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1. Introduction

The determination of geoacoustic models for the bottom is of considerable
importance in ocean acoustics. Knowledge of the acoustic properties of the
bottom is generally required for accurate propagation modeling in the water
coluiin and plays a major role in inferring geological structure. We present
a review of inverse methods used to determine the bottom parameters in
both deep and shallow water. Existing techniques fall into one or more of
the following four categories:

(1) specific feature,

(2) iteration of forward models.

(3) perturbative inversion, and

(4) exact inverse methods.

Rather than presenting an extensive literature survey. we focus on the
basic concept underlying each one of the classes and provide examples
of each type of approach from our own experience using synthetic and
experimental data.

In general. we are interested in input data obtained in the water coluimn
using a narrowband or broadband point source and a point receiver or
array of receivers. Our goal is to determine the density. the compressional
wave speed and attenuation, and the shear wave speed and attenuation
of the bottom as a function of position. In order to clarify the nature of
the various methods, we examine the extremely important simplified case
of the one dimensional, horizontally stratified. fluid bottom probed with a
monochromatic source (cf. fig. 1).

We contend that techniques which address the more general problem may
complicate the nature of the input data and the details of the inversion
procedure, but nevertheless fall into one or more of the four categories
described above. Furthermore, motivated by ocean acoustic applications,
we concentrate on the frequency range 25 500 Hz. and the inference of
the acoustic properties in the top fow hundred meters of sediment with
high resolution (<few meters in depth) and high accuracy (<10% error).
Finally. the advantages and disadvantages of cach class of techniques and
implications for problems of higher dimensionality are discussed.
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Fig. 1. One dimensional, horizontally stratified fluid bottom model.
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2. Specific feature methods

In this case, specific dominant features of the data are related to certain
geoacoustic parameters, and the resultant equations are “inverted” to ob-
tain the desired parameters as a function of the features in the data. Con-
ventional seisinic travel time analysis [1] is an example of this approach.
Here the arrival times of readily identifiable subbottom reflected and/or
refracted paths are used to obtain velocity-depth functions. We examine
in more detail the caustic range method described in ref. [2].

2.1. Caustic range method

Positive sound speed gradients in ocean bhottom sediments can cause the
formation of caustics in the acoustic field due to a point source located in
the water. The caustics can extend into the water column and manifest
themselves as high intensity regions in the field measured near the bot-
tom. The horizontal range to the caustic depends upon the source/receiver
heights above the bottom and the parameters of both the water and bottom
sound speed profiles. For certain types of profiles, the analytic relationship
among these quantities can be determined using the WKB approximation.
We describe a method for determining the bottomn sound speed profile
which involves measuring ranges to the caustic at different source/receiver
heights and using the WKB equations to calculate the parameters of the
profile.

A characteristic water—-bottom sound speed profile and the corresponding
ray diagram illustrating caustic formation arc shown in fig. 2. The principal
features of the profile are: a weak positive gradient (~ 0.016 s~!) in the
water; a drop in sound speed (~ 1—2% relative to the water sound speed) at
the water bottom interface; a strong positive gradient (~ 1 —2 s~ 1) in the
top sediment layer: and a strong subbottom reflector. The ray paths shown

Inverse methods in ocean bottom acoustics 415
SCHEMATIC SOUND
SPEED PROFILE HEIGHT (m)
500

400 Y
ISP

———— %%7

300 E — e

S T

200 —
BOTTOM —;

100

CAUSTIC

SUBBOTTOM 0 —
0 1000 2000

RANGE (m)
Fig. 2. Characteristic water-bottom sound speed profile and ray diagram.

T T T T

i
3000

c(z)=c,

N

WATER
BOTTOM

c(z)=(1-€)cy- B2

Fig. 3. Two-parameter bottom profile.

are those which dominate the bottom interaction at low frequencies and
small grazing angles. These are the direct path, the subbottom reflected
path, and the refracted path.

The refracted paths give rise to a caustic with two branches, one of which
extends into the water column. Using the WKB approximation, we have
calculated the caustic range r. for the two-parameter bottom profile shown
in fig. 3.

