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5.1.1 Proof of the Set Property ϕ[ A∩ϕ-1[ B ] ] = ϕ[A]∩ B

First Version of the Proof (note: keep only one version)

Let us here demonstrate the property that, if ϕ represents a mapping from a set A0
into a set B0 , then, for any A ⊆ A0 and for any B ⊆ B0 ,

ϕ[ A∩ϕ-1[ B ] ] = ϕ[A]∩ B . (5.1)

First, consider an element y ∈ ϕ[ A∩ϕ-1[ B ] ] . This means that there is a x ∈
A∩ϕ-1[ B ] with ϕ(x) = y . Now x ∈ϕ-1[ B ] means that ϕ(x) ∈ B . Hence we have
that x ∈ A and ϕ(x) ∈ B , and y =ϕ(x) , so y ∈ϕ[A]∩ B .

Conversely, if y ∈ ϕ[A]∩ B , there is an x ∈ A with y = ϕ(x) ∈ B . This can
be written equivalently as x ∈ ϕ-1[ B ] , y = ϕ(x) , x ∈ A , which can be written as
y ∈ϕ[ A∩ϕ-1[ B ] ] .

Second Version of the Proof (note: keep only one version)

Consider an element y ∈ ϕ[ A∩ϕ-1[ B ] ] . This means that there is a x ∈ A∩ϕ-1[ B ]
with ϕ(x) = y . Therefore, y ∈ ϕ[A] . From another side, as x ∈ ϕ-1[ B ] , there is
one y′ ∈ B such that x = ϕ-1(y′) . Therefore, ϕ(x) = y′ = y . This demonstrates
that y ∈ϕ[A]∩ B . We conclude that ϕ[A∩ϕ-1[ B ]] ⊆ ϕ[A]∩ B .

Let now be one y ∈ ϕ[A]∩ B . This means that there is a x ∈ A with y = ϕ(x) .
Therefore, ϕ-1(y) = x , and, as y ∈ B , we have x ∈ A∩ϕ-1[ B ] . This demonstrates
that y ∈ϕ[A∩ϕ-1[ B ]] . We conclude that ϕ[A]∩ B ⊆ ϕ[ A∩ϕ-1[ B ] ] .

Therefore, the two sets ϕ[ A∩ϕ-1[ B ] ] and ϕ[A]∩ B are identical.



5.2 APPENDICES FOR MANIFOLDS 175
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5.2.1 Capacity Element and Change of Coordinates

Consider the problem, when dealing with an n-dimensional manifold, to pass from
a coordinate system {xα} = {x1, . . . , xn} to some other coordinate system {xα

′} =
{x1′ , . . . , xn′} , and let be, as usual,

Xαα′ =
∂xα

∂xα′
; Xα

′
α =

∂xα
′

∂xα
. (5.2)

The capacity elements in each of the two coordinate systems are

dv = εα1 ...αn dxα1 . . . dxαn ; dv′ = εα′1 ...α′n dxα
′
1 . . . dxα

′
n , (5.3)

and one can write

dv′ = εα′1 ...α′n Xα
′
1α1 . . . Xα

′
n
αn dxα1 . . . dxαn . (5.4)

Because of the antisymmetry properties of the Levi-Civita densities and capacities,
this can also be written (see relations 2.32) as

dv′ = εα′1 ...α′n Xα
′
1β1 . . . Xα

′
n
βn ( 1

n! ε
β1 ...βn εα1 ...αn ) dxα1 . . . dxαn , (5.5)

i.e.,
dv′ = ( 1

n! εα′1 ...α′n Xα
′
1β1 . . . Xα

′
n
βn ε

β1 ...βn ) εα1 ...αn dxα1 . . . dxαn , (5.6)

In the left-hand side, onr recognizes the definition of a determinant (see the third
of equations 2.33) and one finds the capacity element dv introduced above, so one
finally has

dv′ = (det X′) dv , (5.7)

as one should, as this is the general expression for the change of value of a scalar1

capacity.

1A scalar capacity is a capacity of rank (or order) zero, i.e., a capacity “having no tensor indices”.
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5.2.2 Conditional Volume

Consider an n-dimensional manifold Mn , with some coordinates {x1, . . . , xn} , and
a metric tensor gi j(x) . Consider also a p-dimensional submanifold Mp of the n-
dimensional manifold Mn (with p ≤ n ). The n-dimensional volume over Mn ,
as characterized by the metric determinant g =

√
det g , induces a p-dimensional

volume over the submanifold Mp . Let us try to characterize it.
The simplest way to represent a p-dimensional submanifold Mp of the n-dimen-

sional manifold Mn is by separating the n coordinates x = {x1, . . . , xn} of Mn
into one group of p coordinates r = {r1, . . . , rp} and one group of q coordinates
s = {s1, . . . , sq} , with

p + q = n . (5.8)

Using the notations

x = {x1, . . . , xn} = {r1, . . . , rp, s1, . . . , sq} = {r, s} , (5.9)

the set of q relations

s1 = s1(r1, r2, . . . , rp)
s2 = s2(r1, r2, . . . , rp)

. . . = . . .
sq = sq(r1, r2, . . . , rp) , (5.10)

that, for short, may be written
s = s(r) , (5.11)

define a p-dimensional submanifold Mp in the (p + q)-dimensional manifold Mn .
For later use, we can now introduce the matrix of partial derivatives

S =


S1

1 S1
2 · · · S1

p
S2

1 S2
2 · · · S2

p
...

... . . . ...
Sq

1 Sq
2 · · · Sq

p

 =


∂s1

∂r1
∂s1

∂r2 · · · ∂s1

∂rp

∂s2

∂r1
∂s2

∂r2 · · · ∂s2

∂rp

...
... . . . ...

