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Abstract—To account for elastic and attenuating effects in the elastic wave equation, the
stress-strain relationship can be defined through a general, anisotropic, causal relaxation func-
tion 9¥*(x, 7). Then, the wave equation operator is not necessarily symmetric (‘self-adjoint’),
but the reciprocity property is still satisfied. The representation theorem contains a term pro-
portional to the history of strain. The dual problem consists of solving the wave equation with
final time conditions and an anti-causal relaxation function. The problem of interpretation
of seismic waveforms can be set as the nonlinear inverse problem of estimating the matter
density p(x) and all the functions 1“*(x, 7). This inverse problem can be solved using itera-
tive gradient methods, each iteration consisting of the propagation of the actual source in the
current medium, with causal attenuation, the propagation of the residuals—acting as if they
were sources— backwards in time, with anti-causal attenuation, and the correlation of the two
wavefields thus obtained.

Key words: Inversion, waveforms, attenuation, Green’s function, representation theorem,
dual conditions, reciprocity theorem.

1. Introduction

The problem of interpretation of seismic waveforms can be set as the problem of obtaining the
earth model which best predicts the actually observed seismograms. This opens two questions:
(i) given an earth model, how to solve the forward problem of predicting seismograms? and (ii)
how to solve the inverse problem of obtaining the optimum earth model?

The tools for predicting seismograms are the elastic wave equation and the numerical meth-
ods developed to obtain solutions, as for instance finite-difference approximations to derivatives.
Finite-difference approximations to the wave equation have the advantages of having enough
flexibility to be almost model-independent and of accounting, in principle, for a diversity of
waves. They are expensive, but nicely adaptable to the newly emerging class of massively
parallel computers.
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366 Albert Tarantola: Background for the Inversion of Seismic Waveforms

The inverse problem is essentially an optimization problem in a functional space. Difficulties
arise because the problem is large sized, and the functional to be minimized is nonquadratic.
The modest capabilities of present-day computers prevent the use of true nonquadratic methods
of optimization, like Monte Carlo methods. Gradient methods can be used which lead to elegant
results.

In this paper I first review the mathematics of the forward problem that are useful for the
inverse problem; wave equation, Green’s function, and representation theorem. Secondly, I
review the mathematics of functional least squares. Finally, I give the solution to the seismic
inverse problem, with more generality than in my previous papers, because here I take into
account attenuation.

In the problem of interpretation of seismic reflection data the model space has many degrees
of freedom (millions to billions), and methods of inversion based on a naive use of least-squares
formulas do not work. In particular, matrix algebra must not be used, and partial (or Fréchet)
derivatives of data with respect to model parameters should not be computed. Much work has
to be done analytically, in order to interpret the final formulas of least squares as operations
involving only wave propagations, and no linear algebra computations.

For developing a theory for inversion including attenuation we must first choose a model.
If in the perfectly elastic approximation it is clear that density p(x) and elastic stiffnesses
¢kl (x) (or related quantities) are the right earth parameters to choose, for a more realistic ap-
proximation including attenuation, the choice is not so clear, as many models for attenuation
exist. I take here the most optimistic point of view: that data sets exist which contain enough
information rendering a particular model of attenuation unnecessary, and that the more gen-
eral parameterization can be chosen: an arbitrary relaxation function “*(x,7). The goal of
inversion is then to obtain the density p(x) and the functions 1“*(x, 7). Of course, some con-
straints have to be imposed on the relaxation functions, as for instance causality and symmetry
conditions. If necessary, some soft constraints can also be imposed, as for instance spatial or
temporal smoothness.

Let u'(x,t) be the i-th component of displacement at point x and time ¢. If x, (r =1,2,...)
denote the receiver locations, a possible criterion of goodness of fit between observed and
computed seismograms is the minimization of

S:Z/:dtz

where ‘obs” and ‘cal’ respectively represent the observed and the calculated displacements from
a given earth model. Although results given by this criterion are fairly good, they are difficult
to obtain, and this criterion is replaced by the least-squares criterion of minimization of

S = ; /t:l dt; (ui(xr, t)obs — ui(xr,t)ca1>2, (1b)

which gives less robust results but computations which are manageable with present: day
computers.

(500 g~ (5r01) (12)
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In Section 2 the rate-of-relaxation function is defined, which will be at the center of our
mathematical developments. Section 3 rapidly reviews the fundamental equation: the elastic
wave equation with attenuation. In Section 4 I recall the definition of the transposed (and
adjoint) of an operator, and in Section 5 the transposed of the wave equation operator is given.
The Green function is introduced in Section 6, leading to the general representation theorems
of Section 7, which are independent of the reciprocity relations shown in Section 8. Section
9 reviews rapidly the Born approximation, useful for computing the gradient of the least-
squares misfit function. A very formal version of the least-squares theory in functional spaces
is developed in Section 10, and is applied to the problem of interpretation of seismic waveforms
in Section 11. The formula allowing waveform inversion for obtaining the rate-of-relaxation
function is, to my knowledge, original. The last Section addresses the results obtained.

2. The Rate-of-Relazxation Function

The most general linear relationship between stress, 0/(x,t), and strain £”(x,t), can be de-
scribed using a kernel W% (x, t;x/,¢/):

+w ..
o (x,t) —/dV(x/)/ AU (x, tx! 1) (% 1), (2a)
\%4 —o0

which has to be causal, must have some symmetries, and may be a distribution (containing the
delta ‘function’ and/or its derivatives). This is too general for most seismic purposes. Assuming
that the stress-strain relationship is local,

Uk (x % 1) = UM (x; ¢, 1) 6 (x — x'),

gives

o (x,t) = / AT (x; 1, 1) (x, 1), (2b)

o0

If the medium properties do not depend on time,
U (st 1) = WM (x,t 1),
and

+oo
O'Z] (X’ t) _ / dt/\pl_]kl (X,t o t/)gkl (X, tl) (2C)

o0

The function W¥*(x, 7) has to satisfy causality,
UM (x 1) =0 for 7<0, (3)
and is assumed to have symmetries:

\Ilijkl(x, T) = \I/j’kl(x, T) = \I/k“j(x, T), (4)
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(from where it follows U7 (x, 7) = W4*(x, 7) = Wik (x 7)). Notice that the causality property

allows writing (2c¢) as
t+

st = [Vt ) ).
Instead of the function W¥* (x, 7) it is customary to use the creep function ¢“*(x,7) defined
by

t
ct) = [ et - )M et (5)
or its inverse, the relazation function 1"*(x,7) defined by
t
Tt = [ e - )., (©)

where a dot denotes time differentiation. As we have
VI (x, 1) = M (x,7), (7)
Uik (x, 7) can be named the rate-of-relaxation function.

