomb term, by including the centripetal accel-
eration corresponding to the curvature of the bottom (see [26]).This effect can be easily included and it comes
from the derivation of P2ZZ in (15), by including a term of order e. From (15), we obtain up to order e

oZðP2ZZÞ ¼ �q2 cos h� q2U 2
2dX h:

Then, integrating from Z ¼ 0 to Z ¼ h2, and taking into account that P2ZZðh2Þ ¼ P1ZZðh2Þ ¼ q1h1 cos h, we have

P2ZZð0Þ ¼ q1h1 cos hþ q2h2 cos hþ q2h2U 2
2dX h:

Finally, the following expression is derived for the Coulomb term:

l2P2XZð0Þ ¼ �ðP2ZZð0Þ �P1ZZð0ÞÞ
U 0

2

jU 0
2j

tanðd0Þ ¼ �ððq2� q1Þh2 coshþ q2h2U 2
2dX hÞ U 0

2

jU 0
2j

tanðd0Þ þOð�1þcÞ:

ð41Þ
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Finally, substituting (40) and (41) in (39), we derive the conservation of momentum equation for the second
layer

otðh2
�U 2Þ þ oX h2U 2

2 þ e
h2

2

2
cos hðrk2 þ Kð1� rk2ÞÞ

� �
¼ �eh2dX b� erh2ðk1 þ Kð1� k1ÞÞoX ðh1 cos hÞ � 1

q2

fricðU 1;U 2Þ

� ðð1� rÞh2 cos hþ h2U 2
2dX hÞ U 0

2

jU 0
2j

tanðd0Þ þ e
h2

2

2
sin hdX hþOðe1þcÞ:

Remark 4. Another expression of the Coulomb friction term can be obtained including new terms from Eq.
(15). Concretely, in (15) there is another term depending on P2;ZZ . If we include this term we have, up to order
e,

oZðP2ZZÞ ¼ �q2 cos hþ ðeP2ZZ � q2U 2
2ÞdX h ð42Þ

and we also have, up to order e,

P2ZZðh2Þ ¼ P1ZZðh2Þ ¼ q1h1 cos h: ð43Þ
Then, a new expression for P2ZZ , up to order e, can be obtained integrating the ordinary differential equation
(42) with the initial condition (43):

P2ZZðZÞ ¼
Z h2

Z
ðq2 cos h� q2oX hU 2

i ðnÞÞ expð�edX hnÞdn

� �
expðedX hZÞ þ q1h1 cos h:

By supposing a constant profile of the velocity we obtain

P2ZZðZÞ ¼ ðq2 cos hþ q2dX hU 2
2Þ

expðð�h2 þ ZÞedX hÞ � 1

�edX h
þ q1h1 cos h:

Using the Taylor expansion of the exponential we have

P2ZZð0Þ ¼ q1h1 cos hþ q2h2 cos hþ q2h2dX h U 2
2 � e

h2 cos h
2

� �
þOððedX hÞ2Þ:

Finally, coming to the original variables, the following expression is derived for the Coulomb term:

l2P2XZð0Þ ¼ �ðP2ZZð0Þ � P1ZZð0ÞÞ
U 0

2

jU 0
2j

tanðd0Þ

¼ � gðq2 � q1Þh2 cos hþ q2h2dX h U 2
2 �

gh2 cos h
2

� �� �
U 0

2

jU 0
2j

tanðd0Þ: ð44Þ

2.6. Final system of equations

Reverting to the original non-stretched variables, see (12), neglecting the terms of order e1þc, and by sup-
posing a constant profile of the velocities we obtain the following system:

oth1 þ oX ðh1
�U 1Þ ¼ 0;

otðh1
�U 1Þ þ oX h1U 2

1 þ g h2
1

2
cos h

� �
¼ �gh1dX bþ g sin hdX h

h2
1

2
� gh1oX ðcos hh2Þ þ 1

q1
fricðU 1;U 2Þ;

oth2 þ oX ðh2
�U 2Þ ¼ 0;

otðh2
�U 2Þ þ oX h2U 2

2 þ g h2
2

2
cos hðrk2 þ Kð1� rk2ÞÞ

� �
¼ �gh2dX b� rgh2ðk1 þ Kð1� k1ÞÞoX ðh1 cos hÞ � 1

q2
fricðU 1;U 2Þ þ g h2

2

2
sin hdX hþ T ;

8>>>>>>>>><>>>>>>>>>:
ð45Þ
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where by T , we denote the Coulomb friction term. We observe that this term must be understood as

If jT jP rc ) T ¼ �ðgð1� rÞh2 cos hþ h2U 2
2dX hÞ U 2

jU 2j
tanðd0Þ; ð46Þ

If jT j < rc ) �U 2 ¼ 0; ð47Þ

where rc ¼ gð1� rÞh2 cos h. Recall that

r ¼ q1

q2

;

where q1 is the density of the fluid and q2 is defined in (1).

Remark 5. Heinrich et al. [24] proposed a two-layer model to study some type of tsunami produced by
submarine avalanches. One of the characteristics of this model is that the equations for the first and second
layers are described in different coordinates.

The equations corresponding to the sediment layer are defined in local coordinates over a bottom with a
constant slope. The equations corresponding to the fluid layer are defined in Cartesian coordinates.

Moreover they consider an uncoupled model, in the sense that the equations for the sediment layer do not
depend on the height nor on the velocity of the fluid layer.

Concretely, if x is the Cartesian horizontal coordinate and X ðxÞ the corresponding local coordinate over a
non-erodible bottom, we denote by H1ðxÞ and H2ðxÞ the heights of the fluid and the sediment layer in the
vertical direction H1ðxÞ ¼ h1ðX ðxÞÞ cos hðX ðxÞÞ, H2ðxÞ ¼ h2ðX ðxÞÞ cos hðX ðxÞÞ, and if the horizontal velocity
for the fluid layer is denoted by u1, the model proposed by Heinrich et al. can be written as

otH1 þ oxðH1u1Þ ¼ 0;

otðH1u1Þ þ oxðH1u2
1 þ g

H2
1

2
Þ ¼ �gH1dxðbþH2Þ;

oth2 þ oX ðh2
�U 2Þ ¼ 0;

otðh2
�U 2Þ þ oX ðh2U 2

2 þ gð1� rÞ h2
2

2
cos hÞ ¼ �gð1� rÞh2dX bþ T :

8>>>>><>>>>>:
ð48Þ

They proposed to solve this system in the following way: Firstly, the height of the sediment layer is computed
in local coordinates by using the third and fourth equations of (48). Then, the bottom, obtained as the sum of
the fixed bottom plus the sediment layer, is recalculated in Cartesian coordinates. And finally, the evolution of
the fluid layer is computed by using the first and second equations of (48).

Therefore, the main difference with the model proposed here is that, in our case, the complete model is
described in local coordinates and the two layers are fully coupled by the pressure terms.