∂sq
∂r1

∂sq
∂r2 · · · ∂sq

∂rp

 . (5.12)

We can write S(r) for this matrix, as it is defined at a point x = {r, s(r)} . Note also
that the metric over Mn can always be partitioned as

g(x) = g(r, s) =
(

grr(r, s) grs(r, s)
gsr(r, s) gss(r, s)

)
, (5.13)

with grs = (gsr)T .
In what follows, let us use the Greek indexes {α,β . . . } {r1, . . . , rp} , like in

rα ; α ∈ {1, . . . , p} , and the Latin indexes {a, b . . . } for the variables {s1, . . . , sq} ,
like in sa ; a ∈ {1, . . . , q} . Consider an arbitrary point {r, s} of the manifold M .
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Figure 5.1: On a 3D manifold, a coordinate system {x1, x2, x3} = {r1, r2, s} is de-
fined. Some characteristic surface coordinates are represented (left). In the middle,
a surface element (2D volume element) on a coordinate surface s = const. is repre-
sented, that corresponds to the expression in equation 5.14. In the right, a submani-
fold (surface) is defined by an equation s = s(r1, r2) . A surface element (2D volume
element) is represented on the submanifold, that corresponds to the expression in
equation 5.15.

If the coordinates rα are perturbed to rα + drα , with the coordinates sa kept un-
perturbed, one defines a p-dimensional submanifold of the n-dimensional manifold
Mn . The volume element of this submanifold can be written (middle panel in fig-
ure 5.1)

dvp(r, s) =
√

det grr(r, s) dr1 ∧ · · · ∧ drp . (5.14)

Alternatively, consider a point (r, s) of Mn that, in fact, is on the submanifold
Mp , i.e., a point that has coordinates of the form (r, s(r)) . It is clear that the variables
{r1 . . . rp} define a coordinate system over the submanifold, as it is enough to precise
r to define a point in Mp . If the coordinates rα are perturbed to rα + drα , and
the coordinates sa are also perturbed to sa + dsa in a way that one remains on the
submanifold, (i.e., with dsa = Sa

α drα ), then, with the metric over Mn partitioned as
in equation 5.13, the general distance element ds2 = gi j dxi dx j can be written ds2 =
(grr)αβ drα drβ + (grs)αb drα dsb + (gsr)aβ dsa drβ + (gss)ab dsa dsb , and replacing dsa

by dsa = Sa
α drα , we obtain ds2 = Gαβ drα drβ , with G = grr + grs S + ST gsr +

ST gss S . The ds2 just expressed gives the distance between two any points of Mp ,
i.e., G is the metric matrix of the submanifold associated to the coordinates r .

The p-dimensional volume element on the submanifold Mp is, then, dvr =√
det G dr1 ∧ · · · ∧ drp , i.e.,

dvp(r) =
√

det (grr + grs S + ST gsr + ST gss S) dr1 ∧ · · · ∧ drp , (5.15)
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where, if the variables are explicitly written, S = S(r) , grr = grr(r, s(r)) , grs =
grs(r, s(r)) , gsr = gsr(r, s(r)) and gss = gss(r, s(r)) . Figure 5.1 illustrates this result.
The expression 5.15 says that the p-dimensional volume density induced over the
submanifold Mp is

gp =
√

det (grr + grs S + ST gsr + ST gss S) . (5.16)

Note that the notion of ‘conditional volume’ just explored does not make any
sense when the manifold is not metric.
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5.3 APPENDICES FOR PROBABILITY THEORY
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5.3.1 Image of a Probability Density

Consider a mapping ϕ from a p-dimensional manifold Mp into a q-dimensional
manifold Mq . To every probability function P defined over (a σ-field of subsets
of) Mp , the mapping ϕ associates its image Q = ϕ[P] , the probability function
over Mq defined in section 3.2.2. (Note: I should check that the image of a σ-field is
a σ-field.)

There are two different situations (illustrated in figure 5.2):

• p ≥ q : When the dimension of the departure manifold is larger or equal than
the dimension of the arrival manifold, the probability function Q = ϕ[P] is
regular, i.e., it is an ordinary probability function defined over the q-dimensional
arrival manifold. This is the most common situation.

• p < q : When the dimension of the departure manifold is smaller than the di-
mension of the arrival manifold, the probability function Q =ϕ[P] is singular,
in the sense that it is only defined over a p-dimensional submanifold of the
q-dimensional arrival manifold. This is an unfrequent situation.

Figure 5.2: When considering the
image of a probability function
defined over a manifold, there
are two different situations to be
analyzed: (i) when the dimen-
sion of the departure manifold
is greater or equal and (ii) when
it is smaller (bottom). (Note: I
should perhaps not draw coordi-
nates in this figure.)
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y = !(x)

The case p ≥ q is . . . (Note: write this paragraph after having done the computa-
tions.)

The case p ≤ q is relatively easy to analyze, as any coordinate system {x1, . . . , xp}
chosen over Mp also constitutes a coordinate system over the p-dimensional sub-
manifold of Mq where Q = ϕ[P] is defined. I this sense, one can consider that the
image of a probability density f (x1, . . . , xp) defined over Mp is the same probabil-
ity density, as one is using the same coordinates {x1, . . . , xp} over the image of Mp .
So, the only interesting problem in the case p ≤ q is for the case when the two
manifolds are metric manifolds as there are then volume elements defined indepen-
dently of any coordinate system, and the image of a volumetric probability can then
be expressed using a nontrivial formula (equation 5.48 below).