Example 1. Perfect elasticity. Choosing

Wikl (x 1) = ¥ (x)0(T), (8)
where 40(+) is the delta ‘function’, gives Hooke’s law
o (x,t) = M (x)e" (x,1). 9)
For isotropic media,
() = A, ()59 + i 30) (576 + 57¥), (10)

where A\ (x) and p.(x) are the (elastic) parameters of Lamé, related with the elastic bulk
modulus by
3ke(x) = 3Ae(X) + 2pte(x). (11)
As a first approximation, for usual rocks, A\, ~ p..
Example 2. FElasticity with viscosity. Choosing
WM (x,7) = ¢ (x)3(r) — A ()d(r), (12)
gives the Kelvin-Voigt law
0V (x,t) = M (x)e" (x, 1) + d7 (x)" (x, 1), (13)

which corresponds, in a 1D problem, to a perfectly elastic spring and a perfectly viscous dashpot
in parallel. For isotropic viscosity,

d7M(x) = A\ (x)67 6% + uv(x)(éikéﬂ + (5“5]"“). (14)
The viscous bulk modulus is defined by
Bky (%) = 30 (%) + 2p10(x). (15)
As a first approximation, for usual rocks, 3k, = 3\, + 2, ~ 0.
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Example 3. Constant (). In a one-dimensional example, KJARTANSSON (1979) shows that
the rate-of-relaxation function

1
U(T) 0, for 7>0 (16)
T
U(r)=0 for 7<0 (17)

implies a quality factor @) strictly independent on the frequency, and, for a sufficiently small
value of the positive parameter ~, fits most of seismic data.

3. The Fundamental Equation

Let us be interested in the description of elastic waves propagating inside a volume V, sur-
rounded by a surface S. Points inside V will be denoted x,x’,... while points on S will be
denoted £,&',.... From the fundamental laws of physics we can show (e.g., DAUTRAY and
LIONS, 1984) that if we impose to a medium with matter density p(x) and rate-of-relaxation
function U¥*(x, 7), a volume density of force ¢*(x,t), a moment density M¥(x,t), and a sur-
face traction 77(¢,7), then the displacement field u’(x,t) satisfies at any point inside V the
relationship

O*u' Do ;
p(X)W(X, t) - Oxi (Xu t) - ¢ (X7 t) (18>
where
ij ij oo Irpigkl ' ou” '
o’ (x,t) = MY (x,t) + dt"w (x,t—t)w(x,t), (19)
oo x

and, at the surface,

n’(§)o” (1) = 7(& 1) (20)

Notice that o%(x,t) is the total stress (internal plus external origin) and that in the equations
of the previous section the external stress M (x,t) was implicitly assumed to be zero.

4. Mathematical Preliminary: Symmetric and Self-Adjoint Operators

Let U be a linear space, whose elements, denoted u, are named vectors. For instance each
element of U may be a displacement field u(x,t). A Linear form over U is a linear application
from U into a space of scalars (identical to the real numbers of R excepted in that the scalars
may have a physical dimension). We will say that a linear space U is a dual of U if each
element of U defines a linear form over U (I prefer that definition to the traditional definition
of mathematicians where the dual is the space of all linear forms). Let 0y € U. The scalar
associated to any u € U by 1y is denoted by (Gp,u)y. Alternatively, each element ug € U
defines a linear form over U through

<u0,ﬁ>U = <fl, ll()>U. (21)
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Let U and ® be two linear spaces, and L a linear operator from U into ®. For instance, L
may be the wave equation operator defined in chtion 5. An operator L' mapping ® into U
will be named the transposed of L if for any ¢ € & and any u € U

<¢Z, Lu>q) = <Lt$, u>U. (22)

This definition of transposed operators may be compared with the definition of adjoint
operators. The adjoint of an operator may only be defined if the spaces in consideration have
a scalar product. Let for instance the linear operator L map the linear space U into the linear
space @, and let (uy, us)y and (@1, ¢2)e denote respectively the scalar products over U and .
An operator L* mapping ® into U will be named the adjoint of L if for any ® and u,

(6, Lu)g = (L°6,u),,. (23)

Details on the mathematical definition of transposed and adjoint operators may be found
for instance in TAYLOR and LAY (1980).

Transposed operators have an important and very simple property which follows immedi-
ately from the definition of the kernel of an operator: if two operators are mutually transposed,
their integral kernels are identical, excepted in that their variables are ‘transposed’.

It can easily be seen that if W and Wy are the operators defining the scalar products over
U and &, respectively:

(111, 110>U = <WU111, 110>U (24a)
(61,90) g = (Wad1, 00) 4, (24b)

then transposed and adjoint are related by
L* = W,'L'Ws. (25)

By definition, if L maps U into ®, then L’ maps ® into U. In the particular case where @,
can be identified with a dual of U, both L and L! map U into U. In that case, the definition
of transpose (22) can be rewritten

<<H7 Lﬁ)>f] = <Lt<av ﬁ>>U7 (26>

with W and w elements of U. If, in that case, L and L! have the same domain of definition,
and if for any W and W we can replace in (26) L by L:

we say that L is symmetric, and we write
L=L" (28)

By definition, if L, maps U into itself, then L* also maps U into itself. In that case, the
definition of adjoint (23) can be rewritten

(T,LW)y = (L'T, W)o. (29)
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If, in that case, L and L* have the same domain of definition, and if for any U and u we can
replace in (29) L* by L:
(ﬁaLﬁ)>U = (Lﬁvﬁ)Ua (3())

we say that L is self-adjoint, and we write
L=L" (31)

In the problem of wave propagation later studied, there is no natural scalar product, so
the general concept of transposed operator will be preferred to the more particular concept of
adjoint operator.

Practically, when we have an operator L, we can use the two following rules to obtain the
formal transposed:

(i) a derivative operator is anti-symmetric, i.e., its transposed equals its opposite.

(ii) if L is an integral operator, we can introduce its integral kernel; the transposed operator
is also an integral operator and the kernel of the transposed operator is the transposed
of the original kernel.

Once we have the formal transposed, we compute the difference

<QA§J Lu><1> - <Lt(£7 u>U7

and if necessary, we impose restrictions on the spaces U and ® for this difference to vanish.
These restrictions are named dual conditions, and we will see examples in the next section.
Typically, for a differential operator, the dual conditions are boundary conditions. For an
integral operator, there are no dual conditions to impose if the integrals defining the linear
forms have the same bounds as the integrals defining the operators. If not, we have to impose
conditions on the functions outside the bounds.

5. The Wave Equation Operator and its Transpose

Let U be the space of all conceivable displacement fields u = {u’(x,t)}, and ® the space of all
conceivable source fields ¢ = {¢'(x,t)}. The wave equation operator (with attenuation) is the
operator L mapping U into & defined by

; 0’ 9 [T = ou*

(Lu) (X,t) = p(X) 12 (X, t) — % /_oo dt,\p% (X, t,t')@(x, t/), (32)
where E)éikl (x;t,t') is causal (the right arrow is to distinguish this function from an anti-causal
function to be introduced later). This allows the wave equation with attenuation defined by
equations (18)—(19) to be written as:

Lu =4, (33)
where

—j(x, t). (34)
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In the definition (32) we choose the function ﬁ)éikl(x;t,t’) defined in (2b), rather than the
rate-of-relaxation function @jikl(x, 7) defined in (2c¢) because it is not more difficult to handle
and will later help to clarify the properties of the Green function. To simplify notations, the
index (o) in 3{}'“ (x;t,t") will be dropped in what follows.