It is easy to see that the model proposed by Heinrich et al. could be obtained from the one presented here by
assuming the rigid lid hypothesis in the derivation of the equations for the sediment layer. Indeed, rewriting
the term

�rgh2ðk1 þ Kð1� k1ÞÞoX ðh1 cos hÞ

in the last equation (45), under the rigid lid assumption

bþ ðh1 þ h2Þ cos h ¼ cst;

the following equation for the momentum conservation of the second layer is obtained:

otðh2U 2Þ þ oX h2U 2
2 þ g

h2
2

2
cos hðk2r þ Kð1� k2rÞ � rðk1 þ Kð1� k1ÞÞÞ

� �
¼ �gh2ð1� rðk1 þ Kð1� k1ÞÞÞdX b� 1

q2

fricðU 1;U 2Þ þ g
h2

2

2
sin hdX hð1� rðk1 þ Kð1� k1ÞÞÞ þ T ;

ð49Þ

where actually the coupled term disappears. Compare (49) with the last equation of (48).
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3. Properties of the model

In this section, we study the properties of the proposed model. We fix the friction term between the layers
fricðU 1;U 2Þ to

fricðU 1;U 2Þ ¼ �Kin � ðU 1 � U 2Þ with Kin ¼ q1K injU 1 � �U 2j;
K in being a positive constant. In this case, the model reduces to

oth1 þ oX ðh1
�U 1Þ ¼ 0;

otðh1U 1Þ þ oX h1U 2
1 þ g cos h

h2
1

2

� �
¼ �gh1dX bþ g sin hdX h

h2
1

2
� gh1oX ðcos hh2Þ � K inj �U 1 � �U 2jð �U 1 � �U 2Þ;

oth2 þ oX ðh2
�U 2Þ ¼ 0;

otðh2
�U 2Þ þ oX ðh2

�U 2
2 þ g cos h

h2
2

2
K2Þ

¼ �gh2dX b� rgh2K1oX ðh1 cos hÞ � rK inj �U 1 � �U 2jð �U 2 � �U 1Þ þ g
h2

2

2
sin hdX hþ T ;

8>>>>>>>>>>>><>>>>>>>>>>>>:
ð50Þ

where we denoted

K1 ¼ k1 þ Kð1� k1Þ; K2 ¼ rk2 þ Kð1� rk2Þ:

Remark 6. Observe that for K ¼ 1 we obtain K1 ¼ 1 and K2 ¼ 1. Then, in this case the system is independent
of the parameters k1 and k2.

The coefficient K is defined according to the motion of the second layer (see [41])

K ¼ Kact if oX U 2 > 0;

Kpas if oX U 2 < 0

(
with

Kact=pas ¼ 2 sec2 / 1� ð1� cos2 / sec2 d0Þ1=2
� �

� 1

/ being the internal friction angle.

The following result can be proved.

Theorem 1. System (50) has the following properties:

(i) it admits an entropy dissipation inequality,

ot
rK1h1U 2

1 þ h2U 2
2

2
þ gbðrK1h1 þ h2Þ þ g cos h

rK1h2
1 þ K2h2

2

2
þ g cos hrK1h1h2

� �
þ oX rK1h1U 1

U 2
1

2
þ gbþ cos hðh1 þ h2Þ

� �
þ h2

�U 2

�U 2
2

2
þ gbþ g cos hðrKh1 þ K2h2Þ

� �� �
6 �rK inj �U 1 � �U 2jðU 2 � U 1ÞðU 2 � K1U 1Þ

� g ð1� rÞh2 cos hþ h2dX h U 2
2 �

gh2 cos h
2

� �� �
j �U 2j tanðd0Þ þ g

h2
2

2
U 2ð1� K2Þ sin hoX h: ð51Þ

(ii) it preserves the steady state corresponding to water at rest over a stationary sediment, that is, a stationary

solution verifying

�U 1 ¼ 0; �U 2 ¼ 0; ð52Þ
bþ ðh1 þ h2Þ cos h ¼ cst; ð53Þ
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jðK2 � rK1Þoxðbþ h2 cos hÞ þ ð1� K2Þ oxb�
h2

2
sin hoxh

� �
j 6 ð1� rÞ tanðd0Þ; ð54Þ

(iii) for constant slope dX h ¼ 0 and K ¼ 1, the system (50) gives an exact solution to the free surface Euler sys-

tem with hydrostatic assumption.

Proof. To prove (i) we first obtain an equation for �U 1 by combining the first and second of Eqs. (50)

otð �U 1Þ þ oX

�U 1
2

2
þ gbþ g cos hðh1 þ h2Þ

� �
¼ �K in

h1

j �U 1 � �U 2jð �U 1 � �U 2Þ: ð55Þ

Also using the third and fourth of Eqs. (50), we obtain

otð �U 2Þ þ oX

�U 2

2
þ g cos hðrK1h1 þ K2h2Þ þ gb

� �
¼ �g cos hð1� rÞ þ oX h U 2

2 �
gh2 cos h

2

� �� �
U 2

jU 2j
tanðd0Þ

� r
K in

h2

j �U 1 � �U 2jð �U 2 � �U 1Þ � g
h2

2
ð1� K2ÞoX cos h: ð56Þ

Now, by multiplying the equation on (50) by
�U1

2

2
þ gbþ g cos hðh1 þ h2Þ and (55) by h1

�U 1, we obtain

ot
h1

�U 1
2

2
þ gbh1 þ g cos h

h2
1

2

� �
þ oX h1

�U 1

�U 1
2

2
þ gbþ g cos hðh1 þ h2Þ

� �� �
¼ �K inj �U 1 � �U 2j �U 1ð �U 1 � �U 2Þ � g cos hh2oth1: ð57Þ

Analogously, multiplying the third equation on (50) by
�U2

2
þ g cos hðrK1h1 þ K2h2Þ þ gb and (56) by h2

�U 2, we
obtain

ot
h2

�U 2
2

2
þ gbh2 þ g cos hK2

h2
2

2

� �
þ oX h2

�U 2

�U 2

2
þ g cos hðrK1h1 þ K2h2Þ þ gb

� �� �
¼ �g cos hrK1h1otðh2Þ � rK inj �U 1 � �U 2j �U 2ð �U 2 � �U 1Þ

� g ð1� rÞh2 cos hþ h2oX h U 2
2 �

gh2 cos h
2

� �� �
j �U 2j tanðd0Þ � g

h2
2

2
ð1� K2ÞU 2oX cos h: ð58Þ

Finally, if Eq. (57) is multiplied by rK1 and added to (58), we obtain (51).
To proof (ii), it is easy to verify that the three first equations are trivially satisfied. To verify the last

equation, taking into account (53), we deduce

T ¼ gh2 cos h ðK2 � rK1Þoxðbþ h2 cos hÞ þ ð1� K2Þ oxb�
h2

2
sin hoxh

� �� �
ð59Þ

and applying (54), we have

jT j 6 gh2ð1� rÞ cos h tanðd0Þ ¼ rc

and then �U 2 ¼ 0.
The proof of (iv) is easy, taking into account that P ¼ ðh1ðt;X Þ þ h2ðt;X Þ � ZÞg cos h. h

Remark 7. Inequality (51) is just the energy conservation for smooth solutions, supposing K in ¼ 0, d0 ¼ 0 and
ð1� K2Þoxh ¼ 0 (that is, K2 ¼ 1 or h constant).

Remark 8. Observe that inequality (54) is independent of k1, k2 and oxh when K ¼ 1. For K ¼ 1 (54) reduces to

joxðbþ h2 cos hÞj 6 tanðd0Þ:
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As the equation of the interface between the fluid and the sediment material is defined by bþ h2 cos h, the pre-
vious condition implies that the slope of the interface is smaller than d0.

In the case K 6¼ 1, (54) relates the values of K to the curvature of the bottom, the parameters k1, k2 and the
ratio between the densities of the fluid and the granular material, r (see Fig. 2).

Observe that for stationary solutions verifying U2 ¼ 0, then oX U 2 ¼ 0. Then, if we consider for this case
K ¼ ðKact þ KpasÞ=2, we have

K ¼ 1þ tan2 /: ð60Þ
By another way, we can study the profiles verifying the equality in (54). We consider a domain ½0; L� and we

impose the value of the interface at x ¼ L, then for d0, K, k1, k2 and r fixed we have the equation

a cos hoxh2 þ ððaþ b
2
Þox cos hÞh2 ¼ ð1� rÞ tanðd0Þ � ðaþ bÞoxb;

ðh2 cos hþ bÞjx¼L ¼ A

(

with a ¼ K2 � rK1, b ¼ 1� K2. The solution is

h2ðxÞ ¼ IðxÞ � IðLÞ þ cos hb=ð2aÞðA� bðLÞÞ
� �

cos h�1þb=ð2aÞ;

where

IðxÞ ¼
Z x

0

ð1� rÞ tanðd0Þ
a

cos hb=ð2aÞ � ð1þ b
a
Þ sin h cos h�1�b=ð2aÞ

� �
dx:

In Fig. 2, we present two examples of the profiles that we obtain for two different bottom topographies for
different values of K. From K ¼ 1 to K ¼ 2, they correspond to definition (60) with / from 0 to 45 degrees.
In both examples, we have set k1 ¼ k2 ¼ w0, w0 ¼ 0:2, d0 ¼ 28 degrees and r ¼ 0:2.