182 Appendices

Case p = q :

We consider here a mapping y = ϕ(x) between two manifolds having the same
dimension. Should the mapping ϕ be a bijection, then, to pass from the probability
density function f (x) —over the departure manifold— to the probability density
function g(y) —over the arrival manifold— one should just use a reasoning very
similar to that used when changing coordinates on a manifold. The result would
have been (see section 3.3.1)

g(y) =
f (ϕ-1(y) )
Y(ϕ-1(y) )

, (5.17)

where
Y(x) =

∂ϕ

∂x
(x) ; Y(x) = det Y(x) , (5.18)

and the condition
(ϕ[P])[ B ] = P[ϕ-1[ B ] ] (5.19)

would obviously be satisfied:

Q[ B ] = (ϕ[P])[ B ] =
∫

B
dy1 ∧ · · · ∧ dyp g(y1, . . . , yp)

=
∫
ϕ-1[B]

dx1 ∧ · · · ∧ dxp f (x1, . . . , xp) = P[ϕ-1[ B ] ] .

(5.20)

If the mapping ϕ is not a bijection, we can always partition2 A = ϕ-1[ B ] into a
set of subsets {Ar} = {A1, A2, . . . } such that the mapping ϕr between each of the
Ar and B is a bijection (see an illustration of this in figure 5.3). Each of the subsets
then contributes in the same way to g(y) , so the result is, then,

g(y) = ∑
r

f (ϕ-1
r (y) )

Y(ϕ-1
r (y) )

, (5.21)

or, equivalently,

g(y) = ∑
r

f (x)
Y(x)

∣∣∣∣∣
x=ϕ-1

r (y)

. (5.22)

If the two manifolds have volume densities defined, say ω(x) and v(y) , then,
replacing the probability densities by the volumetric probabilities gives

g(y) =
1

v(y) ∑
r

f (x)ω(x)
Y(x)

∣∣∣∣
x=ϕ-1

r (y)
. (5.23)

2A partition of a set A is a set of subsets of A such that the intersection of any two of the subsets
is empty, while the union of all the subsets equals A .



5.3 APPENDICES FOR PROBABILITY THEORY 183

Figure 5.3: When considering a mapping be-
tween two manifolds with same dimension,
one can partition the reciprocal image A =
ϕ-1[ B ] of a set B into sets A1, A2, . . . such
the mapping between each of the Ar and B
is a bijection.

B

A1 A2 A3 A4 A5

If the manifolds are, in fact, metric manifolds, with metric tensors respectively de-
noted γ(x) and G(y) , then we can write this as

g(y) =
1√

det G(y) ∑
r

f (x)√
det( Y(x)γ-1(x) Y(x)t )

∣∣∣∣∣
x=ϕ-1

r (y)

. (5.24)

Case p ≥ q :

We contemplate here a mapping ϕ from a p-dimensional manifold Mp , endowed
with some coordinates {xα} = {x1, . . . , xp} , into a q-dimensional manifold Mq ,
endowed with some coordinates {yi} = {y1, . . . , yq} . The dimension of the depar-
ture manifold is larger than the dimension of the arrival manifold, so we are in the
situation suggested at the top of figure 5.2, and the image of a probability density
f (x1, . . . , xp) is a bona fide probability density g(y1, . . . , yq) .

The simplest way to address this problem consists in introducing a “slack man-
ifold” Mp−q , whose dimension is p − q , and whose coordinates may be denoted
yI = {yq+1, . . . , yp} . We can complete the q functions yi = ϕi(x1, . . . , xp) by some
other (well chosen, but arbitrary) p− q functions yI = ϕI(x1, . . . , xp) , in order to
have p functions depending on p variables:

initial functions :


y1 = ϕ1(x1, . . . , xp)
· · · = · · ·
yq = ϕq(x1, . . . , xp)

arbitrary functions :


yq+1 = ϕq+1(x1, . . . , xp)
· · · = · · ·
yp = ϕp(x1, . . . , xp) .

(5.25)

So we have now a mapping from the p-dimensional manifold Mp into the p-dimen-
sional manifold Mq ×Mp−q . Passing from the p-dimensional probability density
function f (x) ≡ f (x1, . . . , xp) to its image, the p-dimensional probability density
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function gp(yq, yp−q) ≡ gp(y1, . . . , yq; yq+1, . . . , yp) is a problem similar to the prob-
lem of a change of variables, excepted that the (augmented) mapping ϕ may not
be a bijection. In this case, we do as we did for the case p = q , i.e., we partition
the departure manifold Mp in as many subsets {Ar} = {A1, A2, . . . } as it may be
necessary, so for all the subsets, the mapping ϕr from subset Ar to Mq ×Mp−q is
a bijection. On Mq ×Mp−q we then have the probability density function (this is
similar to equation 5.21)

gp(yq, yp−q) = ∑
r

f (ϕ-1
r (yq, yp−q) )

Y(ϕ-1
r (yq, yp−q) )

. (5.26)

Then we obtain the desired probability density function by marginalization:

g(y1, . . . , yq) =
∫

dyq+1 ∧ · · · ∧ dyp gp(y1, . . . , yq, yq+1, . . . , yp) . (5.27)

(Note: I must demonstrate here that this marginal is independent from the arbitrary
p− q functions chosen above.)

Putting all this together gives

g(y1, . . . , yq) =
∫

dyq+1 ∧ · · · ∧ dyp
∑
r

f (ϕ-1
r (y1, . . . , yq; yq+1, . . . , yp) )

Y(ϕ-1
r (y1, . . . , yq; yq+1, . . . , yp) )

.

(5.28)
There is another way3 for addressing this problem, but it will not be used in the

examples that we shall examine.