For a given ¢ € ® we can define, for any u € U, the scalar

(p,u)y = / dV(x)/ dte'(x, t)u'(x,t), (35)
1% to

which has the dimension of an action (energy x time). As each element of ® defines a linear

form over U, we can say that ® is a dual of U. Alternatively, for a given u € U we can define,

for any ¢ € ®, the action

tl . .
(.6he = (0.0 = [ Vo) [t ety ). (36)
1% to
The spaces U and & are mutually duals.
Equations (32)—(33) define the linear operator L, mapping U into ®. As U and ® are
mutually duals, the transposed operator L! also maps U into ®. Let us demonstrate that the
transposed of L is the operator L defined by

: 0*u’ o [T our
t ? _ . IS TRA L . / /
(L'u)'(x,t) = p(x) 5 (x,1) pp / dt' U™ (x;t,t )_8371 (x,t'), (37)

—00
«—..
where W (x;t,1') is the anti-causal. rate-of-relaxation function defined by
U (x: 1) = UM (x; 1 1), (38)

which means that the operator L' corresponds to a wave equation with negative attenuation.
For we have to verify that (26) is satisfied. We have

(T L) — (LT, Ty = /V 4V (x) / LAt (x, 1) (LY (x, 1)

to '
i1 . )
—/ dV(x)/ dt(L') " (x, t)d’(x, t).
1% to
Inserting (32) and (37), integrating per parts, and using the divergence theorem gives (see
Appendix A):

t=t1

(u,Lu)s — (L', ﬁ>U =+ /VdV(X) (u'(x,t)p “(x,1) — Pi(x, ) TW(x, t))

t=to

+/w@/UMW@wW@w—W@wﬁ@w) (30)

S to

+ /v 4V (x) / (T ) S0 (x, 1) — S0 (x, 1) U(x, 1)),

to
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where

T(x, 1) = / ATk (x4 E M (x, 1)

—00

+o0
St = [T )T l),

t1

and, where for each sense of the arrows — and «,

. 1 [ ou ou?

ij = - (= —

) = 3 (G 0+ 5560
.. +m ..
o (x,t) :/ dt" U (x; ¢ 1) e (x, 1)

and
THE ) =0l (€)a(€,t) for £ €S.

373

(40a)

(40b)

(40c)

(40d)

(40e)

Y (x,t) corresponds to the stress at time ¢ due to the history of the strain & “(x,t) before

to, while $¥(x,t) corresponds to the future of the strain z ¥ (x,t) after #.

If we restrict the domains of de&qition of L and L’ respectively to subspaces U and U
é
such that for any w € U and u € U the right-hand side terms in (39) vanish, then Lt is the

transposed of L. The elements of ﬁ and U satisfy then dual conditions.

First example of dual conditions: If the field W has a quiescent past:
w(x,t) =0 for t<t,
ou’ (
ot
and satisfies a condition of free surface (computed with positive attenuation):
ou*

ox!

X, to) = O,

n'(€) / +O° dt'ﬁgf’“l(g;t,t') (&,t)=0 for £e8,

o0

and the field W has a quiescent future:
W(x,t1) =0 for t>t,

Ou’
W (X, tl) == O,

and satisfies a condition of free surface (computed with negative attenuation):

ou*

ox!

n'(€) /_ m dt’Egj’“(g;t,t') &) =0 for £e8,

o0

(41a)

(41D)

(41c)

(42a)

(42D)

(42c¢)
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then, the integrals in (39) vanish: conditions (41)—(42) are dual conditions.

Second example of dual conditions: 1f in the example above we assume conditions of rigid,
instead of free surface:

W& ) =0 for £€8, (43)
WiEt)y=0 for £€8, (44)

the integrals in (40) also vanish: conditions (43)—(44), together with the conditions (41a),
(41b)—(42a), (42b) are dual conditions.

6. The Green Function

Consider the operator Ly, defined by the restriction of the formal definition of L (32) to the
—

subspace U C U of fields satisfying the homogeneous initial conditions and the conditions of

free surface defined by equations (41). Then, for any ¢ belonging to the source space ®, the

equation
LfreeE> = ¢ (45)

has one solution W, and only one (if we limit our consideration to functions regular enough).
This allows L' to be defined, the inverse of Leee. It is named the Green operator, and is

free
q
denoted G gee:

c -1
Gfree = Lfree' (46)
Equation (45) is then solved formally by
ﬁ) == E:ﬁreegzs' (47)
An integral representation of (47) is written
. t — .. .
w(x,t) = / dV(X')/ dt'G{  (x, ;% ") ¢! (%, 1), (48)
|4 to

—..
and G{..(x,t;x,t'), the kernel of the Green operator, is named the Green function.

Consider now the operator Lf_ , defined by the restriction of the formal definition (32) to

free’
H
the subspace U C U of fields satisfying the homogeneous final conditions and the conditions
of free surface (with negative attenuation) defined by equations (42). Again, the equation
Lt

free

=9 (49)

H
has one solution, and only one. Let us denote Gy the inverse of LE .

Grireo = (L) (50)

Equation (49) is solved formally by
F
ﬁ == Gfree¢7 (51)
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h
or, introducing the kernel of G e,

. tl .. .
Ui(x,t) = / dv (x') / dtlagee(x, t;x e (X, ). (52)
1% to
By definition, we have

é
Lfreerree = L (53&)

—
Lf..Gfe = L (53b)

Using the definitions of Lge. and Lf . and the kernels of afree and Efree, equations (53) take
the explicit form

9G¥ g [t 0G
X)—ee (x %', t) — —/ dt" Wikl (x; ¢, ") e (x ¢ x! ¢!
plo) et ¥) - o [ (it 1) e )
=6"5(x — x)5(t — 1)
+o0 ~kp
n’(¢) / dt”ﬁ)”’“(f;t,t”)%(f,t”;x’,t’) =0 ¢€S (54b)
G” (x,6:;x,t) =0 f !
free \*>» ©» ) - or t S t (54C)
0GHh 1y :
T(X,t;x,t):0 for t<t, (54d)
and
82<_?D o +o0 - aakp
X ree X,t;X/,t/ - _/ dt//\llzjkl X;t,t/l free X, t//7X,,t,
o) et = o (et ) 2 e )
= 0"6(x — x)S(t —t')
‘ +00 N akp
n (€) / ap g See Gy (G ) =0 (eS8 (55b)
G” (x,t;x',t')=0 for ¢t>1¢ (55¢)
free \“*» ¥y -
i
DChe (¢ 1x',#) =0 for 121 55d
T(Xa X, )_ or t=>1. ( )

As the inverse of the transposed equals the transposed of the inverse,
< - t
Giree = (Gfree) ’ (56&)
and, as the kernel of the transposed has transposed variables,

—.
p
G free

(x,t;x',t") = ‘61”'

free

(x',t';x,t). (56b)
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Notice that this is not a reciprocity relation: it relates (_ﬁfree to Efree, but it does not express
an internal symmetry of Effree. The reciprocity relationships are analyzed in Section 8.