Fig. 2(a) corresponds to a bottom with constant slope equal to 15 degrees, where L ¼ 2 m and the interface
at x ¼ L is A ¼ 2. In this example, we observe that the interfaces obtained for K > 1 are over the interface
corresponding to K ¼ 1.

The bottom of Fig. 2(b) is defined by bðxÞ ¼ � lnðcosðxÞÞ, moreover L ¼ 1:5 and A ¼ 3:5. In this example,
we observe that by the influence of the curvature of the bottom the interfaces corresponding to K > 1 are
under the interface obtained for K ¼ 1.
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Fig. 2. Stationary interface profiles depending on the values of K.
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4. Numerical scheme: rewriting the model

In this section, we describe the numerical scheme that we propose to discretize model (45). We propose a
well-balanced finite volume method that exactly preserves the solutions corresponding to water at rest and no
movement of the sediment layer verifying (52)–(54); and up to second order all stationary solutions. In Section
4.1, we introduce the numerical scheme, and we study its properties.

However, before defining the numerical scheme we begin by rewriting the proposed model in Cartesian
coordinates.

We remark that model (45) is written in local coordinates over a non-erodible bottom. In order to solve the
problem of defining a proper mesh for an arbitrary topography, we propose to rewrite model (45) in Cartesian
coordinates. To do this, the following rule is used: for a given function f ðX ðxÞÞ,

as ox ¼ cos hoX ) of
oX
¼ cos h

of
ox
: ð61Þ

Introducing the notation

Hi ¼
hi

cos h
; Qi ¼ Hi

�U i; i ¼ 1; 2;

Eqs. (45) can be written as

otH 1 þ oxðQ1 cos hÞ ¼ 0;

otðQ1Þ þ oxðH 1U 2
1 cos hþ g

H2
1

2
cos3 hÞ

¼ �gH 1 cos hdxbþ g
H2

1

2
sin h cos2 hdxh� gH 1 cos hoxðH 2 cos2 hÞ þ fricðU1;U2Þ

cos hq1
;

otH 2 þ oxðQ2 cos hÞ ¼ 0;

otðQ2Þ þ ox H 2U 2
2 cos hþ gK2

H2
2

2
cos3 h

� �
¼ �gH 2 cos hdxbþ g

H2
2

2
sin h cos2 hoxh� rK1gH 2 cos hoxðH 1 cos2 hÞ � fricðU1;U2Þ

cos hq2
þ T

cos h ;

8>>>>>>>>>><>>>>>>>>>>:
ð62Þ

where T is defined by

If jT jP rc ) T ¼ �ðgð1� rÞH 2 cos2 hþ H 2 cos hU 2
2dxðsin hÞÞ Q2

jQ2j
tan d0; ð63Þ

If jT j < rc ) Q2 ¼ 0; ð64Þ
where rc ¼ gð1� rÞH 2 cos2 h tanðd0Þ.

4.1. Well-balanced finite volume method

In this subsection, we present the finite volume method that we use to discretize system (62). There are sev-
eral difficulties related to the discretization of this system: As we describe below, we can rewrite (62) under the
structure of a hyperbolic system with a conservative term a non-conservative product and two types of source
terms (see Eq. (65)), where

(i) the flux function does not only depend on the vector of unknowns, but also on hðxÞ;
(ii) the coupling term is a non-conservative product BðW ÞoxW . In general, it is not well defined nor as a dis-

tribution and the choice of a family of paths is necessary (see [14]);
(iii) the source terms G1 and G2 are defined as functions of the fixed topography. Their numerical discreti-

zation can be treated by following the ideas given in [12] or [13] in the framework of a system of balance
laws or by rewriting the system for an extended variable and an extra equation in such a way that the
source terms are written in the form of non-conservative products (see [36]);

(iv) the source term corresponding to the Coulomb term presents a different difficulty. We propose a two-step
method combining a well-balanced discretization of the Coulomb term and the numerical treatment intro-
duced by Mangeney et al. in [31]. The numerical method constructed in this way is exactly well-balanced for
the solutions corresponding to water at rest and no movement of the sediment layer given by (52)–(54).
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We can rewrite model (62) under the form of a hyperbolic system with a conservative product, a non-con-
servative term and source terms

otW þ oxF ðh;W Þ ¼ G1ðx;W Þ þ G2ðx;W Þ þ BðW ÞoxW þ T ; ð65Þ
where

W ¼

H 1

Q1

H 2

Q2

0BBB@
1CCCA; F ðh;W Þ ¼

Q1 cos h
Q2

1

H1
cos hþ g

H2
1

2
cos3 h

Q2 cos h
Q2

2

H2
cos hþ gK2

H2
2

2
cos3 h

0BBBB@
1CCCCA; G1 ¼

0

�gH 1 cos hdxb
0

�gH 2 cos hdxb

0BBB@
1CCCA;

G2 ¼

0

�g H1

2
H1

2
þ 2H 2

� �
cos hoxðcos2 hÞ

0

�g H2

2
H2

2
þ 2rK1H 1

� �
cos hoxðcos2 hÞ

0BBB@
1CCCA; BðW Þ ¼

0 0 0 0

0 0 �gH 1 cos3 h 0

0 0 0 0

�rK1gH 2 cos3 h 0 0 0

0BBB@
1CCCA;

T ¼

0

0

0

T = cos h

0BBB@
1CCCA:

Note that the terms oxðH 2 cos2 hÞ and oxðH 1 cos2 hÞ of the second and fourth equations on (62) contribute to
(65) in the definition of the non-conservative term BðW ÞoxW and in the definition of G2.

Remark 9. Observe also that G2 can be written in terms of oxðcos3 hÞ; nevertheless, we propose to define G2 in
terms of cos hoxðcos2 hÞ, motivated by the discretization that we proposed. The purpose is that we want to
obtain an exactly well-balanced numerical scheme for water at rest

U 1 ¼ U 2 ¼ 0; bþ H 2 cos2 h ¼ cst; H 1 cos2 h ¼ cst;

that is defined in terms of cos2 h.

Remark 10. System (65) can be written in non-conservative form

otW þAðh;W ÞoxW ¼ Sðh;W Þ;
where Sðh;W Þ ¼ G1 þ G2 � ohF þ T . And where Aðh;W Þ defines the transport matrix of the system

Aðh;W Þ ¼

0 cos h 0 0

�U 2
1 cos hþ gH 1 cos3 h 2U 1 cos h gH 1 cos3 h 0

0 0 0 cos h
rK1gH 2 cos3 h 0 �U 2

2 cos hþ K2gH 2 cos3 h 2U 2 cos h

0BB@
1CCA; ð66Þ

where Ui ¼ Qi=H i represents the averaged velocity of the ith layer, and r ¼ q1

q2
.

This matrix is similar to the one obtained in the well-known two-layer shallow water system (see [36], for
example). Unfortunately no explicit expressions of the eigenvectors of the system can be obtained. The
characteristic equation of the system is

k2 � 2U 1kþ U 2
1 � gH 1 cos2 h

� �
k2 � 2U 2kþ U 2

2 � gK2H 2 cos2 h
� �

¼ rK1g2H 1H 2 cos4 h: ð67Þ

It is not easy to verify the genuinely nonlinear character of the 4 characteristic fields, as the eigenvalues and
eigenvectors cannot be written explicitly in a simple manner. Nevertheless, this fact is easily proved in the case
r ¼ 0 as, in this case, the system reduces to a decoupled system of shallow water and Savage–Hutter equations.
In this case, the eigenvalues are those corresponding to each layer separately. Then, a continuity argument
ensures the genuinely nonlinear character of the four characteristic fields when r is close to zero.