Example 5.1 Two quantities {X, Y} can take any real positive value, and, associated to
them is the (two-dimensional lognormal) probability density function

f (X, Y) =
1

2 π σ2
1

X Y
exp

(
− 1

2
log(X/X0)2 + log(Y/Y0)2

σ2

)
. (5.29)

3The p variables {xα} can be separated in two groups, {x1, . . . , xq; xq+1, . . . , xp} ≡
{u1, . . . , uq; v1, . . . , vp−q} , so we can write the original mapping as yi = ϕ1(u1, . . . , uq; v1, . . . , vp−q) ,
· · · = . . . , yq = ϕq(u1, . . . , uq; v1, . . . , vp−q) . If we can solve these q equations, we then obtain
the q variables u1 = ψ1(y1, . . . , yq; v1, . . . , vp−q) , · · · = . . . , uq = ψq(y1, . . . , yq; v1, . . . , vp−q) . If
the system is not invertible, we partition the space into as many subsets as necessary, and solve
the system in each subspace (as suggested above). Now, considering for a moment the p− q vari-
ables {v1, . . . , vp−q} as fixed parameters, we can pass from the original probability density, that can
be written f (u1, . . . , uq; v1, . . . , vp−q) , to the probability density gp(y1, . . . , yq; v1, . . . , vp−q) , as this
is like a change of variables. Then, we obtain the desired probability density by marginalization:
gq(y1, . . . , yq) =

∫
dv1 ∧ · · · ∧ dvp−q gp(y1, . . . , yq, v1, . . . , vp−q) . I leave as an exercise to the reader

to demonstrate that this marginal is independent from the arbitrary choice of variables {u1, . . . , uq}
and {v1, . . . , vp−q} . Note that while in this approach the change of variables concerns q variables, in
the previous suggested approach, the change of variables concerns p variables (and we have p ≥ q ).
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Which is the probability density for the real positive quantity U = X/Y ? To use the first
method described above, we can introduce another real positive quantity, V = X Y . Using
the Jacobian rule for the change of variables, one obtains

g2(U, V) =
1

2 π Σ2
1

U V
exp

(
− 1

2
log(U/U0)2 + log(V/V0)2

Σ2

)
, (5.30)

with
U0 = X0/Y0 ; V0 = X0 Y0 ; Σ =

√
2σ , (5.31)

and computing the marginal g(U) =
∫∞

0 dV g2(U, V) gives the result we were searching:

g(U) =
1√

2 π Σ

1
U

exp
(
− 1

2
log(U/U0)2

Σ2

)
. (5.32)

If instead of choosing V = X Y we would have chosen V = X , we would have arrived to
the probability density

g2(U, V) =
1

2 π σ2
1

U V
exp

(
− 1

2

(
log(U/U0)
log(V/V0)

)t

C-1
(

log(U/U0)
log(V/V0)

) )
, (5.33)

with

U0 = X0/Y0 ; V0 = X0 ; C = σ2
(

2 1
1 1

)
, (5.34)

and, when computing the marginal g(U) , to the same result as above (as we should). Finally,
if we choose the alternative method suggested above, of the two variables in f (X, Y) , we keep,
for instance Y , and change X by U = X/Y . This leads to

g2(U, Y) =
1

2 π σ2
1

U Y
exp

(
− 1

2

(
log(U/U0)
log(Y/Y0)

)t

C-1
(

log(U/U0)
log(Y/Y0)

) )
, (5.35)

with

U0 = X0/Y0 ; C = σ2
(

2 −1
−1 1

)
, (5.36)

and, when computing the marginal g(U) , again to the same result as above. We could have
kept X , and change Y by U = X/Y .

Note: there are other multiplicities that will be discussed here. For the time being,
have a look at figure 5.4.
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Figure 5.4: Consider that we have a
mapping from the Euclidean plane, with
polar coordinates r = {ρ,ϕ} , into a one-
dimensional space with a metric coordi-
nate s (in this illustration, s = s(ρ,ϕ) =
sinρ/ρ ). When transporting a proba-
bility from the plane into the ‘vertical
axis’, for a given value of s = s0 we
have, first, to obtain the set of discrete
values ρn giving the same s0 , and, for
each of these values, we have to per-
form the integration for −π < ϕ ≤ +π
corresponding to that indicated in equa-
tion XXX.

Case p ≤ q :

As explained above, there is not much to say when working with probability densi-
ties. (Note: check that I really need the developments here below.) So let us assume
that both, the departure manifold Mp and the arrival manifold Mq are metric. Al-
though our aim is to arrive at coordinate-free expressions, is much easier to do the
demonstrations using (arbitrary) coordinates. Let then x ≡ {xα} = {x1, . . . , xp} be
a coordinate system over4 Mp , and let y ≡ {yi} = {y1, . . . , yq} be a coordinate
system over5 Mq . We shall denote gi j the components of the metric in Mq .

At some point on Mp , consider the “infinitesimal vector” dxα . It is mapped into
the vector

dyi = Φi
α dxα , (5.37)

where Φi
α = ∂ϕi/∂xα . This vector belongs to a p-dimensional submanifold of Mq :

the image of Mp, through the mapping ϕ . The squared length of this vector is

ds2 = gi j dyi dy j = gi j Φ
i
α Φ j

β dxα dxβ , (5.38)

i.e.,
ds2 = Gαβ dxα dxβ , (5.39)

where
Gαβ = Φi

α gi j Φ
j
β , (5.40)

or, using a matrix notation,
G = Φt g Φ . (5.41)

4Or, at least, over a vicinity of the point where the reasoning is made.
5Or, at least, over a vicinity of the image point.
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This equation can be interpreted as follows. The coordinates {xα} of Mp define a
coordinate system over ϕ[Mp] ⊆ Mq . The metric g of Mq induces a metric over
this submanifold, and the components of the metric so induced are, in the coordi-
nates {xα} , the Gαβ just expressed.

