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CONCLUSION OF THE LAST LESSON (IN THREE SLIDES):

Let p = ϕ(z, S) the mapping that to any medium z = {z(x)}
and any source S = {S(x, t)} associates the wavefield p =
{p(x, t)} defined by the resolution of the acoustic wave equa-
tion with Initial Conditions of Rest:

exp(-z0(x))
C2

∂2p
∂t2 (x, t)− ∆ p(x, t) = S(x, t) ; (ICR) .



We saw above the following result: For a fixed source field
S = {S(x, t)} , the tangent linear mapping to the mapping
p = ϕ(z, S) at z0 = {z0(x)} is the linear mapping Φ0 that
to any δz = {δz(x)} associates the δp = {δp(x, t)} that is the
solution to the differential equation (with Initial Conditions of
Rest)

exp(-z0(x))
C2

∂2δp
∂t2 (x, t)− ∆ δp(x, t) = Σ(x, t) ; (ICR) ,

where Σ(x, t) is the “Born secondary source”

Σ(x, t) =
∂2p0

∂t2 (x, t)
exp(-z0(x))

C2 δz(x) .



We now have the following result: The transpose mapping Φt
0

is the linear mapping that to any δ̂p = {δ̂p(x, t)} associates
the δ̂z = {δ̂z(x)} defined by the two equations written four
slides ago. That is, (i) compute the wavefield π(x, t) that is
solution to the wave equation, with Final (instead of initial)
Conditions of Rest, and whose source function (at the right-
hand side of the wave equation) is δ̂p(x, t) ,

exp(-z0(x))
C2

∂2π

∂t2 (x, t)− ∆ π(x, t) = δ̂p(x, t) ; (FCR) ,

and (ii) evaluate

δ̂z(x) =
exp(-z0(x))

C2

∫
dt

∂2p0

∂t2 (x, t) π(x, t) .



The mapping p = ϕ(z, S) depends on the (logarithmic) veloc-
ity model z = {z(x)} and on the source model S = {S(x, t)} .
We have examined the dependence of the mapping on z , but
not yet on S . But this dependence is linear, so we don’t need
to evaluate the tangent linear operator (it is the wave equation
operator L itself [associated to initial conditions of rest]). As
for the transpose operator Lt , it equals L , excepted that it is
associated to final conditions of rest.



And let’s now move towards the setting of a least-squares op-
timization problem involving waveforms. . . Recall: we had
some observable parameters o , and some model parameters
m , the forward modeling relation was

m 7→ o = ψ(m) ,

we introduced the tangent linear operator Ψ via

ψ(m + δm) = ψ(m) + Ψ δm + . . . ,

and we arrived at the iterative (steepest descent) algorithm

mk+1 = mk − µ ( Cprior Ψt
k C-1

obs (ψ(mk)− oobs)
+ (mk − mprior) ) ,

where the four typical elements mprior , Cprior , oobs and Cobs
of least-squares problem appear.



In a problem involving waveforms, it is better to consider the
operator m 7→ o = ψ(m) , as composed of two parts, an oper-
ator

m 7→ p = ϕ(m) ,

that to any model m associates the wavefield p , and an oper-
ator

p 7→ o = γ(p)

that to the wavefield p associates the observables o . The
mapping p = ϕ(m) has been extensively studied in the last
lesson (and its linear tangent mapping and its transpose char-
acterized). The mapping o = γ(p) can, for instance, corre-
spond to the case when the observable parameters are the val-
ues of the wavefield at some points (a set of seismograms),
or the observable parameters can be some more complicated
function of the wavefield. We have

o = γ(p) = γ(ϕ(m) ) = ψ(m) .



We have already introduced the series expansion

ψ(m + δm) = ψ(m) + Ψ δm + . . . .

Introducing Φ the linear operator tangent to ϕ and Γ the
linear operator tangent to γ , we can now also write

ψ(m + δm) = γ(ϕ(m + δm) )
= γ(ϕ(m) + Φ δm + . . . )
= γ(ϕ(m) ) + Γ Φ δm + . . .
= ψ(m) + Γ Φ δm + . . . ,

so we have
Ψ = Γ Φ ,

and, therefore,
Ψt = Φt Γt .