In the case r � 1, in [46] the authors give an approximation of the eigenvalues for the two-layer shallow
water equations. The case r � 1 is the situation arising for two fluids with different densities in many
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oceanographical flows. In the context of submarine avalanches, we suppose two different materials, then we
are closer to the case r � 0.

Although, following [46], we can also give an approximation of the eigenvalues for r � 1. We obtain

k	ext �
H 1H 1 þ U 2H 2

H 1 þ K2H 2

	 gðH 1 þ K2H 2Þð Þ
1
2 cos h; ð68Þ

k	int �
u1K2H 2 þ U 2H 1

H 1 þ K2H 2

	 g 1� r
K1

K2

� �
H 1H 2K2 cos2 h
ðH 1 þ K2H 2Þ

1� ðU 1 � U 2Þ2

gð1� r K1

K2
ÞðH 1 þ K2H 2Þ cos2 h

" # !1
2

: ð69Þ

From Eq. (69), we can observe that the internal eigenvalues may become complex. This situation occurs
when they verify, approximately, the following inequality:

ðU 1 � U 2Þ2

gð1� r K1

K2
ÞðH 1 þ K2H 2Þ cos2 h

> 1: ð70Þ

In this case, the system loses its hyperbolic character. These situations are related with the appearance of shear
instabilities that may lead, in real flows, to intense mixing of the two layers. While, in practice, this mixture par-
tially dissipates the energy, in numerical experiments these interface disturbances grow and overwhelm the solu-
tion. Clearly, we cannot expect to simulate these phenomena with a two-immiscible-layer model. Therefore,
inequality (70) in fact gives the range of validity of a model based on equations (65). In this work, only the case
where the matrix Aðh;W Þ has real eigenvalues is considered, i.e. the system is supposed to be strictly hyperbolic.

As the source terms modeling the friction between the two layers are discretized semi-implicitly, they do not
appear in the finite volume discretization, therefore, they are supposed to be zero in this section.

For the discretization of the system, computing cells I i ¼ ½xi�1=2; xiþ1=2� are considered. For simplicity, we
suppose that these cells have a constant size Dx. Let us define xiþ1

2
¼ iDx and by xi ¼ ði� 1=2ÞDx, the center

of the cell I i. Let Dt be the constant time step and define tn ¼ nDt.
We denote by W n

i the approximation of the cell averages of the exact solution provided by the numerical
scheme

W n
i ffi

1

Dx

Z xiþ1=2

xi�1=2

W ðx; tnÞdx: ð71Þ

The source terms G1 and G2 are discretized following the ideas introduced in [13,36]. The discretization of
BðW ÞoxW firstly requires to interpret this term as a Borel measure (see [14]), depending on the choice of a fam-
ily of paths linking given states. Here, the family of segments are considered as in [36].

The dependence of the flux function on hðxÞ makes it difficult to obtain the desired exact well-balanced
property for water at rest (see [9]). Following the same ideas that have been exposed in Remark 9, we propose
to consider the flux function F ðh;W Þ as a function of cos h and cos2 h. More precisely,

F ðh;W Þ ¼ Fðcos h; cos2 h;W Þ with Fða; b;W Þ ¼

Q1a
Q2

1

H1
aþ g

H2
1

2
ab

Q2a
Q2

2

H2
aþ gK2

H2
2

2
ab

0BBBBB@

1CCCCCA:
Finally, as mentioned before, the discretization of the source term T ðW Þ corresponding to the Coulomb

friction term is critical to properly simulate the landslides and to preserve the stationary solutions correspond-
ing to water at rest and no movement of the sediment layer verifying (52)–(54). We propose a two-step numer-
ical scheme to treat the Coulomb friction term.

Let us suppose that the values W n
i are known. In order to advance in time, we proceed as follows:

� First step: We define W �
i ¼ ½H �1;iQ�1;iH �2;iQ�2;i�

T as
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W �
i ¼ W n

i �
Dt
Dx

DF n;þ
i�1=2 þDF n;�

iþ1=2

� �
; ð72Þ

where DF n;	
iþ1=2 ¼ DF	iþ1=2ðW n

i ;W
n
iþ1Þ are the generalized Roe flux difference computed using the family of

segments

DF	iþ1=2ðW i;W iþ1Þ ¼
1

2
Fðcos hiþ1=2; ðcos2 hÞiþ1=2;W iþ1Þ
�n

� F ðcos hiþ1=2; ðcos2 hÞiþ1=2;W iÞ

þ S3;iþ1=2ðcos2 hiþ1 � cos2 hiÞ þ S4;iþ1=2ðcos hiþ1 � cos hiÞ � S1;iþ1=2ðbiþ1 � biÞ
� S2;iþ1=2ðcos2 hiþ1 � cos2 hiÞ � Biþ1=2ðW iþ1 � W iÞ

�
	 P iþ1=2 Aiþ1=2ðW iþ1 � W iÞ � S1;iþ1=2ðbiþ1 � biÞ

�
þ ðS3;iþ1=2 � S2;iþ1=2Þðcos2 hiþ1 � cos2 hiÞ þ þS4;iþ1=2ðcos hiþ1 � cos hiÞ � T iþ1=2Dx

�	
:

ð73Þ
The matrices appearing in the definition of the numerical scheme can be written as follows:

; ð74Þ

where

J 1
iþ1=2 ¼

0 cos hiþ1=2

�U 2
1;iþ1=2 cos hiþ1=2 þ c2

1;iþ1=2ðcos2 hÞiþ1=2 2U 1;iþ1=2 cos hiþ1=2


 �
;

J 2
iþ1=2 ¼

0 cos hiþ1=2

�U 2
2;iþ1=2 cos hiþ1=2 þ K2c2

2;iþ1=2ðcos2 hÞiþ1=2 2U 2;iþ1=2 cos hiþ1=2

" #
;

B1;2
iþ1=2 ¼

0 0

�c2
1;iþ1=2ðcos2 hÞiþ1=2 0

" #
; B2;1

iþ1=2 ¼
0 0

�rK1c2
2;iþ1=2ðcos2 hÞiþ1=2 0

" #
;

S1;iþ1=2 ¼

0

�gH 1;iþ1=2 cos hiþ1=2

0

�gH 2;iþ1=2 cos hiþ1=2

26664
37775; ð75Þ

S2;iþ1=2 ¼

0

�g
H1;iþ1=2

2

H1;iþ1=2

2
þ 2H 2;iþ1=2

� �
cos hiþ1=2

0

�g
H2;iþ1=2

2

H2;iþ1=2

2
þ 2rK1H 1;iþ1=2

� �
cos hiþ1=2

266664
377775; ð76Þ

S3;iþ1=2 ¼

0
3g
4

H 2
1;iþ1=2 cos hiþ1=2

0
3g
4
K2H 2

2;iþ1=2 cos hiþ1=2

26664
37775; S4;iþ1=2 ¼

Q1;iþ1=2

Q2
1;iþ1=2=H 1;iþ1=2

Q2;iþ1=2

Q2
2;iþ1=2=H 2;iþ1=2

266664
377775; ð77Þ

7738 E.D. Fernández-Nieto et al. / Journal of Computational Physics 227 (2008) 7720–7754



Author's personal copy

T iþ1=2 ¼

0

0

0

T iþ1=2= cos hiþ1=2

26664
37775; ð78Þ

where

T iþ1=2 ¼
T 1;iþ1=2 þ T 2;iþ1=2 if jQ2;iþ1=2j >

Dtrc;iþ1=2

cos hiþ1=2

scrit;iþ1=2 otherwise

(
ð79Þ

with

T 1;iþ1=2 ¼ �c2
2;iþ1=2 cos hiþ1=2ð1� rÞSGNðU 2;iþ1=2Þ tanðd0Þ;