The result for r, is:

- }1/2

20¢co(z + 2z0) + decl (1)
The calculation leading to eq. (1) involves, in addition to the WKB ap-
proximation, the following approximation:

2

sinf,

(2)

cos? 6,
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Fig. 4. Measured amplitude versus range at 220 Hz for 180 m source height and
2.7 m receiver height.

where 6, is the minimum grazing angle in the water associated with caustic
formation. Usually € < 1, so that for typical gradients and the associated
6. this condition is satisfied. If we have one measurement of r. and know
either 3 or e, we can solve for the second parameter using either

8= % {z+zo+ [(z+zo)2+erf]1/2} (3a)

[

or

2,.2 .,
e:ﬁ7; _Blet ) (3b)
16¢j 2cy

If we have two caustic range measurements r.; and r.o at receiver heights
z1 and z2, respectively, we can then solve for both § and e using

_ 8co(z1 — 22)

—_— 4
v 2 =T (42)
and
1 .
€= Fc% [/327“51 - 8ﬁ60(21 + Zo)] (4b)

We illustrate the method using 220 Hz data obtained in the Hatteras
Abyssal Plain at 34°N, 67°W in 5150 m of water. The details of the
experiment are described in ref. [3]. The observed amplitude versus range
for a source height of 180 m and receiver height of 2.7 m is shown in fig. 4.
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The amplitude exhibits a strong spatial interference pattern which arises
from the combination of the direct and bottom-interacting steady-state sig-
nals. A peak is evident in region B of the data. This peak, in addition
to having the maximum amplitude, has a shape which is clearly distin-
guishable as that due to the caustic with a corresponding range of 1750 m.
Furthermore, we assume that ¢ is known to be 0.016 from other work [3].
Using eq. (3a), we then obtain a value of 0.94 s~! for 3. This result is in
close agreement with results obtained from a considerably more detailed
analysis of the data [3].

2.2. Advantages

-Specific feature methods exploit a dominant physical effect into which
a significant amount of acoustic energy is concentrated.

-Once the specific features are identified, the methods are relatively
straightforward to implement.

-They tend to be stable with respect to the introduction of noise.

2.8. Disadvantages

-They typically do not use the entire available data set.

-When a specific feature becomes clouded by other effects, the method
must be patched up, sometimes in an awkward way. An example is the
complication associated with taking into account the subbottom reflector
in the caustic range method.

-They provide no statement about uniqueness.

-They have effective, but limited, application to experimental data.

-They cannot always be generalized to problems of higher dimensionality
since the specific feature may simply not exist in higher dimensions.

3. Iteration of forward models methods

This class of techniques is also called analysis by synthesis, parametric
inversion, and trial and error inversion. In this approach, acoustic fields
are computed theoretically for various values of the bottom parameters
until the parameter set is found which provides a best fit to the data.
The comparisons between theory and experiment are made visually or can
be automated on the computer by searching for the parameter set which
minimizes some measure of the difference between theory and experiment.
The search through parameter space may be randomly prescribed or may
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Fig. 5. Experimental configuration for the Icelandic Basin experiment.

be directed by linearizing the problem [4]. Fitting measured seismograms
with theoretically generated ones is an example of this approach [1]. We
will discuss in detail the example of fitting near-bottom measurements of
transmission loss.

3.1. Fitting near-bottom transmission loss

Several experiments have been conducted [3,5] in which the amplitude and
phase of the acoustic field at 220 Hz have been measured on a dense spa-
tial grid (about every half-wavelength in range) in a near-bottom geometry.
The experimental configuration and amplitude data for a site in the Ice-
landic Basin are shown in Figs.5 and 6, respectively.
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Fig. 6. Comparison of experimental data with Hankel transform results for the

geoacoustic model in fig. 7.

The experiments were conducted in a pulsed cw mode, thus enabling the
surface-reflected and water multiple arrivals to be gated out. The strong
spatial interference patterns are therefore due to the coherent combination
of the direct and bottom-interacting arrivals, which are dominated by paths
of the type shown in fig. 2.

These data were analyzed by using the parabolic equation method (PEM)
and a Hankel transform method (HTM) sequentially to compute acoustic
fields for different bottom parameters until best fits to the data were ob-
tained [5]. Typically, hundreds of runs of the PEM were executed in order
to arrive af initial estimates of the values of sediment layer thickness, linear
sound-speed gradient. and sound-speed discontinuity at the water-bottom
interface. In automating this procedure. we estimated the layer thickness
based on 3.5 kHz normal incidence records and varied the sound-speed gra-
dient and discontinuity at the water bottom interface until the mean square
difference between the theoretical and experimental amplitudes in dB at
both receivers was minimized. This operation was first performed on a
coarse grid of reasonable values for the latter two parameters and then on
a fine grid about the best coarse grid result. Specifically, the mean-square
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difference ¢? is given by