Let now γαβ be the metric of Mp (in the coordinates {xα} ). To the original
vector dxα was associated the capacity element dω = εα1 ...αp dxα1 . . . dxαp , and the
volume element dω = γ dω =

√
detγ dω . To the image vector dyi is associated

a capacity element that has the same expression (we are also using the coordinates
{xα} on ϕ[Mp] ), but the volume element is dv = G dω =

√
det(Φt g Φ) dω . So,

the image of the original volume element can be expressed in terms of the original
volume element as

dv =
G
γ

dω =
√

det(Φt g Φ)√
detγ

dω . (5.42)

The ratio is a ratio of two densities (defined using the same coordinates), so it is an
invariant (independent of the coordinates), so we can write this equation using a
notation that will make more apparent this invariance:

dv =
√

det( Φt(P) g(ϕ(P)) Φ(P) )√
detγ(P)

dω . (5.43)

Here, g and γ have to be understood as tensors, Φ as an abstract (tangent) oper-
ator, and Φt as the abstract transpose of this linear operator. (Note: I have to give
somewhere the definition of the transpose of a linear operator.)

Consider now a probability function P defined over Mp , represented by the
volumetric probability f (P) . To the volume dω (in the departure manifold) the
probability function P associates the probability value

dP = f (P) dω . (5.44)

Denoting
g = ϕ[ f ] (5.45)

the volumetric probability that represents the image Q =ϕ[P] of P , the probability
of the image of the volume is

dQ = g(ϕ(P)) dv . (5.46)

By definition of image of a probability function (section 3.2.2), one must have dQ =
dP so one has

g(ϕ(P)) dv = f (P) dω . (5.47)

Equation 5.43 then gives

g(ϕ(P)) =
√

det( Φt(P) g(ϕ(P)) Φ(P) )√
detγ(P)

f (P) . (5.48)
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The volumetric probability g is not defined at an arbitrary point Q ∈ Mq : the
point must be of the form Q =ϕ(P) , i.e., Q must belong to the submanifold ϕ[Mp] .
For this reason, it is better to have written the equation above at a point ϕ(P) , with-
out attempting to give an expression for g(Q) . The volumetric probability g must
be integrated —over the submanifold ϕ[Mp] of Mq — using the volume element
that the metric of Mq induces over ϕ[Mp] . Of course, there may be more than
one point P that maps into the same ϕ(P) , but when dealing with the submani-
fold ϕ[Mp] the problem can easily be treated (remember that the best coordinates to
use over ϕ[Mp] ⊆ Mq are the coordinates of Mp ; in these coordinates, all possible
“crossings” of the submanifold can be ignored, as suggested in figure 5.5).

Figure 5.5: A mapping from a one-
dimensional manifold into a two-
dimensional manifold can be rep-
resented as a “trajectory”. Here,
a coordinate t has been chosen in
the departure manifold, and two
coordinates {y1, y2} over the ar-
rival manifold. The mapping here
represented is { y1 = cos t +
t/6 , y2 = sin t } . In some prob-
lems, it may be natural to use the
coordinate t over the image of the
departure manifold, as suggested
in this figure. For the evaluation
of probabilities, one then integrates
over the variable t , and the possi-
ble “crossings” of the image mani-
fold can be ignored.
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5.3.2 Proof of the Compatibility Property (Discrete Sets)

Note: this demonstration is not yet general, as it is only valid for the special case
where the sets are discrete.

Let A0 and B0 be two discrete sets. We wish to satisfy the condition that for any
mapping ϕ from A0 into B0 , for any two probabilities P (over A0 ) and Q (over
B0 ), and for any element b ∈ B0 ,

(ϕ[ P∩ϕ-1[Q] ] )[ { b } ] = (ϕ[P] ∩Q )[ { b } ] . (5.49)

Using equation 3.53 (image of a probability), we can write the left-hand side of this
expression as

(ϕ[ P∩ϕ-1[Q] ] )[ { b } ] = ∑
all a such that
ϕ(a) = b

( P∩ϕ-1[Q] )[{a}] , (5.50)

and, using equation 3.61 (intersection of probabilities),

(ϕ[ P∩ϕ-1[Q] ] )[ { b } ] =
1
ν

∑
all a such that
ϕ(a) = b

P[{a}] (ϕ-1[Q] )[{a}] , (5.51)

where ν is a normalization constant.
Let us now take the right-hand side. Using equation 3.61 (intersection of proba-

bilities) gives

(ϕ[P] ∩Q )[ { b } ] =
1
ν′

(ϕ[P])[ { b } ] Q[ { b } ] , (5.52)

where ν′ is a normalization constant. Using equation 3.53 (image of a probability)
gives

(ϕ[P] ∩Q )[ { b } ] = =
1
ν′

(
∑

all a such that
ϕ(a) = b

P[{a}]
)

Q[ { b } ] , (5.53)

or, equivalently,

(ϕ[P] ∩Q )[ { b } ] =
1
ν′ ∑

all a such that
ϕ(a) = b

P[{a}] Q[ {ϕ(a) } ] . (5.54)
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The two expressions at the right-hand side of equations 5.51 and equation 5.54
can be made identical (for any probability P and any element b ) if, and only if, one
defines the reciprocal image of a probability via

(ϕ-1[Q] )[{a}] =
1
ν′′

Q[ {ϕ(a) } ] , (5.55)

where ν′′ is a normalization constant (this is exactly the definition used in equa-
tion 3.65). With this definition, expression 5.49 holds (for any mapping ϕ , for any
two probabilities P and Q , and for any element b ).
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5.3.3 Proof of the Compatibility Property (Manifolds)

Note: this demonstration is only valid for the special case where the sets are man-
folds.