If instead of Lge we define Lyigq as the restriction of L to the subspace of fields satisfying
the homogeneous initial conditions and the conditions of rigid surface defined by equations
(43), and L, as the restriction of L' to the subspace of fields satisfying the dual conditions
defined by equations (42a), (42b) and (44), we can introduce E‘iﬁgid and Erigid as above. The
equivalent of equations (54)—(55) is

rigl t / t/ - dt//\:[}l] t t// rign t//, / t/

pl) = et o [ it ) e )
= §P5(x —x)o(t —t')
(_;:?i)gid(gv t; X,7 t,) =0 g € S (57b)
aip AT AN /
igd (X, 6 X,1) =0 for ¢t <t (57c)
dG™
artlgld (x,t;x,t') =0 for t<t, (57d)
and
82aip. 0 too 8<(_}k”

rigid 1oy 151, ikl " rigid ", o4l

_ t: t) — — dt' v 0.t t: t
PX) g (XL E) =55 /oo (et ) =gt (6, 5 E) (582)

= §P5(x —x)o(t —t')
G (e ) =0 ¢€8 (58b)
<ajp A AN /
g (X, 6 x,1) =0 for t>1 (58¢)
OG™.
6—;gld(x, txt)y=0 for t>t, (58d)
and we also have . .

Glzrli)gid<xa t; le t/) = Gfizgid(xlv tl7 X, t)' (59>

7 Representation Theorems

..
Let G"(x,t;x/,t") be any Green’s function satisfying the wave equation associated with the
dual problem (i.e., with negative attenuation in our case):

(X)aQ—@J(X t'X/ f;l) _ i /JFOO dt”Eijkl(X’t t”) 8<(_}kp (X t”'X/ i/)
p atQ ) 7 ) ax] . ) ) axl ) ) b (60a)

= §P5(x — x')o(t — 1),
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and with final conditions of rest:

—.
G?(x,t;x',t) =0 for ¢t>1 (60Db)

oG

W(X, t:xt)y=0 for t>1t. (60c)

As no surface conditions have yet been specified, there exists an infinity of such Green’s func-
tions.

Let u'(x,t) be an arbitrary field, not necessarily satisfying a wave equation. For any ', t; <
t' < t1, we have

WP ) = /V 4V (%) / L (x — x)3(t — )i (x, ). (61)

to

Inserting (60a) into (61), using the final conditions (60b)—(60c), integrating per parts, and using
the divergence theorem gives (see Appendix B)

uP(x', 1) = / dV (x) /tl dtai”(x,t;x',t')&(x, t)
v

to

+/d5(5)/ldtaip(g,t;x’,t’)%i(g,t)

S to

o0

I N aGH» |
— /dS(g)/t dt [nj(,f)/_ dt”qﬂjkl@,t,t”) o (f,t//,Xl,tl)] ul(é,t) (62)
+/VdV(x)p(x) [E”’(x, to;x’,t')%(x, to) — %(x, to;x’,t’)ui(x,to)]

t <.
b o0G®? AN
_/VdV(X> /to dtm(x,t,x,t)ﬁ (X,t)

where o2 5 i
10 _ u’ Y Oo 0 ikl (. " ai "
5x.0) = o0 G (xut) = 5 [T ) T ), (63)
to k
et = [ TG ) T ), (64)
and

A ) +oo g out
Al =) [ TG T ) (65)
oo x
Equation (62) is a quite general representation theorem, but remember that the Green function
is not defined unique(l_y. Notice that it is because we have imposed a megative attenuation in
the definition (60) of G that we have in (63) and (65) expression which correspond to the usual

source field and surface tractions of a field propagating with positive attenuation.
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Example. Let us be interested in a field u'(x,t) defined, for t € [to, 1], by

aQ—H‘ a—>z’j ]
po0) g (6. 1) = T (x,1) = ¢ (x. 1) (662)
T (x,t) = MY(x,t) + / +OO AW (x ¢, t’)aazk (x,t') (66b)
n? (&)T(&t) = TH(€,t) for £€8S (66¢)

and assume that the history of the field is known for ¢ < ¢;.Then, choosing for G the operator

Gfree, satisfying free boundary conditions (55), introducing the transposed operator Gfree, using
(62) we obtain, using equation (56b) and the divergence theorem, and relabelling variables,

t
w(x, ) :/dV(X')/ dt Gfree(x,t;x',t’)gbj(x’,t')
v

to

+/d5(5’)/ at’ Ggee(x,t;g’,t’)ﬂ'(g",t’)

ij
_/ dV(x')/ dt’ 3;’;?6 (x, t;x, ) (M (X, ) + 2% (X, 1)) (67)
\% to
+/ AV (x)p(x) |G, (x, t; %, ¥ :to)a (X’t/ = to)
. ree at,
(7G

af/ree(xtx ' =to) W (x', 1 =to) |,

where $%(x, t) is the stress due to the strain for ¢ < ¢, not already relaxed:

. to — . 87k
S(x, ) = / AT st #) ). (68)

Notice that the partial derivatives of the Green function are with respect to the source space-
time coordinates.

In equation (67) the fields ¢, 7, M, 3, ug, and vy, can be named ‘generalized sources’ of
the field u. Then this equation defines a linear operator from the space of generalized sources
into the space of displacements. This operator can be named the ‘generalized Green operator’.

8. Reciprocity Theorems

In the previous definition of Green functions, we have used a function W% (x;¢,#): the medium
parameters may depend on time. Then there is no reciprocity relation satisfied.
If we assume that the medium parameters do not depend on time,

Wikl (x: ¢, t') = Wik (x:t — 1, 0), (69)
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then, changing ¢ by —t switches from the dual problem defined by (55) into the primal problem
(54), and the dual problem (58) into the primal problem (57). Then

(—?:gee(xv t; le tl) = Egjee<xv _t; Xl? _tl)ﬂ <7O>
and
ai{gid(x> t; X/a t/) = <(—;'giigid (X7 —t; X/’ _t,)' (71)

As the density p(x) is also independent on time, the whole wave equation is invariant by
translation on time. Then

Gl (66X, 1) = Gl (x,t =1, %, 0), (72)
and
aggid(x, tx 1) = (_;fﬁ{gid(x, t—1t';x',0). (73)

From (70) and (72) it follows the reciprocity relation for Giee:

Gl e rixd0) = G
free <X7 X, - free

(x',73x,0) (74)

while from (71) and (73) it follows the reciprocity relation for Gyiga:

ij ) — (3
Gl (x,7;%x,0) = Gligia

rigid

(x',7;%x,0) . (75)

The response at point x along the i-th axis for a source at point X’ along the j-axis, equals
the response at point x” along the j-axis for a source at point x along the i-th axis. For both
experiments, the source starts at 0 and we record at 7.