The least-squares (steepest descent) optimization algorithm then
becomes

mk+1 = mk − µ ( Cprior Φt
k Γt

k C-1
obs (γ( ϕ(mk) )− oobs)

+ (mk − mprior) ) .

We already know what Φt is (last lesson). Let us examine a
couple of examples of what Γt may be.



(i) The observable is one seismogram, i.e., the time dependent
value of the wavefield at one space location. The mapping
p 7→ o = γ(p) then is, in fact, a linear mapping p 7→ o = Γ p ,

p = { p(x, t) } Γ−→ o = { p(x0, t) } .

We have two duality products

〈 p̂ , p 〉 =
∫

dV(x)
∫

dt p̂(x, t) p(x, t)

〈 ô , o 〉 =
∫

dt ô(x0, t) o(x0, t)

and the transpose Γt must verify, for any δ̂o and any δp ,

〈 δ̂o , Γ δp 〉 = 〈 Γt δ̂o , δp 〉 ,
i.e.,∫

dt δ̂o(x0, t) δp(x0, t) =
∫

dV(x)
∫

dt (Γt δ̂o)(x, t)︸ ︷︷ ︸
δ(x−x0) δ̂o(x0,t)

δp(x, t) .



Therefore, the mapping

δ̂o 7→ δ̂p = Γt δ̂o

is the (linear) mapping that to any δ̂o(x0, t) associates the δ̂p(x,
t) given by

δ̂p(x, t) = δ(x − x0) δ̂o(x0, t) .

With this result in view, and the result demonstrated during
the last lesson, we can now interpret all the operations of the
steepest-descent algorithm

mk+1 = mk − µ ( Cprior Φt
k Γt

k C-1
obs (γ( ϕ(mk) )− oobs)

+ (mk − mprior) ) .



(ii) The observable is the energy of one seismogram,

o = E(x0) =
∫

dt p(x0, t)2 .

The mapping p 7→ o = γ(p) is not linear. Let us evaluate the
tangent linear mapping, using the standard expansion:

γ(p + δp) =
∫

dt ( p(x0, t) + δp(x0, t) )2

=
∫

dt ( p(x0, t)2 + 2 p(x, t) δp(x0, t) + . . . )

=
∫

dt p(x0, t)2 +
∫

dt 2 p(x, t)︸ ︷︷ ︸
Γ(x,t)

δp(x0, t) + . . .

= γ(p) +
∫

dt Γ(x, t) δp(x0, t) + . . . .

We have therefore identified the tangent linear operator Γ (to
any δp(x, t) it associates δo =

∫
dt 2 p(x, t) δp(x0, t) ) and the

Fréchet derivative ( Γ(x, t) = 2 p(x, t) ).



To identity the transpose operator Γt , we have here the two
duality products

〈 p̂ , p 〉 =
∫

dV(x)
∫

dt p̂(x, t) p(x, t)

〈 ô , o 〉 = ô(x0) o(x0) .

The transpose Γt must verify, for any δ̂o and any δp ,

〈 δ̂o , Γ δp 〉 = 〈 Γt δ̂o , δp 〉 ,
i.e.,

δ̂o(x0)
∫

dt 2 p(x, t) δp(x0, t) =

=
∫

dV(x)
∫

dt (Γt δ̂o)(x, t)︸ ︷︷ ︸
2 p(x,t) δ(x−x0) δ̂o(x0)

δp(x, t) .



Therefore, the mapping

δ̂o 7→ δ̂p = Γt δ̂o

is the (linear) mapping that to any δ̂o(x0) associates the δ̂p(x,
t) given by

δ̂p(x, t) = 2 p(x, t) δ(x − x0) δ̂o(x0) .