Note: for the time being I attempt to demonstrate the property only in the case
where the dimension of the departure manifold equals the dimension of the arrival
manifold. In that case, the image of a volumetric probability is given by (see equa-
tion 5.23):

g(y) =
1

v(y) ∑
r

f (x)ω(x)
Y(x)

∣∣∣∣
x=ϕ-1

r (y)
. (5.56)

I must also use the expression for the intersection of two volumetric probability func-
tions:

(h∩ h′)(z) =
1
ν

h(z) h′(z) . (5.57)

Let Mp and Mp be two manifolds, that, for the time being, are assumed to have
the same dimension. We wish to satisfy the condition that for any mapping ϕ from
Mp into Mq , for any two volumetric probabilities f (over Mp ) and g (over Mq ),
and at any point y ∈ Mq ,

(ϕ[ f ∩ϕ-1[g] ] )(y) = (ϕ[ f ] ∩ g )(y) . (5.58)

Using equation 5.56 (image of a probability), we can write the left-hand side of this
expression as

(ϕ[ f ∩ϕ-1[g] ] )(y) =
1

v(y) ∑
r

( f ∩ϕ-1[g])(x)ω(x)
Y(x)

∣∣∣∣
x=ϕ-1

r (y)
, (5.59)

and, using equation 5.57 (intersection of probabilities),

(ϕ[ f ∩ϕ-1[g] ] )(y) =
1
ν

1
v(y) ∑

r

f (x)ϕ-1[g](x)ω(x)
Y(x)

∣∣∣∣
x=ϕ-1

r (y)
, (5.60)

where ν is a normalization constant.
Let us now take the right-hand side. Using equation 5.57 (intersection of proba-

bilities) gives

(ϕ[ f ] ∩ g )(y) =
1
ν′

(ϕ[ f ])(y) g(y) , (5.61)

where ν′ is a normalization constant. Using equation 5.56 (image of a probability)
gives

(ϕ[ f ] ∩ g )(y) =
1
ν′

( 1
v(y) ∑

r

f (x)ω(x)
Y(x)

∣∣∣∣
x=ϕ-1

r (y)

)
g(y) , (5.62)

or, equivalently (as ϕr(x) =ϕ(x) ),

(ϕ[ f ] ∩ g )(y) =
1
ν′

1
v(y) ∑

r

f (x) g(ϕ(x))ω(x)
Y(x)

∣∣∣∣
x=ϕ-1

r (y)
. (5.63)
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The two expressions at the right-hand side of equations 5.60 and equation 5.63
can be made identical (for any volumetric probability f and any point y ) if, and
only if, one defines the reciprocal image of a volumetric probability via

(ϕ-1[g] )(x) =
1
ν′′

g(ϕ(x)) , (5.64)

where ν′′ is a normalization constant (note: this is exactly the definition I was guess-
ing). With this definition, expression 5.58 holds (for any mapping ϕ , for any two
volumetric probabilities f and g , and for any point y ).
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5.3.4 Axioms for the Union and the Intersection

5.3.4.1 The Union

I guess that the two defining axioms for the union of two probabilities are

P(D) = 0 AND Q(D) = 0 =⇒ (P∪Q)(D) = 0 (5.65)

and
P(D) 6= 0 OR Q(D) 6= 0 =⇒ (P∪Q)(D) 6= 0 . (5.66)

But the last property is equivalent to its negation,

P(D) = 0 AND Q(D) = 0 ⇐= (P∪Q)(D) = 0 , (5.67)

and this can be reunited with the first property, to give the single axiom

P(D) = 0 AND Q(D) = 0 ⇐⇒ (P∪Q)(D) = 0 . (5.68)

5.3.4.2 The Intersection

We only have the axiom

P(D) = 0 OR Q(D) = 0 =⇒ (P∩Q)(D) = 0 . (5.69)

and, of course, its (equivalent) negation

P(D) 6= 0 AND Q(D) 6= 0 ⇐= (P∩Q)(D) 6= 0 (5.70)
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5.3.5 Union of Probabilities

Let P , Q . . . be elements of the space of all possible probability distributions (nor-
malized or not) over M . An internal operation { P , Q } 7→ P∪Q of the space is
called a union if the following conditions are satisfied:

Condition 5.1 (commutativity) for any D ⊂ M ,(
P ∪ Q

)
(D) =

(
Q ∪ P

)
(D) ; (5.71)

Condition 5.2 (associativity) for any D ⊂ M ,( (
P ∪ Q

)
∪ R

)
(D) =

(
P ∪

(
Q ∪ R

) )
(D) ; (5.72)

Condition 5.3 for any D ⊂ M ,

P(D) = 0 AND Q(D) = 0 =⇒ (P∪Q)(D) = 0 ; (5.73)

Condition 5.4 if there is some D ⊂ M for which P(D) = 0 , then, necessarily, for any
probability Q ,

(P∪Q)(D) = Q(D) . (5.74)

There are explicitly defined operations that satisfy these conditions, as the fol-
lowing two examples illustrate.

Example 5.2 If a probability distribution P is represented by the volumetric probability
p(P) , and a probability distribution Q is represented by the volumetric probability q(P) ,
then, taking for P∪Q the probability distribution represented by the volumetric probability
denoted

(
p∪ q

)
(P) , and defined by(

p∪ q
)
(P) = p(P) + q(P) , (5.75)

defines, as it is easy to verify, a union operation. It is not assumed here that any of the
probability distributions is normalized to one.

Example 5.3 An alternative solution would be what is used in fuzzy set theory to define
the union of fuzzy sets. Translated to the language of volumetric probabilities, this would
correspond to (

p∪ q
)
(P) = max

(
p(P) , q(P)

)
. (5.76)
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5.3.5.1 Old Text (To Check!)

With these particular choices, in addition to all the conditions set above, one has a
supplementary property

Property 5.1 The intersection is distributive with respect to the union, i.e., for any proba-
bility distributions P , Q , and R

P ∩
(

Q ∪ R
)

=
(

P ∩ Q
)
∪
(

P ∩ R
)

. (5.77)

One important property of the two operations ‘sum’ and ‘product’ just intro-
duced is that of invariance with respect to a change of variables: our definitions are
independent of any possible choice of coordinates over the M . The reader must un-
derstand that equations like ?? and ?? are only valid because expressed in terms of
volumetric probabilities: it would be a mistake to use them as they are, but replacing
the volumetric probabilities by the more common probability densities. Let us see
this, for instance, with equation ??.
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5.3.6 Conditional Volumetric Probability (I)

As in section 5.2.2, consider an n-dimensional manifold Mn , with some coordi-
nates x = {x1, . . . , xn} , and a metric tensor g(x) = {gi j(x)} . The n-dimensional
volume element is, then, dV(x) = g(x) dv(x) =

√
det g(x) dx1 ∧ · · · ∧ dxn .