— ..
Notice that to any Green’s function GY(x,t;x’,t") we can associate the Green function of
< ..
the dual problem GY(x,t;x’,t'), that they satisfy necessarily the property

aij(x, t:x' ) = <(_?rj"(><’7 ' x,t), (76)

but that to satisfy a reciprocity property we need more structure: an equivalence between
primal and dual problems under some change of variables.
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9. The Born Approxzimation

Let us consider the field u‘(x,t) defined by the system of equations

0*u’ o ;

p(X)W@(? t) - %(X, t) - ¢ (X> t)? (778“)

iy iy oo . ouk
o (x,t) = MY (x,t) + / dt" Uik (x ¢ —t’)W(x, t), (77b)

oo x
n!(§)o (& t) =7'(§t) for €S, (77¢)
u'(x,t0) = a'(x), (77d)

ou’ 4
- (xto) = 5'(x), (77e)
u'(x,t) =y (x,t) for t<t,. (771)
A perturbation of the model parameters

p(x) — p(x) +0p(x) (78a)
WM (x 1) — Wk (x ) + UK (x, T) (78Db)

leads to a perturbation of the displacement field
u'(x,t) — u'(x,t) + du'(x,t). (78¢)

For the use of gradient methods, we need the first order approximation to du‘(x,t). Inserting
(78) into (77), subtracting (77), and dropping second-order terms we arrive easily at

O?6u’ 060 ;

P(X)W(& t) — W(X’ t) = 0¢'(x, 1), (79a)
ij ij T ik , O0u” /
do"(x,t) = oM"Y (x,t) + dt" W (x,t — 1) o (x,t), (79b)
o x
n?(€)0o"(&,t) =0 for € €S8, (79¢)
ou' (x,t) =0, (79d)
oou’
_615 (X,to) = 0, (798)
Su'(x,t) =0 for t<to, (79f)
where 0¢ and )M are the ‘secondary Born sources’
, 9%

56" (x,£) = =0p(x) - (%, 1), (80a)

ot?



PAGEOPH, Vol. 128, Nos. 1/2, 1988, p. 365-399 381

and
y +oo . ou®
SM (x, 1) — / AU s 1,1) S, ). (80b)
xr

—0o0

The field du defined by this system of equations corresponds to the Born approximation to
displacement perturbation. The intuitive interpretation of equations (79) is as follows. The
field u propagates in the unperturbed medium (because p(x) and W% (x;¢,¢') appear in the
left-hand side, but not dp(x) and §W¥* (x;¢,¢'). Sources for this field exist where the medium
has been perturbed. They are proportional to the perturbations dp(x) and §W¥* (x;¢,t'), and
to the reference field u(x, t). By comparison with equations (18) to (20), we see that the source
corresponding to the density perturbation is a force density, while the one corresponding to the
perturbation of the visco-elastic parameters is a moment density.
Using the representation theorem (67) we obtain

t1 ) )
SuP(x, 1) = / 4V (%) / GG (X 15 x,1)56' (x, 1)
174 to
R Teld y (81)
—/ dV(x)/ dt—(x' 7/, x, 1) 0MY (x, t).
Vv t 8.T'7

0

Equations (80)—(81) give the explicit expression to the Born approximation.

10. Least Squares in Functional Spaces

Assume that using sources ¢'(x,t), 7/(£,t) and M¥(x,t) (usually of only one type) we generate
a displacement field u'(x,t) in a medium described by the parameters p(x) and W9 (z, 1),
and that we measure the field u(x,t) at some receiver locations x, (r = 1,2,...). We wish
to use the observations w(X,,t)ops to infer the values of the parameters p(x) and W9k (x, 7)
describing the medium.

We assume here that the field u(x, t) satisfies homogeneous initial conditions, and propa-
gates_)with a free surface. In this section, the notations L and G will stand respectively for Lgee
and Gee (or the corresponding generalized operators introduced in Section 7). The field u is
then defined by the equation Lw = 1), where 1) denotes the generalized sources (representing
'(x,t), 7(&,t), and/or M¥(x,t)). The operator L is a function of the medium parameters. To
make this dependence explicit, we write L{m], where m represents a model of the medium, i.e.,
a set of functions {p(x), U¥*(x,t)}. The models of the medium belong to the ‘model space’
M.

Then, W is defined by

L[m]u = . (82)

The observed values ' (x,,t) will be denoted by dyps. The values uw?(x,,t) calculated from a
model m will be denoted by d., or d[m]. The data vectors d belong to a ‘data space’ D.
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The aim of least-squares inversion (TARANTOLA and VALETTE, 1982a, 1982b; TARAN-
TOLA, 1987) is to obtain the model m minimizing the misfit function.

1
Slm] = 5 ([ld[m] — dops||* + [m — mypiee|?)

(83)

N | — N

[(Cp' (d[m] — dobs), (d[m] — daps)) + (Cyf (M = Mipricr), (M — Mypior)) |

where Cp is the covariance operator describing data uncertainties, myo, is some a priori
model, and Cj, is the covariance operator describing uncertainties in mpyjo,.
The gradient 4 of the misfit function is defined by the first-order development

S(m + dm) = S(m) + (¥, 0m) + O(||6m]|?). (84)
It is an element of the dual of the model space (identified with the model space weighted by

Cy})
The direction of steepest ascent is then (TARANTOLA, 1987a)

v =Cum7, (85)
and the algorithm of steepest descent for the minimization of S(m) is
m, ; =m, — Q,%, (86)
where o, is a constant sufficiently small to ensure
S(my,y1) < S(my,). (87)

Let us now formally compute the gradient of the misfit function. As the term (Cj;(m —
Myyior), (M — My, is quadratic in m, it makes no problem, and is dropped (the reader will
easily correct for it).

Formally, d is obtained by projecting the field u(x,t) into the observation points X,.:

d=Pu, (88)
where P is the projector (P? = P) defined by
(PR) (3, 1) = T (3. 1) (39)

The reader may easily verify that the transposed of P is the operator defined by

(P'd)'(x,t) = > 6(x — x,)d'(x,, 1), (90)

where d is an element of the dual of the data space (identified with the data space weighted
by Cp').
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We have ]
S(m) = §<C51 (Pﬁ) - dobs>7 (Pﬁ) - dobs)>7 (91>

where
Lm]u = . (92)

A perturbation of the medium parameters leads to

m — m+ dm (93)
leads to )
S(m +om) = 5(Cp' (P(U + AW —dos), (P(T +AW) — dos) ) (94)
where AW is defined by
L[m + dm](W + AW) = ¢, (95)

and depends (nonlinearly) on dm. Let 6 U denote the first order approximation to AW
AT =5 + O(|jom|?). (96)
Then

S(m + 0m) = %<CD1 (P(W +0W) = dobs), (P(W +0W) — dobs)>
= S(m) + %<C;,1 (PO — dops), PoU) + %(C;Pm, (PU — dops))
+O(][om|");
as covariance operators are symmetric,
S(m + om) = S(m) + (C' (PT - daps), P ) + O([[om|*);
and, introducing the transpose of the projector P,

S(m + 0m) = S(m) + <Pt051 (PT — dos), 5ﬁ> +O(||om|). (97)

The field 5, first order approximation to AU corresponds to the Born approximation to
AT (see Section 9). It corresponds then to the field created by some Born secondary generalized
sources 01 and propagated into the unperturbed medium m:

§u = G[m]dp. (98)
Equation (97) then becomes

S(m+ 0m) = S(m) + <PtCZ)l (P — dops), G5"¢> +O(]|oml|?)
= S(m) + (0, 5¢) + O(|mlf*),
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where U is defined by
u =G'P'C (PU — dops), (100a)
ie.,

L'u =P'Cp' (PU — dobs). (100Db)

The field U is created by the sources PtCE)l(Pﬁ> —dgbs ), and satisfies conditions dual to those
satisfied by .