With this result in view, we can again interpret all the opera-
tions of the steepest-descent algorithm

mk+1 = mk − µ ( Cprior Φt
k Γt

k C-1
obs (γ( ϕ(mk) )− oobs)

+ (mk − mprior) ) .
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8.5 Fitting Waveforms to Obtain the Medium Properties

Before developing the theory in section 8.5.2 and examining the associated computer codes
in section 8.5.3, let us first discuss the problem and have a look at the images.

8.5.1 The Story, in Short

We consider the propagation of acoustic (i.e., pressure) waves in an one-dimensional medium.
Let x be a Cartesian coordinate and t be ordinary (Newtonian) time. When a pressure per-
turbation p(x, t) propagates in a medium where the velocity of the acoustic waves at point
x is c(x) , the pressure field p(x, t) satisfies the well-known (one-dimensional) acoustic wave
equation

1
c(x)2

∂2 p
∂t2 (x, t)− ∂2 p

∂x2 (x, t) = S(x, t) , (8.94)

where S(x, t) is the source function, i.e., the function representing the excitation that produces
the acoustic waves.

So, the medium is characterized by the velocity function c(x) . We assume that the source
field S(x, t) is perfectly known, and the goal is to use some observations of the pressure field
(i.e., some observed seismograms) to infer properties of c(x) .

8.5.1.1 A Priori Information

We are told that the actual (unknown) medium c(x)actual was created as a random realization
of a log-Gaussian distribution, with known log-mean and known log-covariance. This means
that the logarithm of the actual velocity, defined as

z(x)acrual = log
( c(x)actual

c0

)2
= 2 log

c(x)actual

c0
, (8.95)

where c0 is an arbitrary constant, was created as a random realization of a Gaussian dis-
tribution, with known mean and known covariance. Of course, the Gaussian model would
be inappropriate for a positive quantity like c(x) , while it is appropriate for the logarith-
mic velocity z(x) . Figure 8.13 shows the mean of the prior Gaussian distribution (a linear
function), and figure 8.14 shows the covariance function (an exponential covariance).

Figure 8.13: The mean of the a priori Gaussian
function for the logarithmic velocity is the linear
function z(x) = α + β x , with α = QQQ and
β = XXX .
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It is easy to generate pseudo-random samples of this a priori distribution (Gaussian for
the logarithmic velocity, log-Gaussian for the velocity). Figure 8.15 displays half a dozen
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Figure 8.14: Instead of choosing an a priori covari-
ance operator, I choose an operator L (simple to
operate with), and define the covariance operator
via C = L Lt . The operator L is simple to operate
with, and is such that C is an exponential covari-
ance (see section 1.8). This figure is the represen-
tation of the (prior) covariance function C(x, x′) .

pseudo-random samples of the velocity function c(x) , together with the log-mean of the
prior distribution (red line). Those samples would be the starting point of a Monte Carlo
resolution of the inference problem stated below, but this is not the way we follow here.

Figure 8.15: Some pseudo-random samples of the
a priori (log-Gaussian) distribution for the veloc-
ity, together with the log-mean of the prior distri-
bution (red line) (this line is, in fact, the exponen-
tial of the function represented in figure 8.13). If
enough of those samples were given, then, using
statistical techniques, the log-mean could be eval-
uated, as well as the covariance function in fig-
ure 8.14.
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8.5.1.2 Observations

When selecting one randomly generated sample of the a priori distribution just described
(the sample displayed in figure 8.16), and when using the source function S(x, t) displayed
in figure 8.17, the pressure wavefield displayed in figure 8.18 is generated (using the acoustic
wave equation 8.94.)

Figure 8.16: The “true” velocity model used
to generate the “observed” seismograms in fig-
ure 8.19. For the exercise below, we are not sup-
posed have seen this true velocity model: we only
know that is one particular sample of the a priori
log-Gaussian distribution.
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Figure 8.17: The source function
S(x, t) : a point in space and the
derivative of a Gaussian in time. For
the exercise below, this source func-
tion is assumed known.