T 2;iþ1=2 ¼ �H 2;iþ1=2U 2
2;iþ1=2

sin hiþ1 � sin hi

Dx
SGNðU 2;iþ1=2Þ tanðd0Þ;

rc;iþ1=2 ¼ ð1� rÞc2
2;iþ1=2 cos hiþ1=2 tanðd0Þ;

scrit;iþ1=2 ¼ c2
2;iþ1=2 cos hiþ1=2 K2 � rK1ð Þ biþ1 � bi þ H 2;iþ1 cos2 hiþ1 � H 2;i cos2 hi

Dx

�
þð1� K2Þ

biþ1 � bi

Dx
þ H 2;iþ1=2

4

cos2 hiþ1 � cos2 hi

Dx

� !!
: ð80Þ

In (73)–(80), we use the definitions

ck;1þ1=2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gHk;iþ1=2 cos hiþ1=2

q
; ð81Þ

Uk;iþ1=2 ¼
ffiffiffiffiffiffiffiffi
H k;i

p
Uk;i þ

ffiffiffiffiffiffiffiffiffiffiffiffi
H k;iþ1

p
U k;iþ1ffiffiffiffiffiffiffiffi

Hk;i

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffi
H k;iþ1

p ; ð82Þ

and

Hk;iþ1=2 ¼
H k;i þ Hk;iþ1

2
; k ¼ 1; 2; cos hiþ1=2 ¼

cos hi þ cos hiþ1

2
; ðcos2 hÞiþ1=2 ¼

cos2 hi þ cos2 hiþ1

2
;

as well as the upwinded matrices

P iþ1=2 ¼ Kiþ1=2ðSGNðDiþ1=2ÞÞK�1
iþ1=2: ð83Þ

Here, if Diþ1=2 is a diagonal matrix defined by the eigenvalues of the matrixAiþ1=2, Kiþ1=2 is the matrix whose col-
umns are the associated eigenvectors. Let us denote bykj;iþ1=2, j ¼ 1; . . . ; 4, the eigenvalues of matrixAiþ1=2, then

SGNðDiþ1=2Þ ¼

sgnðk1;iþ1=2Þ
sgnðk2;iþ1=2Þ

sgnðk3;iþ1=2Þ
sgnðk4;iþ1=2Þ

266664
377775

� Second step:We define

W nþ1
i ¼ ½H �1;i Q�1;i H �2;i Qnþ1

2;i �
T

and
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Qnþ1
2;i ¼

Q�2;i þ ðT
�
1;i þ T �2;iÞDt if jQ�2;ij >

r�c;iDt

cos hi
;

0 otherwhise

(
ð84Þ

with

T �1;i ¼ �ð1� rÞ
ðc�2;i�1=2Þ

2 þ ðc�2;iþ1=2Þ
2

2
cos hiSGNðQ�2;iÞ tanðd0Þ;

T �2;i ¼ �
H �2;i�1=2 þ H �2;iþ1=2

2
ðU �2;iÞ

2 sin hiþ1=2 � sin hi�1=2

Dx
SGNðQ�2;iÞ tanðd0Þ;

in which

r�c;i ¼ ð1� rÞ
ðc�2;i�1=2Þ

2 þ ðc�2;iþ1=2Þ
2

2
cos hi tanðd0Þ ð85Þ

with

c�2;iþ1=2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g

H �2;i þ H �2;iþ1

2
cos hiþ1=2

r
:

The definition of Qnþ1
2;i proposed in Eq. (84) is based on the numerical treatment of Coulomb friction term

introduced by Mangeney et al. [31]. Observe that the definition of the Coulomb term, implies that if jT j < rc,
then Q2 ¼ 0. A way to implicitely impose this definition in the numerical scheme is the one proposed by Eq.
(84).

Remark 11. Observe that

S3;iþ1=2ðcos2 hiþ1 � cos2 hiÞ þ S4;iþ1=2ðcos hiþ1 � cos hiÞ
Dx

is a second order approximation of ohF dxhjx¼xiþ1=2
.

This numerical scheme could be seen as a predictor–corrector numerical scheme for the Coulomb friction
term. In the first step, the term T iþ1=2 is only considered in the uncentered part of the numerical scheme. Note
that in the definition of T iþ1=2 (see (79)), a second order approximation of the Coulomb friction term is con-
sidered if jQ2;iþ1=2j >

Dtrc;iþ1=2

cos hiþ1=2
. Otherwise, we set T iþ1=2 ¼ scrit;iþ1=2, which is also a second order approximation of

the value of the Coulomb friction term in order that all terms in the last equation of system (65) are balanced
taking into account U 2 ¼ 0. This relation is critical in order to obtain a well-balanced numerical scheme for
the solutions corresponding to water at rest and no movement of the sediment in the model.

After this first step, a predicted value Q�2;i is computed and then, following [31], the final value Qnþ1
2;i is com-

puted using (84).
Concerning the stability requirements, we use the following CFL-condition:

max fkDiþ1=2k1; 0 6 i 6 Mg Dt
Dx
6 c;

where 0 < c 6 1, and M is the number of cells into which the space domain is decomposed.
We have the following result.

Theorem 2. The previous numerical scheme verifies the following properties:

(i) The numerical scheme preserves all the stationary solutions satisfying

�U 1 ¼ �U 2 ¼ 0;

bþ ðH 1 þ H 2Þ cos2 h ¼ cst;

7740 E.D. Fernández-Nieto et al. / Journal of Computational Physics 227 (2008) 7720–7754



Author's personal copy

and

jðK2 � rK1Þoxðbþ H 2 cos2 hÞ þ ð1� K2Þ oxbþ
H 2

4
ox cos2 h

� �
j 6 ð1� rÞ tanðd0Þ;

such as

ðK2� rK1Þ bðxiþ1Þ�bðxiÞþH 2ðxiþ1Þcos2ðhðxiþ1ÞÞ�H 2ðxiÞcosðhðxiÞÞ
� ���

þð1�K2Þ bðxiþ1Þ�bðxiÞþ
H 2ðxiþ1ÞþH 2ðxiÞ

4
ðcos2ðhðxiþ1ÞÞ� cos2ðhðxiÞÞÞ

� �����6 ð1� rÞtanðd0ÞDx: ð86Þ

(ii) The numerical scheme preserves all stationary solutions up to order 2.

Proof. Using the definition of the Roe matrix Aiþ1=2, it is easy to prove that

Aiþ1=2ðW iþ1 � W iÞ ¼ F ðcos hiþ1=2; ðcos2 hÞiþ1=2;W iþ1Þ � F ðcos hiþ1=2; ðcos2 hÞiþ1=2;W iÞBiþ1=2ðW iþ1 � W iÞ:
ð87Þ

Observe that the terms that are multiplied with P iþ1=2 in (73) are equal to the centered components of DF	iþ1=2

defined by (88) except the Coulomb friction term T iþ1=2Dx. That is, using (87), we could rewrite the numerical
fluxes as

DF	iþ1=2 ¼
1

2
R1;iþ1=2 	 P iþ1=2R2;iþ1=2

 	
;

where

R2;iþ1=2 ¼ R1;iþ1=2 � T iþ1=2Dx;

and R1;iþ1=2 is defined by

R1;iþ1=2 ¼ F ðcos hiþ1=2; ðcos2 hÞiþ1=2;W iþ1Þ � F ðcos hiþ1=2; ðcos2 hÞiþ1=2;W iÞ þ S3;iþ1=2ðcos2 hiþ1 � cos2 hiÞ
þ S4;iþ1=2ðcos hiþ1 � cos hiÞ � S1;iþ1=2ðbiþ1 � biÞ � S2;iþ1=2ðcos2 hiþ1 � cos2 hiÞ
� Biþ1=2ðW iþ1 � W iÞ: ð88Þ