In section 5.2.2, the n coordinates x = {x1, . . . , xn} of M have been separated
into one group of p coordinates r = {r1, . . . , rp} and one group of q coordinates
s = {s1, . . . , sq} , with p + q = n , and a p-dimensional submanifold Mp of the
n-dimensional manifold M (with p ≤ n ) has been introduced via the constraint

s = s(r) . (5.78)

Consider a probability distribution P over Mn , represented by the volumetric
probability f (x) = f (r, s) . We wish to define (and to characterize) the ‘conditional
volumetric probability’ induced over the submanifold by the volumetric probability
f (x) = f (r, s) .

Given the p-dimensional submanifold Mp of the n-dimensional manifold Mn ,
one can define a set B(∆s) as being the set of all points whose distance to the sub-
manifold Mp is less or equal than ∆s . For any finite value of ∆s , Kolmogorov’s
definition of conditional probability applies, and the conditional probability so de-
fined associates, to any D ⊂ Mn , the probability ??. Excepted for a normalization
factor, this conditional probability equals the original one, excepted in that all the
domain whose points are at a distance larger than ∆s have been ‘trimmed away’.
This is still a probability distribution over Mn . In the limit when ∆s → 0 this
shall define a probability distribution over the submanifold Mp that we are about
to characterize.

Consider a volume element dvp over the submanifold Mn , and all the points of
Mn that are at a distance smaller or equal that ∆s of the points inside the volume
element. For small enough ∆s the n-dimensional volume ∆vn so defined is

∆vn ≈ dvp ∆ωq , (5.79)

where ∆ωq is the volume of the q-dimensional sphere of radius ∆s that is orthogo-
nal to the submanifold at the considered point. This volume is proportional to (∆s)q ,
so we have

∆vn ≈ k dvp (∆s)q , (5.80)

where k is a numerical factor. The conditional probability associated of this n-
dimensional domain by formula ?? is, by definition of volumetric probability,

dP(p+q) ≈ k′ f ∆vn ≈ k′′ f dvp (∆s)q , (5.81)

where k′ and k′′ are constants. The conditional probability of the p-dimensional
volume element dvp of the submanifold Mp is then defined as the limit

dPp = lim
∆s→0

dP(p+q)

(∆s)q , (5.82)
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this giving dPn = k′′ f dvp , or, to put the variables explicitly,

dPn(r) = k′′ f (r, s(r)) dvp(r) . (5.83)

We have thus arrived at a p-dimensional volumetric probability over the sub-
manifold Mp that is given by

fp(r) = k′′ f (r, s(r)) , (5.84)

where k′′ is a constant. If the probability is normalizable, and we choose to normal-
ize it to one, then,

fp(r) =
f (r, s(r))∫

r∈Mp
dvp(r) f (r, s(r))

. (5.85)

With this volumetric probability, the probability of a domain Dp of the submanifold
is computed as

P(Dp) =
∫

r∈Dp
dvp(x) fp(r) . (5.86)
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5.3.7 Conditional Volumetric Probability (II)

Note to the reader: this section can be skipped, unless one is particularly interested
in probability densities.

In view of equation 3.193, the conditional probability density (over the submanifold
Mp ) is to be defined as

f p(r) = gp(r) fp(r) (5.87)

i.e.,
f p(r) = ηr

√
det gp(r) fp(r) , (5.88)

so the probability of a domain Dp of the submanifold is given by

P(Dp) =
∫

r∈Mp
dvp(r) f p(r) , (5.89)

where dvp(r) = dr1 ∧ · · · ∧ drp .
We must now express f p(r) in terms of f (r, s) . First, from equations 3.188

and 5.88 we obtain

f p(r) = ηr

√
det gp(r)

f (r, s(r))∫
r∈Mp

dvp(r) f (r, s(r))
. (5.90)

As f (r, s) = f (r, s)/(η
√

det g ) (equation ??),

f p(r) = ηr

√
det gp(r)

f (r, s(r))/
√

det g∫
r∈Mp

dvp(r) f (r, s(r))/
√

det g
. (5.91)

Finally, using 3.190, and expliciting gp(r) ,

f p(r) =

√
det(grr+grs S+ST gsr+ST gss S)√

det g
f (r, s(r))

∫
r∈Mp

dr1 ∧ · · · ∧ drp
√

det(grr+grs S+ST gsr+ST gss S)√
det g

f (r, s(r))
.

(5.92)
Again, it is understood here that all the ‘matrices’ are taken at the point ( r, s(r) ) .

This expression does not coincide the the conditional probability defined given
in usual texts (even when the manifold is defined by the condition s = s0 = const. ).
This is because we contemplate here the ‘metric’ or ‘orthogonal’ limit to the mani-
fold (in the sense of figure ??), while usual texts just consider the ‘vertical limit’. Of
course, I take this approach here because I think it is essential for consistent appli-
cations of the notion of conditional probability. The best known expression of this
problem is the so called ‘Borel Paradox’ that we analyze in section 5.3.10.
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Example 5.4 If we face the case where the space M is the Cartesian product of two spaces
R × S , with guv = gvu = 0 , grr = gr(r) and gss = gs(s) , then det g(r, s) =
det gr(r) det gs(s) , and the conditional probability density of equation 5.92 becomes,

f p(r) =

√
det(gr(r)+ST(r) gs(s(r)) S(r))√

det gr(r)
√

det gs(s(r))
f (r, s(r))