Figure 8.18: The pressure wavefield
obtained when propagating in the ve-
locity model displayed in figure 8.16
the source function in displayed in fig-
ure 8.17 (using initial conditions of
rest). For the exercise below, we are
not supposed have seen the whole of
this pressure wavefield: only the two
noisy seismograms in figure 8.19 are
available.

At two positions x1 and x2 (corresponding to grid points 45 and 87), two seismograms
“have recorded” the pressure values as a function of time. The “recorded” values are con-
taminated by “instrumental noise”, simulated here as a white noise of variance QQQ . The
two “observed seismograms” are displayed in figure 8.19. One must understand that the
two figures 8.17 (the source field) and 8.19 (the two “observed seismograms) are available
for further work (our problem shall be to say as much as possible about the actual veloc-
ity function), but that the two figures 8.16 (the actual velocity function) and 8.18 (the actual
pressure wavefield) are only here to show how the “synthetic data” were built, but are not
avaiable for later use.
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Figure 8.19: The two seismograms “observed” at grid points 45 and 87, with “instrumental”
noise added (white noise with variance QQQ .)

It is sometimes useful to also display the residual seismograms defined as the difference
between the observed seismograms and those that would be predicted from the model at
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the center of the prior distribution (red line in figure 8.15). They are displayed in figure 8.20,
and, although for the computer they will just correspond to an intermediary computation,
we, humans, may already have a first indication of the difficulty of the optimization task to
be later faced.
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Figure 8.20: The initial residual seismograms (difference between the observed seismograms
and those that would be predicted from the model at the center of the prior distribution [red
line in figure 8.15]).

8.5.1.3 A Posteriori Information

Let us denote by z a logarithmic velocity model, by pobs the two observed seismograms
(data), and by

z 7→ p(z) (8.96)

the mapping corresponding to the prediction of the data. Let us also denote by Cobs the
covariance operator describing the noise in the data. The a priori information corresponds
to the mean a priori model zprior and to the covariance operator Cprior . For this weakly
nonlinear problem, the standard least-squares method applies. It tells us that the a posteriori
information in the model space is also a Gaussian, with mean zpost and covariance Cpost .

The posterior mean zpost is to be obtained by searching the point z at which the misfit
function

χ2(z) = ‖ p(z)− pobs ‖2 + ‖ z− zprior ‖2

= (p(z)− pobs)t C-1
obs (p(z)− pobs) + (z− zprior)t C-1

prior (z− zprior)
(8.97)

attains its minimum. This point is obtained using an iterative algorithm, each iteration re-
quiring the propagation of the actual source in the current medium (using initial conditions
of rest), and the propagation of a virtual source (the weighted seismogram residuals) us-
ing final conditions of rest (see the details in section 8.5.2). Once the point zpost has been
obtained, the posterior covariance operator can be obtained as

Cpost = (Pt
postC

-1
obs Ppost + C-1

prior)
-1 , (8.98)

were, if the introduce the linear tangent operator P (the kernel of which being called the
Fréchet derivative) via

p(z + δz) = p(z) + P δz + . . . , (8.99)

the operator Ppost is the value of P at point zpost .
When implementing all this in a computer (see section 8.5.3) one obtains an zpost that

is not represented here (the exponential of it is the red line in figure 8.22), and the posterior
covariance operator displayed in figure 8.21.
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be later faced.
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Figure 8.20: The initial residual seismograms (difference between the observed seismograms
and those that would be predicted from the model at the center of the prior distribution [red
line in figure 8.15]).

8.5.1.3 A Posteriori Information

Let us denote by z a logarithmic velocity model, by pobs the two observed seismograms
(data), and by

z 7→ p(z) (8.96)

the mapping corresponding to the prediction of the data. Let us also denote by Cobs the
covariance operator describing the noise in the data. The a priori information corresponds
to the mean a priori model zprior and to the covariance operator Cprior . For this weakly
nonlinear problem, the standard least-squares method applies. It tells us that the a posteriori
information in the model space is also a Gaussian, with mean zpost and covariance Cpost .