0'2:

=1

4

1 &
Z (@, — Tm) — (24, — 7)) (5)
n=1

where N is the total number of measured data points, x,,, (z;,) is the

nth experimental (theoretical) amplitude data point, and 7,,(Z;) are the
average experimental (theoretical) amplitude values:

N
_ 1
T :N ’?:1 Ty, s (68‘)
=l (6b)
r, —=— Te . 8]
Tt N n=1 o

Since the PEM is based on an approximation to the wave equation and
does not accommodate a comprehensive geoacoustic model, we used the
HTM to refine the parameters obtained from the PEM and to determine
values for the remaining parameters in the geoacoustic model. In principle,
the HTM provides an exact solution to the wave equation in horizontally
stratified environments. It is based on the numerical evaluation of the
Hankel transform for the pressure as a function of range [exp(—iwt) time
dependence is suppressed throughout ]

p(r) :/ g(k) Jo(kar Yy by -
0
where
glk,) = Ai [eiks**«‘ 4 R(k,)elks(+20) .

is the depth-dependent Green’s function and R(k,) is the plane-wave re-
flection coefficient of the bottom. Here &, is the horizontal wavenumber,
k, = \/kg — k2 is the vertical wavenumber in the water, ko = w/cg is the
water wavenumber , Jy(+) is the Bessel function of order zero, and z, and
z are the source and receiver heights, respectively. Typically, tens of runs
of the HTM were exccuted, and visual comparisons were then made be-
tween theory and experiment. The geoacoustic model inferred from this
procedure is shown in fig. 7.
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Fig. 7. Geoacoustic model inferred from the data using iteration of forward
models.

The corresponding excellent comparisons between theory and experiment
are shown in fig. 6. The associated minimum in the mean square difference
[cf. eq. (5)] for the inferred sound-speed gradient. with fixed layer thickness
and sound-speed drop, is shown in fig. 8.

3.2. Advantages

-Tteration of forward models methods utilize most or all of the data avail-
able.

-They appear to be the most effective in extracting information from real
data.

-They can be generalized (but not without difficulty) to problems of
higher dimensionality as long as a suitable forward model exists.

-They are stable with respect to noise.

3.8. Disadvantages

-They are not true inverse methods in the sense that only solutions to
the forward problem are computed.

-They provide no statement about unigueness.

-The minima which are found may be only local, not global, minima.

-They are time-consuming and tedious to implement.
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4. Perturbative inversion methods

In this approach, which is equivalent to linearized Born inversion, the varia-
tion in geoacounstic parameters about assumed background values for these
parameters are related to the variation in some measured field quantity
about the values of this quantity computed for the background parame-
ters. In each of the cases of interest, a Fredholm integral equation arises
that can be solved using linear inverse theory. This approach also provides
a natural theoretical framework for the determination of resolution and
variance estimates of the solution. Time-of-flight ocean acoustic tomogra-
phy [6] is an example of this class of techniques. We will discuss in detail
reflection coefficient inversion and normal mode eigenvalue inversion.
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4.1. Reflection coefficient inversion

This is the first approach we will discuss which requires as input data the
plane-wave reflection coefficient of the bottom as a function of horizontal
wavenumber at a fixed frequency. This requirement adds another layer of
complication to the inverse problem, which is discussed in detail in Refs.[7]
and [8], since the plane-wave response must be determined from the point
source response. In a deep water context, such as that described in section
3.1., this step is executed by numerically computing the inverse Hankel
transform of measurements of the magnitude and phase of p(r) to obtain
an estimate of the depth-dependent Green’s function

glk,) = /OQO p(r)Jo(kyr)rdr. (9)

The values of g(k,) are then used to estimate the reflection coefficient R(k, )
using eq. (8). An essential element of this procedure is the spatial Nyguist
criterion that the field measurements be made on a range grid Ar < A/2,
where A is the acoustic wavelength in water. This requirement is directly
related to the fact that the Hankel transform inversion is approximately
equivalent to beamforming with a real or synthetic aperture horizontal
array [9].

Assuming that we have obtained an estimate of R(k,), we now proceed
with a perturbative scheme for inferring the compressional wave speed,
compressional wave attenuation, and density of the bottom as a function
of depth [10,11]. The exact and background models are shown in Figs.9(a)
and 9(b), respectively.

Although the theory can be developed for the case where the parameters
in both regions II and IIT are the unknowns to be determined [10] and
p(z) # py(z), for simplicity we assume that the only unknowns are the
parameters c(z) and «(z) in region I [ ie., p(z) = py(2)].