Let us prove (i). Observe that in this case the first and third components of R1;iþ1=2 are equal to zero. The sec-
ond component of R1;iþ1=2 is equal to

½R1;iþ1=2�2 ¼ g
H 2

1;iþ1

2
cos hiþ1=2ðcos2 hÞiþ1=2 � g

H 2
1;i

2
cos hiþ1=2ðcos2 hÞiþ1=2

þ 3

4
gH 2

1;iþ1=2 cos hiþ1=2ðcos2 hiþ1 � cos2 hiÞ þ gH 1;iþ1=2 cos hiþ1=2ðbiþ1 � biÞ

þ g
H 1;iþ1=2

2

H 1;iþ1=2

2
þ 2H 2;iþ1=2

� �
cos hiþ1=2ðcos2 hiþ1 � cos2 hiÞ

þ gH 1;iþ1=2 cos hiþ1=2ðcos2 hÞiþ1=2ðH 2;iþ1 � H 2;iÞ:

We can write

g
H 2

1;iþ1

2
cos hiþ1=2ðcos2 hÞiþ1=2 � g

H 2
1;i

2
cos hiþ1=2ðcos2 hÞiþ1=2 ¼ g cos hiþ1=2H 1;iþ1=2ðcos2 hÞiþ1=2ðH 1;iþ1 � H 1;iÞ;

and then obtain

½R1;iþ1=2�2 ¼ g cos hiþ1=2H 1;iþ1=2 ðcos2 hÞiþ1=2ðH 2;iþ1 þ H 1;iþ1 � ðH 2;i þ H 1;iÞÞ
n

þgðH 1;iþ1=2 þ H 2;iþ1=2Þðcos2 hiþ1 � cos2 hiÞ þ biþ1 � bi

o
:
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Thanks to the definition of ðcos2 hÞiþ1=2 ¼ ðcos2 hi þ cos2 hiþ1Þ=2, we can use in the previous equation the fol-
lowing rule (discrete version of the derivative of a product),

ab� cd ¼ aþ c
2
ðb� dÞ þ ða� cÞ bþ d

2
8a; b; c; d 2 R; ð89Þ

to obtain

½R1;iþ1=2�2 ¼ g cos hiþ1=2H 1;iþ1=2 ðbiþ1 þH 1;iþ1 cos2 hiþ1 þH 2;iþ1 cos2 hiþ1Þ � ðbi þH 1;i cos2 hi þH 2;i cos2 hiÞ
 	

:

For (i) we have constant free surface, bþ H 1 cos2 hþ H 2 cos2 h ¼ cst, then the second component of R1;iþ1=2 is
equal to zero.

The fourth component of R1;iþ1=2 is equal to

½R1;iþ1=2�4 ¼ g cos hiþ1=2H 2;iþ1=2 K2ðbiþ1 � biÞ þ K2ðcos2 hÞiþ1=2ðH 2;iþ1 � H 2;iÞ
�

þK2H 2;iþ1=2ðcos2 hiþ1 � cos2 hiÞ þ rK1ðH 1;iþ1=2ðcos2 hiþ1 � cos2 hiÞ þ ðcos2 hÞiþ1=2ðH 1;iþ1 � H 1;iÞÞ
�

þ ð1� K2Þ g
H 2

2;iþ1=2

4
cos hiþ1=2ðcos2 hiþ1 � cos2 hiÞ þ gH 2;iþ1=2 cos hiþ1=2ðbiþ1 � biÞ

 !
:

Using (89) and bþ H 2 cos2 hþ H 1 cos2 h ¼ cst, we obtain

½R1;iþ1=2�4 ¼ g cos hiþ1=2H 2;iþ1=2ðK2 � rK1Þ biþ1 � bi þ H 2;iþ1 cos2 hiþ1 � H 2;i cos2 hi

� �
þ ð1� K2Þg cos hiþ1=2H 2;iþ1=2

H 2;iþ1=2

4
ðcos2 hiþ1 � cos2 hiÞ þ biþ1 � bi

� �
: ð90Þ

Finally, we conclude that the three first components of R1;iþ1=2 are zero.
For the fourth component, observe that ½R1;iþ1=2�4 exactly coincides with ðT crit;iþ1=2Dx= cos hiþ1=2Þ, where

T crit;iþ1=2 is defined by (80). Moreover, by hypothesis the given stationary solution verifies Qn
2;i ¼ 0, and by (79)

we obtain

½T iþ1=2�4 ¼
T crit;iþ1=2

cos hiþ1=2

:

Then,

½R2;iþ1=2�4 ¼ ½R1;iþ1=2�4 � ½T iþ1=2�4Dx ¼ 0; ) R2;iþ1=2 ¼ 0:

So, DF	iþ1=2 ¼ R1;iþ1=2. Additionally, in the second step we have Hnþ1
1;i ¼ H n

1;i, Qnþ1
1;i ¼ Qn

1;i, H nþ1
2;i ¼ H n

2;i. More-
over, by (72) we deduce

Q�2;i ¼ �
Dt
Dx

R1;iþ1=2 þ R1;i�1=2

2

¼ � Dt
2Dx

ðK2 � rK1ÞgH 2;iþ1=2 cos hiþ1=2 ðbiþ1 þ H 2;iþ1 cos2 hiþ1Þ � ðbi þ H 2;i cos2 hiÞ
 	�

þðK2 � K1rÞgH 2;i�1=2 cos hi�1=2 ðbi þ H 2;i cos2 hiÞ � ðbi�1 þ H 2;i�1 cos2 hi�1Þ
 	�

þ ð1� K2Þg cos hiþ1=2H 2;iþ1=2

H 2;iþ1=2

4
ðcos2 hiþ1 � cos2 hiÞ þ biþ1 � bi

� �
þ ð1� K2Þg cos hi�1=2H 2;i�1=2

H 2;i�1=2

4
ðcos2 hi � cos2 hi�1Þ þ bi � bi�1

� �
:

Then, by (86)

jQ�2;ij 6 Dtð1� rÞg H 2;iþ1=2 cos hiþ1=2 þ H 2;i�1=2 cos hi�1=2

2
tanðd0Þ ¼

r�c;iDt

cos hi
;
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where r�c;i is defined by (85). Then, by (84) we obtain Qnþ1
2;i ¼ 0. Finally, we conclude that the stationary solu-

tions verifying (52)–(54) satisfying (86) are exactly preserved.
To prove (ii), it is enough to observe that any stationary solution verifies

oW F oxW þ ohF oxh� G1 � G2 � BðW ÞoxW � T ¼ 0: ð91Þ
Moreover, DF	iþ1=2 ¼ 1

2
fR1;iþ1=2 	 P iþ1=2R2;iþ1=2g and R2;iþ1=2 is a second order approximation of (91). Finally,

in the second step a second order approximation of T is added to R1; so finally we have another second order
approximation of (91) and we can conclude that W nþ1

i ¼ W n
i þOðDx2Þ. h

5. Numerical tests

In the following numerical tests, the parameters are set to, K ¼ 1, K in ¼ 0, and the ratio of densities r ¼ 0:2.
Different situations of wet/dry fronts appear in the numerical tests. We use here the numerical treatment

proposed by Castro et al. [10]. It basically consists in a local redefinition of the topography in the inter-cells
corresponding to wet/dry transitions in order to avoid the generation of spurious pressure forces.

5.1. Submarine landslide

The numerical test presented here is devoted to the simulation of a submarine landslide into a rectangular
channel of 10 m length. The topography is given by a straight line whose slope is set equal to 0.2 (i.e. slope angle
h ¼ 11:31�). The Coulomb friction angle is set equal to d0 ¼ 25�. Finally, the CFL parameter is set to 0.8.

As initial conditions, we set U 1ðxÞ ¼ U 2ðxÞ ¼ 0, g1ðxÞ ¼ bðxÞ þ ðH 1ðxÞ þ H 2ðxÞÞ cos2 h is constant and
equals 2.7 (see Fig. 3(a)) and

H 2ðxÞ ¼
1= cos h; if 7 6 x 6 8;

0; otherwise:

�
Free boundary conditions are imposed at both channel ends.