The Born secondary sources 61 depend linearly on a U and on dm. Introducing the notation
5 = (AW)0m (101)

leads to
S(m+ dm) = S(m) — <<ﬁ, (Aﬁ))ém> + O(H(SmHQ),

and properly introducing the transpose of the operator (Aﬁ)),
S(m+dm) = S(m) + ((AW)"u,dm) + O(|om|*). (102)

By comparison with (87), the last equation gives the gradient of the least squares misfit
functional S

4= (AW)"u . (103)
Equation (88) gives then
and (89) finally gives
m,; =m, — a,Cy(AW,)" u,. (105)

All the partial steps needed for an iteration of the steepest descent algorithm are:

L[mn} U, =1 (solve for u,,)

od, = PU,, — dops (compute data residuals)

Cpdd, = dd,, (solve to obtain the weighted residuals)

6, = Plod, (consider these as sources)

Li'a, = ¢, (solve for w,, i.e., propagate the sources with dual
conditions, solving the dual problem)

A = (Aﬁ)n)“ﬁn (compute the gradient 4,,, where A has been defined in (101))

Y = Cun (unweight the gradient)

m,,, =m, — &,V (update the model)

(106)
The above formulas correspond to a crude steepest descent method. Current implementations
of gradient methods for the inversion of seismic waveforms (GAUTHIER et al., 1968; KOLB,
1986; MORA, 1987; PICA, 1987) are rather based in conjugate gradients (e.g., FLETCHER,
1981; SCALES, 1985), which converge more rapidly.
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11. The Inverse Problem of Interpretation of Seismic Waveforms

This section applies the results of the previous section to the problem of interpretation of seismic
reflection data. Typically, a source is fired consecutively at different locations x, (s = 1,2,...),
and, for each source position, the displacement u’ is observed at some locations x,. (r = 1,2,...).
In all rigor, the time variable ¢ runs from —oo to 400 and there is only one source, concentrated
at different points at different times. More intuitively, we can consider that the time variable
is reset to t = ty at each new shot, and we record the earth’s surface displacements until ¢t = ¢;.
In that case, it can easily be seen that the gradient of the misfit function for an experiment
with different sources is simply the sum of the gradients corresponding to each source. We see
thus that, with any of the two points of view, we can limit our consideration to an experiment
with a single source.

The observed seismograms are denoted by u(x,t)eps, while the computed seismograms
corresponding to the n-th earth model are denoted u’(x,t),. The recording time belongs to the
interval [to,t1).

Let us take in order all the steps (106).

Equation (106)(a): L[m,|u, = ¢. Let p(x), and U7*(x, 1), denote the current earth
model. If the sources of seismic waves are described by the force density ¢'(x,t) the sur-
face traction 7'(x,t) and/or the moment density M%(x,t) then the current displacement field

W%, 1), is defined by

0* 00 ;
p<X>nW(X7 t)n - i <X7 t)n - ¢ <X7 t)> (107&)
- L too Ok
TI(x, t), = MY (x,t) + / dt’ Uik (x ¢ — t’)nw(x, s (107b)
oo x
n(§) 7 (&), =T7'(§1) for £€8, (107c)
W (x,to), =0, (107d)
O to) =0 (1070)
at X, 1o n_ €
WX, 1), =0 for t<t, (107f)

where a free surface and homogeneous initial conditions are assumed. The computation of the
field (x, t),, can be performed using any numerical method, as, for instance, finite-differences

(ALTERMAN and KARAL, 1968; VIRIEUX, 1986).

Equation (106)(b): éd, = PW, — dgs. This simply corresponds to the definition of the
residuals at the receiver locations:
5 (3, 1) = T (0 t), — T (0 1) (108)

obs”’
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Equation (106)(¢): Cpdd, = éd,. As an example, assume independent and uniform uncer-
tainties. Then,

5 (x,,1), = 50 (1)

(109)

n'

Of course, other more realistic choices of the covariance operator describing experimental un-
certainties can be made.

Equation (106)(d): ¢, = Ptéd,. From equation (90) we obtain

6" (X, ), = Z 6(x — Xr)écfi (xr,t), . (110)

This corresponds to a composite source, one point source at each receiver location, radiating
the weighted residuals in phase.

Equation (106)(e): L'u, = d¢,. As demonstrated in Section 5, to compute the field
W (x,t),, solution of L', = §¢,, means to solve the differential system

T o5 l.
g too ouk
TU(x,t), = / dt' iR (x t — 1), o (x, '), (111b)
n (&) (E,t) =0 for £€8, (111c)
w'(x,t1) =0, (111d)
ou’

5 (x,t1), =0, (111e)
Uk, t), =0 for t>t, (111f)

where instead of a quiescent past, the field has a quiescent future, and where the attenuation
is negative (anti-causal). To solve this problem, we can use the same computer code needed
to solve the system (107), reversing the time (see GAUTGIER et al., 1986) and changing

Wk (x, 1) by W95 (x, 1) = W% (x, —7). Notice that a reverse-time propagation with negative
attenuation is numerically as stable as a forward time propagation with positive attenuation.

Equation (106)(f): 4, = (AW,) 0 ,. Once the field w’(x,t), has been computed, we can
turn to the computation of the gradient. The operator A is defined by equation (101):

5y = (AW,)dm, (101 again)

where §1),, is the Born secondary generalized source corresponding to the perturbation ém =
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{6p, Wk} Using the results of Section 9 gives
(W, (AW,)om ) = (Wn, 0050

— +/VdV(x) Utl At (x, 1) T (x, t)} 6p(x) (112)

to

- /V dV (x) /_ e [ / " dt?iﬂ'(x,t)?’“(x,t—t’)] 0P(x, ).

o0 to

As, by definition of transpose,
<‘En, (Aﬁn)5m> _ <(Aﬁ’n)“ﬁn, 5m>, (113)

the components of the gradient follow using (103):

&P(X)n - ?i(xv t)n ® 71'()(’ t)n‘t:() ) (114>
and
’Ayfﬁkl(x, t)n = —Fu (X, 8)p ® =z kl(x, On (115)

where the time correlation between two functions f(t) and g(¢) has been defined by
t1
fO) 0= [ v fe)g(e - o) (116)
to

In Appendix C, I give a more direct demonstration of formulas (114)—(115).
If we are not interested in the attenuating properties of the medium, but only in the elastic
properties, we make the hypothesis

Wikl (x 1) = ¢F (x)d(T). (8 again)

Instead of modifying the theory to compute the gradient with respect to the elastic stiffness, it
is clear that only the correlations (115) at zero lag can contribute. Then,

AIR(X), = T U (x, 1), ® TM(x, t>"|t:0’ (117)

which corresponds to the result demonstrated by TARANTOLA (1987b).