The posterior mean zpost is to be obtained by searching the point z at which the misfit
function

χ2(z) = ‖ p(z)− pobs ‖2 + ‖ z− zprior ‖2

= (p(z)− pobs)t C-1
obs (p(z)− pobs) + (z− zprior)t C-1

prior (z− zprior)
(8.97)

attains its minimum. This point is obtained using an iterative algorithm, each iteration re-
quiring the propagation of the actual source in the current medium (using initial conditions
of rest), and the propagation of a virtual source (the weighted seismogram residuals) us-
ing final conditions of rest (see the details in section 8.5.2). Once the point zpost has been
obtained, the posterior covariance operator can be obtained as

Cpost = (Pt
postC

-1
obs Ppost + C-1

prior)
-1 , (8.98)

were, if the introduce the linear tangent operator P (the kernel of which being called the
Fréchet derivative) via

p(z + δz) = p(z) + P δz + . . . , (8.99)

the operator Ppost is the value of P at point zpost .
When implementing all this in a computer (see section 8.5.3) one obtains an zpost that

is not represented here (the exponential of it is the red line in figure 8.22), and the posterior
covariance operator displayed in figure 8.21.
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Figure 8.21: The posterior covariance operator (see
the text for the discussion).

It is now easy (see 8.5.3) to generate pseudo-ramdon samples of this a posteriori distribu-
tion (Gaussian for the logarithmic velocity, log-Gaussian for the velocity) and half a dozen
of them are represented in figure 8.22. The comparison of figure 8.15 (prior samples) and
figure 8.22 (posterior samples) informs us about the gain in information obtained through
the use of the two seismograms. The posterior samples are much closer to each other than
were the prior samples. All of them display a “jump” in velocity around grid point 30, and
a “bump” around grid point 80 (this, of course, reflects two conspicuous properties of the
“true model” in figure 8.16).

Figure 8.22: A few samples of the posterior dis-
tribution, to be compared with the samples of the
prior distribution (in figure 8.15). The same ran-
dom seeds have been used to generate the prior
and the posterior samples (from where the simi-
larity). The red line is the log-mean of all the sam-
ples (or, equivalently, the exponential of the mean
of logarithmic velocity samples, not displayed). 0 20 40 60 80 100

0.4

0.5

0.6

0.7

0.8

0.9

1

Current least-squares practice, unfortunately, is not to display the posterior samples in
figure 8.22, but to just display the log-mean model (the red line), calling it “the solution” of
the least-squares inversion. To speak properly, the red line is not a model: the individual
samples are possible models, the red line is just the log-average of all possible models.

We may now look at the final residual seismograms.
Figure 8.23 displays the difference between the seismograms predicted using the center

of the posterior distribution and the observed seismograms. Note: I should perhaps suppress
this figure 8.23 as, perhaps, only figure 8.24 matters.

Figure 8.24 displays the residual seismograms: difference between the seismograms pre-
dicted by the six posterior random realizations and the observed seismograms. Note: some
of these residuals (for instance, for the random model #6) are quite large. I don’t fully under-
stand this.
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Figure 8.23: Final residual seismograms: difference between the seismograms predicted us-
ing the center of the posterior distribution and the observed seismograms. This is to be
compared with figure 8.20.
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Figure 8.24: Final residual seismograms: difference between the seismograms predicted by
the six posterior random ralizations and the observed seismograms. Note: I was expecting
those residuals to be as small as those corresponding to the mean model (i.e., as small as the
residuals in figure 8.23). Perhaps we see here the limits of the assumption that the posterior
distribution is approximately Gaussian.
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Figure 8.23: Final residual seismograms: difference between the seismograms predicted us-
ing the center of the posterior distribution and the observed seismograms. This is to be
compared with figure 8.20.
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Figure 8.24: Final residual seismograms: difference between the seismograms predicted by
the six posterior random ralizations and the observed seismograms. Note: I was expecting
those residuals to be as small as those corresponding to the mean model (i.e., as small as the
residuals in figure 8.23). Perhaps we see here the limits of the assumption that the posterior
distribution is approximately Gaussian.