Fig. 3 shows the evolution of the submarine landslide from the initial condition until the mass stops on the
slope and forms a deposit (see Fig. 3(f)) for Dx ¼ 0:05.

As a consequence of the submarine landslide, some water waves are generated at the free surface (see Fig.
3(b) and (c)). They travel along the channel and go away as shown in Fig. 3(d)–(f).

In Fig. 4, we compare the final stationary interface that we obtain for four different meshes with Dx ¼ 1=20,
Dx ¼ 1=40, Dx ¼ 1=80 and Dx ¼ 1=320. Only some small differences near the ‘‘wet/dry” fronts can be
observed, due to the numerical treatment of the wet/dry fronts. This effect is also present if we study, for exam-
ple, the bilayer shallow water equations (see [10]).

5.2. Landslide impinging a lake

In this subsection, two numerical experiments are presented. They simulate the waves caused in a lake by an
avalanche of a granular material that slides along a plane of constant slope and that falls on it.

In both of them, a rectangular channel of 10 m length long is considered. The topography is given by

bðxÞ ¼
1� x

5
; if 0 6 x 6 5;

0; otherwise:

�
With this definition, the bed curvature is infinite at x ¼ 5, because the slopes are discontinuous. In this point,
the change of variables is not justified. Nevertheless, the resulting integrated system has a solution, which can
be approximated numerically. The solution of the system is the limit of the solutions obtained using a regu-
larization of the bottom.

From a numerical point of view, the bed at this point can be seen as approximated by a parabola, because
we use the middle point formula to approximate the derivatives (see Remark 11).

The CFL parameter is set equal to 0.8, and Dx ¼ 0:05. As initial condition we set
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Fig. 4. Submarine landslide: stationary landslide configuration for Dx ¼ 1=20, Dx ¼ 1=40, Dx ¼ 1=80 and Dx ¼ 1=320.
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Fig. 3. Submarine landslide (Dx ¼ 0:05): water surface and landslide evolution (horizontal x (m), vertical z (m)).
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�U 1ðxÞ ¼ 0; �U 2ðxÞ ¼ 0;

H 1ðxÞ ¼
ð0:7� bðxÞÞ= cos2 h; if 1:5 6 x 6 2:5;

0; otherwise

�
and

H 2ðxÞ ¼
ð0:4� bðxÞÞ= cos2 h; if 3 6 x 6 5;

0:4; otherwise:

�
This initial condition simulates that, initially, the granular material is not submerged, and it is placed at
½1:5; 2:5�, while the water layer is placed at x P 4 (see Figs. 5(a) and 7(a)). Free boundary conditions are im-
posed at both channel ends.

In the first experiment considered here, the Coulomb friction angle is set equal to d0 ¼ 10�, while the angle
of the plane is equal to 11:31�. Therefore, all the granular material will slide down the plane and will deposit at
the basin of the lake as it is shown in Fig. 5(b)–(e). The stationary state for the granular layer is shown (see
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Fig. 5. Landslide impinging a lake (experiment 1): water surface and landslide evolution (horizontal x (m), vertical z (m)).
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Fig. 6. Landslide impinging a lake (experiment 1): stationary landslide configuration for Dx ¼ 1=20, Dx ¼ 1=40, Dx ¼ 1=80 and
Dx ¼ 1=320.
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Fig. 7. Landslide impinging a lake (experiment 2): water surface and landslide evolution. (horizontal x (m), vertical z (m)).
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Fig. 5(f)). When the landslide contacts the water, a wave at the free surface of the lake is generated and prop-
agates in the same direction of the landslide as it is shown in Fig. 5(b) and (c). Figs. 5(d) and 5(e) show the
generation and propagation of a shock at the interface of the granular material and the water, traveling in the
opposite direction of the landslide propagation. Observe that the granular deposit is located at the bottom of
the lake forming a smooth pile whose form is determined by the Coulomb angle and the flow history (see Fig.
5(f)).

In Fig. 6, we compare the stationary interface that we obtain for Dx ¼ 1=20, Dx ¼ 1=40, Dx ¼ 1=80 and
Dx ¼ 1=320. As in previous test the convergence to a stationary profile is achieved.

In the second experiment, the Coulomb angle is set equal to d0 ¼ 25�. The evolution of the landslide is dif-
ferent from the previous one. The main difference is the length of the avalanche: in this case, the granular
material is not deposited in the basin of the lake as it is shown in Fig. 7(b)–(f). As in the previous case, when
the landslide contacts the water, a wave at the free surface of the lake is generated and propagated in the same
direction of the landslide as it is shown in Fig. 7(b)–(d), with a wave amplitude that is smaller than in the pre-
vious experiment. Finally, the steady state for the granular material is shown in Fig. 7(f).

In Fig. 8, we show the stationary profiles of the landslide for different values of d0. In Fig. 8(a), the results
correspond to d0 equal 10, 11:31 (the angle of the bottom in [0, 5]), 12� and 13�. In the case of 13�, we obtain
that the rock layer is not completely submerged. For previous values we always obtain that this layer is com-
pletely submerged.

In Fig. 8(b), we show the stationary profiles of the landslide for d0 equal 15�, 20� and 25�. In all cases, we
have a profile that is partially submerged.

Using the friction angle d ¼ 15�, a layer of quasi-constant thickness of material remains on the sub-aerial as
well as on the submarine part of the plane once the flow stops. This deposit seems to be in agreement with the
experimental results of Cassar et al. [8] (Fig. 3). Indeed, they show that the minimum deposit thickness for
which a flow is possible commonly called hstop is unchanged when the flow occurs either in water or in air.

5.3. Tsunami generation experiment

This numerical example is inspired by that presented in the paper of Heinrich et al. (see [24]), and the objec-
tive is to understand the main mechanisms of water wave generation and propagation produced by submarine
landslides. To do this, a 30 km long domain is considered, where a simplified topography is considered given
by bðxÞ ¼ 2500� HðxÞ where
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Fig. 8. Landslide impinging a lake: comparison of stationary landslide profiles for different values of d0.
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Fig. 9. Tsunami experiment (horizontal x (m), vertical z (m)).
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Fig. 10. Tsunami evolution (zoom) (horizontal x (m), vertical z (m)).
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HðxÞ ¼ 10þ 490 expð�6:1429 � 10�4ð10; 000� xÞÞ; if x 6 10; 000;

2500� 2000 expð�1:5050 � 10�4ðx� 10; 000ÞÞ; otherwise:

(
As initial condition we imposed UiðxÞ ¼ 0, i ¼ 1; 2,

H 2ðxÞ ¼
1

cos2 h
max HðxÞ � 500þ ðx� 10; 000Þ2

1:8 � 104

 !
; 0

 !
; and H 1ðxÞ ¼

HðxÞ
cos2 h

� H 2ðxÞ:

Fig. 9(a) shows the initial condition. The Coulomb friction angle is set to d0 ¼ 12� (as in [24]). The CFL con-
dition is equal to 0:8. We use a mesh composed of 500 cells. Free boundary conditions are imposed at x ¼ 0
and x ¼ 30; 000. With these data, the experiment evolves during 600 s.

Fig. 10 shows the generation and propagation of the tsunami wave. Observe that water ahead of the front
face of the slide is pushed away, creating a positive wave in the slide direction that represents most of the tsu-
nami energy. Over the landslide water is sucked, which creates a large trough splitting into two waves, one
wave propagating shorewards and the other offshore. Later, the shoreward-propagating wave is followed
by a positive wave, responsible for coastal inundation to which attention will be focused. Note that the second
positive wave is of about 10 m height when approaching the coastal line (see Fig. 10(f)).

Finally, Fig. 9(b) shows the final position of the landslide. The results that we obtain are similar to those
described by Heinrich et al. in [24].