Equation (106)(g): v, = Cuyry. The operator Cyy, describes the confidence we have on our
a priori model. Assuming for instance that the uncertainties on density are independent on
the uncertainties on the rate-of-relaxation function,

e, o
Cy = {0 CJ, (118)
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gives, introducing the corresponding covariance functions,

0 = [ AV, 05, X 3,5 (1192)
1%
and .
Y (%, T)n = / dv (x') / dt' CFP (x, 75X T AR (% ) (119b)
\%4 —00
FEquation (106)(h): m,;; = m, — a,7,. This gives, finally,
P(X)n+1 = p(X)n — @ Yp(X)n, (120)
and .. .. ..
TR (%, 7)pyy = UIR (% 7), — anyd ™ (x, 7). (121)

12. Discussion and Conclusion

For the purposes of inversion of seismic waveforms it seems better to introduce a completely
general rate-of-relaxation function W¥* (x, 7) rather than to use a particular model (Standard
linear solid, Constant Q, etc.). Some seismic data sets at least seem to contain enough infor-
mation to give useful constraints on W% (x, 1), as for instance seismic reflection data.

The representation theorems are as simple with this general linear model as for the particular
perfectly elastic model. Only a supplementary stress term appears, which is due to the history
of deformation before the initial time. Reciprocity is also satisfied.

The formulas given in Section 11 correspond to a steepest descent method. Practically,
considerable modification must be introduced. For instance, conjugate gradients may be used
in stead of steepest descent. But more fundamentally, I suggest not using at the outset all the
components of the gradient that may be computed. First invert for elastic parameters, and,
after convergence, allow attenuation to be introduced. This means that, at the beginning, only
the values for zero lag of the correlations (115) should be taken into account.

In fact, as suggested by TARANTOLA (1986) the elastic parameters themselves are highly
hierachisized. For instance, with seismic reflection surface data, the long wavelengths of the
P-wave velocity have to be first computed, then the P-wave impedance (product of density by
velocity). When a good model has been obtained, the S-wave velocity and S-wave impedance
can be computed.

When all these things have satisfactorily converged, then formula (115) is allowed to one
one step further, and to obtain the beat model of attenuation.

Appendixz A: Transposed of the Wave Equation Operator. Dual Conditions

The operators L and L have been defined by:

, 0%} 0 teo ou”
i . IRTES L . / / _
(Lu)'(x,t) = p(x) BTe (x,1) Eye / dt' U (x;tt )_axl (x,t), (A-1)

—00
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and

, 0’ o [t e ou®
too\¢ — o TR LIe. / /
(L'u)'(x,t) = p(x) BT (x,1) E /_OO ar'v (x,t,t)—axl (x,t),

—_— ..
where W7 (x;¢ ¢') is a causal function,

..
Tik(x:t,t') =0 for t<t,

and .. —_— ..
UM (x:t, 1) = W (x; ¢ 1),
We have
t1
<<H,LH’>¢—<L“H,W>U=/VdV(x)/t dtw'(x,t)(LW) (x,t)
0
t1 . )
- / 4V (%) / dH(LT) (x, )T (x, 1),
1% to

and, inserting (A-1) and (A-2),
(W, Lu)e — (L'u, u), = A+ B,

where . i oy
B 1 —; _Uz _ _UZ —;
A= /V AV (x)p(x) /t dt [u 01 o (e t) = S (1) (x,t)],
and
t1 ) o +o0 .. aﬁk
_ i - NI / /
B = /VdV(x)/to dt'u*(x,t) |:85L‘j /_Oo dt' IR (x; ¢, 1) o (X,t)}
" 2 A AT n| =i
+/VdV(x)/t0 dt {%/_m dt' W (x;t,t) o (X,t):| u'(x,t).
As . . . —;
9 Wau% B 8u17i P 82uzﬂ>i
ot ot ot ot? oz
we have s Vs —
— O*u' o u’ o -
A= [ aveon) |70 00 - e en)] |
Equation (A-7) can be rewritten
B=C+D,
where
" 9 _ ; e 1, i / a?k / _
C:_/‘/dV(X)/to di=— <UZ(x,zf)[/oo dt' Wi (x: ¢, 1) o (x,t)]

i 0 oo /<_ijkl /8<Uk N | =i ]
ﬁéwmlf%;[[ At 1) 2 e ) [ 1)

oo

389

(A-8)

(A-9)

(A-10)
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and

t1 ot +oo —k
D+ / 4V (x) / a2 (x,1) [ / a1, ) 2 t’)}
v to a —00 al’
; (A-11)

v t1d +ood/<aijkl . 8%’“ , 71
_/V (x)/to tU_m TS (x,t)] (1)

Using the divergence theorem gives

h —; ; oo e /a—>k /
o= [asi0 [ awico|we [ aTHenn )

[e.e]

+ [asie) / afwi) [ arwgny gAY )| e

—00
The term D can be rewritten

D:+£@wwljﬁ L/<ﬁ+/cﬁ+/w)’
- [ avis /ﬁ”/ﬁ+/ﬁ
+[ dt’

or, using the causality and anti-causality properties W “* (x: ¢, ') and W ¥*(x;¢,¢') respectively,

t1 a%z to t1
D:/JVX/‘ﬁ - (x,t / W+/‘M
1% ( ) to axﬂ( ) [[ —o0 to

(A-12)

<—7,
xt

z /8 /
it 1) 5 <x,t)]

Eijkl(x; t,t')

ou* o’
Ny <x,t>] S (x,1),

ou*
et t/)]

+°° ou* ou’
/ z]kl / /
/VdV / dt”/ d' + / bt t) 50 (x,t)] 2 x,1),
ie.,
D=E+F (A-13)
where
/ aﬂ)k /
e [ [ [ g7
ok o (814
z]kl /
/ / dt/ AT 1, #) S e, ) 5 (1),
and
to -k
— / [/ dt’ﬁ)’jkl(x;t,t’) Gaul (x, t’)}
oo x
/ (A-15)

ou* out
zgkl ! /
{/ dt' U (x; ¢, ) o (x,t)] 5 (x,1).

o
o
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Using (A-4) and the symmetries between indexes ij and kj gives
E=0.

This ends the proof for equation (39) of the text.

Appendixz B: Representation Theorem
— ..
Let G"(x,t;x’,t') be defined by

625@ g 0 e ikl " agkp .ot 4l

—0o0

=0"5(x —x)o(t —t'),

—.
GP(x,t;x,t')=0 for t>1
oG™
W(X, t, X/,t/) =0 for ¢ 2 t/,

where Wk (x;¢ #') is anti-causal:
..
Uik (x:t #) =0 for t>t.