We now express

k(z) = ke(2) + 6k(2) + ia(z), (10)
where k(2) = w/c(z) and ky(2) = w/cy(2). The quantities sk(z) and ia(z)
are small real and imaginary perturbations around k(z) since ¢(z) is close
to the background value ¢;(2) and the attenuation a(z) is small compared

to ky(z) for marine sediments at the frequencies of interest. We can then
show that [10,11]

i3 — 12)!/2

£0

B " R(2) ) . 1
= [ 2 okte) + atln)pz) ), (1)
Jo Pb(~)

[Rb(kr) - R(}”r)]
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Fig. 9. The (a) exact and (b) background models for the bottom.

where R(k.) and Ry(k,) are the plane wave reflection coefficients for the
exact and background models, respectively. Similarly, p(z) and py(z) are
the exact and background pressure fields, respectively, in region II. Equa-
tion (11) is a nonlinear equation which we linearize by applying the Born
approximation, i.e., we set p(z) = pp(z). It can be shown that the re-
glon of validity of this approximation corresponds to angles of incidence
0 (k, = kosinf@) which are pre-critical with respect to the subbottom [10].

In the Born approximation. eq. (11) is in the form of a Fredholm in-
tegral equation of the first kind to which linear inverse theory can be
applied.  Specifically, given that the measured reflection coefficient is
typically available only at a discrete set of horizontal wavenumbers [7]
R(k.,)).n=1,--- N, we have

h
d, = / ¢(2)Gh(2)dz, n=1.--- N. (12a)
Jo

where

: k? _ AZ 1/2
—L‘])ﬁ’")—[mu-,‘”) ~ R(k,,)]. (12b)
£0
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o ke(z) 5
Gn(2) —pb(z)pb(kr,,.Z). (12¢)
and
q(z) = 0k(z) + ia(z). (12d)

Equation (12) is solved using a regularization method with a smoothness
constraint [10.11]. We demonstrate the application of the method to the
simultaneous reconstruction of sound speed and attenuation profiles. The
quantities R(k,), Ry(k,), and py(k,.2) were computed at 25 Hz for 20 pre-
critical angles using a propagator matrix method for the profiles shown
in fig. 10. The background attenuation profile was assumed zero. The
excellent agreement between the exact and reconstructed profiles is evident
in fig. 10.

Additional examples which show the stability of the method with respect
to the introduction of noise and computations of the resolution width can
be found in Refs.[10] and [11].

4.2. Normal mode eigenvalue inversion

When an experiment of the type described in section 3.1 is conducted in
shallow water, the surface-reflected and water multiple arrivals cannot be
gated out. and we observe the full steady-state field excited in the waveg-
uide. Under these circumstances, the depth-dependent Green’s function
assumes a more complicated form which, for the case of an isovelocity wa-
ter colummn with thickness h and a pressure-release surface at z = 0, is given
by [12]

oik:z, . eik;:+ + R(A.r)(,Qik:h, (‘fik:z,r _ Ofik;z,,
glhy) = = - [21,‘_,1 ], (13)
SR+ R e 7]

where 24 = 2 4+ 20, 2. =] 2 — 2 |. and we note that in this section z
increases downward. so that zo and 2 are source and receiver depths below
the surface. Because there is now a nonlinear relationship between g(k,.)
and R(k, )}, the problem of determining R(k,) from measurements of p(r)
is ill-posed [12.13]. and instead of pursuing reflection coefficient inversion,
we capitalize on a different. important feature of the Green’s function.
Specifically. the denominator of eq. (13) when set equal to zero is the well
known characteristic equation governing the propagation of normal modes
in an isovelocity water column overlying an arbitrary horizontally stratified
bottom [12]:

L+ Rk, )e®%= =, (14)
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Fig. 10. Exact and reconstructed (a) sound speed and (b) attenuation profiles.

The Green’s function will therefore have a discrete set of resonances oc-
curring at the poles of g(k,) which give rise to the discrete part of the
spectrum in a normal mode representation of the field:

. ‘ 1
=17 Y andn(20)én(2) HY (kar). (15)
The eigenfunctions ¢,, and eigenvalues k,, satisfy the equation

d? 2 2
[@ + kj(z) — kn] Pn(2) =0 (16)
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along with impedance boundary conditions at the interfaces. Here H (1)
the zero order Hankel function of the first kind, a, is the modal normal—
ization constant, and ko(z) is the water wavenumber.