6. Conclusions

In this paper, we have introduced a new model to study submarine avalanches and generated tsunamis. The
presented model is a two-layer shallow water model including a Coulomb friction type term for the grain layer
(Savage–Hutter model for the second layer). It is presented in local coordinates, by taking into account the
curvature of a non-erodible bottom over which the avalanche and the tsunami flow. Some of the properties
of the model are the rank of the stationary solutions verifies exactly a dissipation entropy inequality, and
the solutions of the model are solutions of Euler equations with hydrostatic pressure. The final system can
be re-written as a hyperbolic system with non-conservative products. We compare the model with that pro-
posed by Heinrich et al., which is an uncoupled model, that mixes local coordinates for the evolution of
the grain layer with non-local coordinates for the evolution of the fluid layer. We see how the momentum
equation for the grain layer of the Heinrich model is obtained under the assumption that the water surface
is flat (rigid lid assumption). This model does not verify the properties of our model.

We also present a numerical solver of finite volume type, based on a Roe method for hyperbolic systems
with non-conservative products. With a special treatment of the Coulomb term, splitting the discretization
of this term into an upwind explicit treatment and a second step to introduce an implicit centered discretiza-
tion. This allows us to obtain a well-balanced solver for a wide rank of stationary solutions, when the angle of
the slope of the grain layer is smaller than the corresponding angle of repose.

The resulting model has been able to simulate sub-aerial and submarine avalanches and the
generated tsunami by taking into account the interaction between the flowing mass and the surrounding water.
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Appendix. Change of variable

In this Appendix, we perform the change of variable of Euler equations, from Cartesian coordinates
~X ¼ ðx; zÞ to local coordinates ðX ; ZÞ (see Fig. 11). We consider that the coordinate Z gives the position of
an interior point ~X to the bed, measured in the normal direction to the bed. Thus

0 < Z < Sðt; xÞ with Sðt; xÞ ¼ h1ðt;X Þ þ h2ðt;X Þ: ð92Þ
Then, the relation between the Cartesian coordinates ~X and the coordinates ðx; ZÞ related to the bed is

~X ¼ x� Z sin hðxÞ; bðxÞ þ Z cos hðxÞð Þ; ð93Þ
where ðx; bðxÞÞ is a point of the bed. �x is the x-Cartesian coordinate of the point ðX ; 0Þ (see Fig. 11). We also
consider a local variable X ðxÞ measuring the arc length along the bed. We will denote by r~X and div~X the gra-
dient and divergence operators in Cartesian coordinates.

We consider the equations of conservation of mass and momentum in ðx; zÞ Cartesian coordinates as
follows:

~V ¼
u

v

� �
; r � ~V ¼ 0; ð94Þ

otðq~V Þ þ q~Vr~X
~V ¼ �r � P þ qr~X ð~g � ~X Þ; ð95Þ

where ~g ¼ ð0;�gÞ, g being the constant acceleration of gravity. Moreover, by P we denote the matrix of
constraints,

P ¼
pxx pxz

pzx pzz

� �
(with pxz ¼ pzx).

From (93), we have

rðX ;ZÞ~X ¼
J cos h � sin h

J sin h cos h

� �
; J ¼ 1� ZdX h:

Therefore,

X
X   (   )θ

h

Z

h 1

2

Xb( )

x

z

x

X

Water surface

Landslide surface

(grain–water interface)

layer 1

layer 2

Fig. 11. Local coordinates.
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r~X ðX ; ZÞ ¼
1

J

cos h sin h

�J sin h J cos h

� �
:

The following result will be used in this Appendix

Lemma. Using the classical chain rule, we have

divðX ;ZÞðJr~X ðX ; ZÞ~V Þ ¼ Jdiv~X ~V ; J ¼ detðrðX ;ZÞ~X Þ; ð96Þ

and

r~X P ¼ ðr~X ðX ; ZÞÞ
TrðX ;ZÞP or ðr~X P ÞT ¼ ðrðX ;ZÞP ÞTr~X ðX ; ZÞ: ð97Þ

We will also use the following definitions:

U

W

� �
¼

cos h sin h

� sin h cos h

� �
~V :

and

P ¼
cos h sin h

� sin h cos h

� �
P

cos h � sin h

sin h cos h

� �
¼

PXX PXZ

PZX PZZ

� �
:

As pxz ¼ pxz then PXZ ¼ PZX .

Continuity equation (conservation of mass)

In an incompressible material, the velocity field ~V is solenoidal; so (94) holds. Multiplying (94) by J and
using (96), we have

0 ¼ Jdiv~X~V ¼ divðX ;ZÞ Jr~X ðX ; ZÞ~V
� �

¼ divðX ;ZÞ
cos h sin h

�J sin h J cos h

� �
~V

� �
¼ divðX ;ZÞ

U

JW

� �
:

Thus, we have the equation,

oX ðUÞ þ oZðJW Þ ¼ 0: ð98Þ
This corresponds to the first equation of (4)

Conservation of momentum

In this section, we first find the equation for U and then for W.
Equation for U: We add the first component of Eq. (95) multiplied by cos h to the second component of Eq.

(95) multiplied by sin h. Then, we obtain

qotU þ qdiv~X ðU~V Þ þ qðr~X ð~g � ~X ÞÞ
T cos h

sin h

� �
¼ �div~X P

cos h

sin h

� �� �
þ qW div~X ðh~V Þ þ ðr~X hÞT P

� sin h

cos h

� �� �
:

In order to apply rules (96) and (97), we rewrite this last equation as

qJotU þ qJdiv~X
Uu

Uv

� �
þ Jqðr~X ð~g � ~X ÞÞ

T cos h

sin h

� �
¼ �Jdiv~X P

cos h

sin h

� �� �
þ qJW div~X h~V

� �
þ Jðr~X � hÞ

TP
� sin h

cos h

� �
:

Then, using rules (96) and (97), we obtain
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qotðJUÞ þ qdivðX ;ZÞ
U 2

JUW

 !
þ qðrX ;Zð~g � ~X ÞÞT

1

0

� �
¼ �divðX ;ZÞ

1 0

0 J

� �
cos h sin h

� sin h cos h

� �
P

cos h

sin h

� �� �
þ qW divðX ;ZÞ

hU

JhW

� �
þ ðrðX ;ZÞhÞT

1 0

0 J

� �
cos h sin h

� sin h cos h

� �
P
� sin h

cos h

� �
:

This corresponds to the second equation of (4).
Equation for W: Now, multiplying the first equation of (95) by ð� sin hÞ and the second one by ðcos hÞ and

adding them, we obtain

qotW þ qdiv~X ðW ~V Þ þ qðr~X ð~g � ~X ÞÞ
T � sin h

cos h

� �
¼ �div~X P

� sin h

cos h

� �� �
� qUdiv~X ðh~V Þ � ðr~X hÞT P

cos h

sin h

� �� �
:

In order to apply rules (96) and (97), we rewrite this last equation as

qotðJW Þ þ Jqdiv~X
Wu

Wv

� �
þ Jqðr~X ð~g � ~X ÞÞ

T � sin h

cos h

� �
¼ �Jdiv~X P

� sin h

cos h

� �� �
� qJUdiv~X h~V

� �
� Jðr~X hÞTP

cos h

sin h

� �
:

Then, using rules (96) and (97), we obtain

qotðJW Þ þ qdivðX ;ZÞ
WU

JW 2

� �
þ qðrX ;Zð~g � ~X ÞÞT

0

J

� �
¼ �divðX ;ZÞ

1 0

0 J

� �
cos h sin h

� sin h cos h

� �
P
� sin h

cos h

� �� �
� qUdivðX ;ZÞ

hU

JhW

� �
� ðrðX ;ZÞhÞT

1 0

0 J

� �
cos h sin h

� sin h cos h

� �
P

cos h

sin h

� �
:

This corresponds to the third equation of (4).
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