For an arbitrary function u'(x,t) we have, for any ¢, ty < t' < ty,

t1 )
uP (/1) = / dV(X)/ dt6Po(x — x')o(t — t')u'(x, t).
1% to
Inserting (B-1a), into (B-3) gives
uP(x',t') = A+ B,
where

t1 az‘aip ‘
A= / AV (x)p(x) / it C b )ui(x, 1),
V t atQ

0

and

) J_ o

1 0 +0o0 — 8@’“1’ .
B:—/ dV(X)/ dt —/ dt” Wik (x: ¢, 1) (x,t"; %, 1) | u'(x,1).
v to a 8$l

As
— 9%

aG™ . — ou
ip
-G

RGP
4 i ip
o TG

oz T ot
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(A-16)

(B-1a)

(B-1b)

(B-1¢)

(B-2)

(B-3)

(B-4)

(B-5)

(B-6)
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<.
and, as G'P(x,t;x’,t') is anti-causal, we have

. 92ut
A:/dV(x)/ dtGP(x, ;% 1) p(x) —(x, t)
1% to atQ
oG™ - ou’ e
—/ dV (x)p(x) (x, to; X', U')u' (x,t0) — G (x,to; X', ') —(x, o) | -
v ot ot
Equation (B-6) can be rewritten
B=C+D, (B-8)
where
n 0 e nSg; gkl " agkp "ot gt i
0_—[ﬁwwl;m%;U;cum bttt ) | wit), (B9)
and
t1 +00 . 851@ auz
_ AN TR L. " [/ ~
D +/VdV(X)/tO dt [/OO dt" I (x;t, ") o (x,t ,X,t)] 8Ij(x,t). (B-10)

Using the divergence theorem gives

o0

t1 ) +oo —. 8(5’“1” ;
c__/qu/dtM@/‘dﬂ@wwuméw(&%ff)w@ﬁ. (B-11)
S t() —_ xr

Using - .
WM (x:t, ") = Wik (x; 1" ) (B-12)
changing t «» t”, ij < kl and reordering gives

k

e anp rogt n ng;ijkl " u "
D:/\/dV(X)/oo dtW(x,t;x,t)/ dt" U (x;t,t )W(X,t ). (B-13)

to

The anti-causality property of G (x,t;x’,t') and the causality property of Wikl(x;¢ ') allow
to change the bounds of integration:

el oo OuF
D= | D dt——(x, t: %, t/ dt" Uik (x: ¢ ") —(x, " B-14
[ oveo [ S e [ et S e, (BA)
ie.,
¢ Val +o0 t k
Yok 0 —. ou
D= [ dV dt—(x,t;x, ¢/ dt" — dt" | Wik (x: ¢t —(x,t"). (B-15
[aveo [ a >[/_OO || T S, (B15)
This gives

D=E+F, (B-16)
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where
tn aip +oo N k
E=+ /V 4V (x) / dtaaij (x,£:%, ) / dt"@ﬂkl(x;t,t")%(x, ), (B-17)
to —0o0
and -
no9Gw LI Ou*
e /V AV (x) / A e X ) / AT 1) 5 (1), (B-18)
to —0o0
Equation (B-17) can be written
E=G+H, (B-19)
where
t1 +oo k
G=+ /V dV (x) / dt% [gip(x,t;x’,t') / dt”@ijkl(x;t,t”)%(x,t”)}, (B-20)
to —0o0
and
t1 +o0 k
He /V 4V (x) / QWGP (x, %, ) {% / dt’@jkl(x;t,z')%(x, t")]. (B-21)
to —0o0

Using the divergence theorem gives

o . +oo — .. k
6=+ [asie) [ aGrienx. o) |wie) [ TarTrennThen]. @)

S to [es)

This ends the proof for equation (62) of the text.

Appendiz C: Alternative Computation of the Gradient

The calculated displacement at the receiver locations d = {w*(x,,t)}, is a nonlinear function
of the model parameters m = {p(x), ¥¥*(x, 7)}. A perturbation of the model parameters

p(x) — p(x) + dp(x) (C-1a)
\If”kl(x, T) — \Ilijkl(x, T) + 5\Ifijkl(x, T) (C-1b)
leads to a perturbation of the displacement field
T t) — T (x001) + 6T (30, 1). (C-10)
Writing the first-order approximation of §d = {6 u(x,,t)} as
dd = Aédp + Bov, (C-2a)

or, explicitly
+oo
U (xp, 1) :/dV(x)Ai(xr,t;x)ép(x)+/dV(X)/ dr BIH™ (x,., t;x, 7) 00 (x, 7)),
%4 \%4 —00
(C-2b)
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defines the derivative operators of calculated displacements with respect to model parameters
and their kernels.
As demonstrated in Section 9,

1 ) 2771
ST ) = — / 4V (x) / AT (%15, 10 (5,1
1% to C—3)
h aa)én / / oo / 17kl / aﬂ)k / (
_ ree . 1] .
/V 4V (x) /t A (1) /_ Y ) (),

which can also be written, at the receiver locations,

— h —ij 827j
o’ (%) _/dV(X) [—/ dt' G (%, 6%, 1) 5172 (x, t/)] dp(x)
v ¢

0

+00 th 5%‘]' P ‘
+/VdV(x) /Oo dr | — /to dt'ﬁ(xr,t;x, t')ax—m(x, t'—7)| oWIkm(x, 7).
(C-4)
By comparison with (C-2) this gives
7 n /_>ij ! 27j /
Al (x,, ;%) = —/t dt' G oo (%, 6%, 1) 5172 (x,t), (C-5a)
0
and .
g o AGY ol
ijklm . _ ree .
BH™ (%, 6%, 7) = —/to dt'a—wfk(xmt,x, tl)@a:_m(x’ t'—7). (C-5Db)

The operators A and B defined by (C-5) map the density and rate-of-relaxation spaces into
the data space. Their transposes map the dual of the data space into the duals of the density
and rate-of-relaxation spaces, i.e., for fixed dd they give

5p = Alad, (C-6a)

and R )
U = Bdd, (C-6b)

or, introducing their kernels,
t1 .
550 = 3 / dt(AY) (x, %, 1) 31 (x. 1), (C-7)
r to

and

t1 . .
FuHm(x, 7) = / dt (B (x, 7, %, )00 (%1, 1), (C-7b)
r Jto

but, as the kernels of the transposes equal the transposes of the kernels, we can write

t1
dp(x) = Z/t dtA' (x,,t,%x) 60" (%, t), (C-8a)
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and
A . tl .. .
SWH(x, ) = / dtBIM™ (x,,t, %, 7) 60 (X, 1), (C-8b)
r t
ie.,
i ! 827j AR
Z dt dt G’free Xr,t;X,t)W<X,t)(5u (%, ), (C-9a)
and
8G” o'’ 4
klm free . ~1
SWIkm (x 1) Z/ dt/ dqt/ = free o ,,tx,t’)am—m(x, t'—7)00 (x,,t). (C-9b)
Defining
1
W)= / At G (x,, 1%, 1) 511 (X, 1) (C-10)
r to
gives
. t1 py , 6273' .
dp(x) :—/ dt"u’ (x,t") 507 (x,t), (C-11a)
to
e AN
§pIkim = —/ dt’ t t— -11b
o)== [T T e =) (C-11b)
Using (56b) of the text, the definition (C-10) can be rewritten
t1
Tixt) =Y / AL G (x, 5 %,, )6t (%, 1), (C-12)
r to
ie.,
. b )
U(x,t) :/dV(X’)/ dt' GY (x,t;x',t") o’ (x', '), (C-13)
1% to
where

t) = Z 6 (x —x,) 00 (%, t). (C-14)

The representation theorem allows then the interpretation of u’(x,t) as a field satisfying final
conditions of rest, propagating with anti-causal attenuation, and due to the sources (C-14).

Using an integration per parts, the causality of ’(x,t) and the anti-causality of u*(x,t),
equation (C-11a) can also be written

N O o,
5p(x) = /t A (1) S (). (C-11¢)

Formulas (C-11b) and (C-11c) correspond to formulas (114)—(115) of the text.
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