Since the modal eigenvalues are intimately related to the acoustic proper-
ties of the bottom, they can be used as the basis for a perturbative inversion
scheme for determining the bottom parameters [10,14,15]. We will describe
this technique only for compressional wave speed inversion, although it can
be used for inferring compressional wave attenuation and density as well.
Assuming a background model with ks (z) = w/cp(z) and density p;(z) and
an exact model with

T T A e o

we use first-order perturbation theory to obtain

b L [T e p ) B
kn knb - knb/o l(bnb( | ,Ob(Z) Cb(Z) d s (18)

where the k, are the measured eigenvalues and k,, and ¢.s(z) are the
eigenvalues and eigenfunctions computed for the background model. Again
we have a Fredholm integral equation of the first kind to which linear inverse
theory can be applied. This approach has been studied extensively and
applied to both synthetic and experimental data [10,14,15]. For example,
measurements were made in Nantucket Sound, Massachusetts at 140 and
220 Hz using the experimental configuration shown in fig. 11.
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The geoacoustic model inferred from the data using perturbative inver-
sion with pp = 1.7 g/em® and ¢, = 1820 m/s is shown in fig. 12.

The corresponding comparisons between the theoretically computed and
experimentally measured pressure field magnitudes and Green’s functions
at 140 Hz are shown in Figs.13 and 14, respectively.

Comparable, excellent agreement also occurs at 220 Hz. The variance
associated with the sound speed estimate is shown in fig. 15.

Particulary noticeable is the sharp increase in the variance at about
six meters depth into the sediment. This corresponds to the maximum
turning depth for the modes used in the inversion. Below this depth, the
wave fields are evanescent and therefore carry less information about the
bottom properties.

4.8. Advantages

-Perturbative inversion methods utilize most or all of the data available.

-They are straightforward to implement because of the existing machin-
ery associated with linear inverse theory, which also provides resolution
and variance estimates.

-They are effective in applications to real data.

-They can sometimes be generalized to problems of higher dimensionality.

-They are stable with respect to noise.

4.4. Disadvantages

-Their effectiveness depends on the judicious choice of the background
model parameters.

-They have limited uniqueness properties which are associated with the
imposed constraints.

Inverse methods in ocean bottom acoustics 429

0 7.im RECEIVER 140 Hz

N L
o O

THEORY

I
S

' '
-~ @
o O

PRESSURE MAGNITUDE (dB)
g 8
=l
~
=
=
=
2

[o o]
(@]

EXPERIMENT

PHASE
(radians) |
[@3]

|
E]

0 300 600 900 1200

RANGE {(m)
140 Hz

0 12.5 m RECEIVER
“204 N THEORY

“40 1

I
S

EXPERIMENT /

PRESSURE MAGNITUDE (dB)
3 3

@x
O

o o
P

ot

300 600 900 1200
RANGE (m)

Fig. 13. Comparison of theoretical and experimental pressure fields.

PHASE
(radians)
4

(@]

5. Exact inverse methods

These methods are exact in the sense that they are non-perturbative and
therefore require only weak, general assumptions about the nature of the
unknown geoacoustic parameters. They also typically have associated with
them uniqueness theorems which clearly describe the type of input data
required to produce unique estimates of certain parameters. Examples of
these techniques are the trace method [16] and the Gelfand -Levitan method
[17.18]. which we will now discuss in more detail.
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5.1. Gelfand -Levitan method

The Gelfand Levitan method was originally developed in a quantum me-
chanical context associated with determining the potential V(z) in the
Schrodinger equation from scattering data [17]. Most applications to seis-
mic inversion problems have required the impulse response of the bottom
[i.e.. the plane wave reflection coefficient R(w) as a function of frequency]
at fixed angles of incidence as input data [19]. Under these circumstances.
if R(w) is known for all frequencies at two pre-critical angles. the sound
speed and density versus depth can be uniquely recovered. The principal
obstacle to the successful application of this method to experimental data
has been the bandwidth limitation associated with real seismic sources.
Specifically. low-frequency energy. which vields important trend informa-
tion in the inferred profiles. is lacking. Recently, there has been interest in
the application of the Gelfand-Levitan method to narrowband input data
for varying angles of incidence [18]. Then if R(k.) is known for all k. at
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Fig. 15. Variance associated with the compressional wave speed estimate in
fig. 12.

two frequencics. the sound speed and density profiles can be uniquely recov-
ered. Reference [18] extensively explores the narrowband, oblique incidence
problem both in terms of addressing the relevant theoretical considerations
and in carrying out extensive studies on synthetic data. A principal find-
ing of this work is that the narrowband case does not have the intrinsic
bandwidth limitation of the broadband case. This is due to the fact that
the relevant bandwidth in the narrowband case is in k., (i.e.. angle), not
w. Then the trend information is obtained from post-critical, low & (anal-
ogous to low w ) data which. in principle. can be obtained using Hankel
transform inversion of measured point. source fields (cf. Sections 3.1. and
4.1.). To date. the implementation of the narrowband approach on real
data has not been achieved because of the inability to perform a suffi-
ciently well-controlled experiment for measuring the reflection coefficient
in an ocean environment.

We shall review the steps in the oblique incidence inversion scheme, as-
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suming a known constant density throughout the medium. The first step
involves the computation of R(z). which consists of two terms:

. 1 =

N
Y — R —ik.z .o e L
R(z) = o R(k-)e dk, —1) rye . (19)

e n=1

The first term is the Fourier transform of the reflection coefficient, which
is usually computed using the FFT algorithm. while the second term is
the sum of the residues for any perfectly trapped modes (bound states)
excited in low velocity zones in the bottom. For typical cases of interest.
the second term can be ignored. The second step requires the solution of
the Gelfand- Levitan integral equation:

K(z.y)=—R(z+y) — /: K(z.2)R(x + y) dr. (20)

o —

Equation (20) is a Fredholm integral equation of the second kind which,
in general, is solved numerically, but can be solved approximately using
the method of successive approximations. The latter procedure vields the
following result for the potential:

V(iz) =~ g%@i)+4éz(2;)+--~ (21)

az

The first term in eq. (21) is simply the Born approximation. since

» dR(2z) _2 /‘x

k. R(ke 2k k..
1 . R(k.)e dA. (22)

J =0
The improved Born approximation in eq. (21) is useful computationally and
also demonstrates the nonlinear nature of the inversion process. Finally.
the sound speed in the bottom ¢(z) is calculated using the equations

5 dK(z, :),
dz

Viz) = (23a)

and
Viz)=ki[1- 712(2)] . (23b)
where n(z) = ¢p/c(z). and ¢y is the sound speed in the water.

We demonstrate the application of the method for three examples at 25
Hz using synthetically generated reflection coefficients as input data.
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Fig. 16. Gelfand-Levitan reconstruction for an isovelocity half-space.

Figure 16 shows the excellent reconstruction for an isovelocity half-space,
where ¢o = 1510 m/s.

In fig. 17, the exact. continuous, linear-gradient profile was approximated
by a sequence of homogeneous layers, each 6 m thick, so that R(k.) could
be computed using a propagator matrix method. Remarkably, the inverse
technique reconstructed the stair-step structure, even though the incident
wavelength was about 60 m (¢o = 1540 m/s). This is due to the fact that
the probing wavelength is A, = Acos#f, which ranges from zero at grazing
incidence to A at normal incidence.

In fig. 18, the stability of the algorithm with respect to noise, as well as
the use of the improved Born approximation, are shown for a step potential.
Here, zero-mean Gaussian noise with a standard deviation of 0.1 was added
to the reflection coefficient in the lower figure.

5.2. Advantages

-Exact inverse methods utilize most or all of the data available.

-They are non-perturbative and therefore do not require a detailed back-
ground model.

-They provide uniqueness theorems which are typically stated for unre-
alizable conditions (e.g., infinite bandwidth), but are nevertheless useful as
a guide in designing inversion schemes.
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Fig. 17. Gelfand--Levitan reconstruction for a linear velocity gradient approxi-
mated by homogeneous layers.

r

.3. Disadvantages

-They are difficult to implement on real data.

-They are difficult to generalize to problems of higher dimensionality.

-They are sometimes unstable with respect to noise (e.g.. in the broad-
band case).

6. Conclusions

We have seen that a variety of inverse methods are used in ocean bottom
acoustics, each of which has its advantages and disadvantages. Because
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Fig. 18. Gelfand-Levitan reconstruction for a step potential with and without
noise.

no single class of techniques is ideal, it is important to use as many mea-
surement methods and suitable inversion schemes as possible in inferring a
geoacoustic model. We must also recognize that although specific feature
and iteration of forward model methods have been and will continue to be
useful, we are entering a new era where the more powerful perturbative and
exact methods will dominate our approach to solving inverse problems.
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