∫
r∈Mp

dr1 ∧ · · · ∧ drp
√

det(gr(r)+ST(r) gs(s(r)) S(r))√
det gr(r)

√
det gs(s(r))

f (r, s(r))
. (5.93)

Example 5.5 If, in addition to the condition of the previous example, the hyperfurface is
defined by a constant value of s , say s = s0 , then, the probability density becomes

f p(r) =
f (r, s0)∫

r∈Mp
dr1 ∧ · · · ∧ drp f (r, s0)

. (5.94)

Example 5.6 In the situation of the previous example, let us rewrite equation 5.94 dropping
the index 0 from s0 , and use the notations

f r|s(r|s) =
f (r, s)
f s(s)

, ; f s(s) =
∫

r∈Mp
dr1 ∧ · · · ∧ drp f (r, s) . (5.95)

We could redo all the computations to define the conditional for s , given a fixed value v , but
it is clear by simple analogy that we obtain, in this case,

f s|r(s|r) =
f (r, s)
f r(r)

, ; f r(r) =
∫

r∈Mq
ds1 ∧ · · · ∧ dsq f (r, s) . (5.96)

Solving in these two equations for f (r, s) gives the ‘Bayes theorem’

f s|r(s|r) =
f r|s(r|s) f s(s)

f r(r)
. (5.97)

Note that this theorem is valid only if we work in the Cartesian product of two spaces. In
particular, we must have gss(r, s) = gs(s) . Working, for instance, at the surface of the
sphere with geographical coordinates (r, s) = (r, s) = (ϕ, λ) this condition is not fulfilled,
as gϕ = cos λ is a function of λ : the surface of the sphere is not the Cartesian product
of two 1D spaces. A we shall later see, this enters in the discussion of the so-called ‘Borel
paradox’ (there is no paradox, if we do things properly).
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5.3.8 Marginal Probability Density

In the context of section ??, where a manifold M is built through the Cartesian prod-
uct R×S of two manifolds, and given a ‘joint’ volumetric probability f (r, s) , the
marginal volumetric probabily fr(r) is defined as (see equation ??)

fr(r) =
∫

s∈S
dvs(s) f (r, s) . (5.98)

Let us find the equivalent expression using probability densities instead of volumet-
ric probabilities.

Here below, following our usual conventions, the following notations

g(r, s)) =
√

det g(r, s) ; gr(r) =
√

det gr(r) ; gs(s) =
√

det gs(s)
(5.99)

are introduced. First, we may use the relation

f (r, s) =
f (r, s)
g(r, s)

(5.100)

linking the volumetric probability f (r, s) and the probability density f (r, s) . Here,
g is the metric of the manifold M , that has been assumed to have a partitioned form
(equation ??). Then, f (r, s) = f (r, s) / ( gr(r) gs(s) ) , and equation 5.98 becomes

fr(r) =
1

gr(r)

∫
s∈S

dvs(s)
f (r, s)
gs(s)

. (5.101)

As the volume element dvs(s) is related to the capacity element dvs(s) = ds1 ∧ ds2 ∧
. . . via the relation

dvs(s) = gs(s) dvs(s) , (5.102)

we can write
fr(r) =

1
gr(r)

∫
s∈S

dvs(s) f (r, s) , (5.103)

i.e.,
gr(r) fr(r) =

∫
s∈S

dvs(s) f (r, s) . (5.104)

We recognize, at the left-hand side, the usual defintion of a probability density as
the product of a volumetric probability by the volume density, so we can introduce
the marginal probability density

f r(r) = gr(r) fr(r) . (5.105)

Then, equation 5.104 becomes

f r(r) =
∫

s∈S
dvs(s) f (r, s) , (5.106)
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expression that could be taken as a direct definition of the marginal probability den-
sity f r(r) in terms of the ‘joint’ probability density f (r, s) .

Note that this expression is formally identical to 5.98. This contrasts with the ex-
pression of a conditional probability density (equation 5.92) that is formally very dif-
ferent from the expression of a conditional volumetric probability (equation 3.188).
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5.3.9 Replacement Gymnastics

In an n-dimensional manifold with coordinates x , the volume element dvx(x) , is
related to the the capacity element dvx(x) = dx1 ∧ · · · ∧ dxn via the volume density
gx(x) =

√
det gx(x) ,

dvx(x) = gx(x) dvx(x) , (5.107)

while the relation between a volumetric probability fx(x) and the associated proba-
bility density f x(x) is

f x(x) = gx(x) fx(x) . (5.108)

In a change of variables x 
 y , while the capacity element changes according to

dvx(x) = X(y) dvy(y) , (5.109)

where the Jacobian determinant X is the determinant of the matrix {Xi
j} = {∂xi/∂y j} ,

the probability density changes according to

f x(x) =
1

X(y)
f y(y) . (5.110)

In the variables y , the relation between a volumetric probability fy(y) and the as-
sociated probability density f y(y) is

f y(y) = gy(y) fy(y) , (5.111)

where gy(y) =
√

det gy(y) is the volume density in the coordinates y . Finally, the

volume element dvy(y) , is related to the the capacity element dvy(y) = dy1 ∧ · · · ∧
dyn through

dvy(y) = gy(y) dvy(y) . (5.112)

Using these relations in turn, we can obtain the following circle of equivalent
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equations:

P(D) =
∫

P∈D
dv(P) f (P) =

∫
x∈D

dvx(x) fx(x)

=
∫

x∈D
dvx(x) gx(x) fx(x)

=
∫

x∈D
dvx(x) f x(x)

=
∫

y∈D

(
X(y) dvy

) ( 1
X(y)

f y(y)
)

=
∫

y∈D
dvy(y) f y(y)

=
∫

y∈D
dvy(y) gy(y) fy(y)

=
∫

y∈D
dvy(y) fy(y) =

∫
P∈D

dv(P) f (P) = P(D) .

(5.113)

Each one of them may be useful in different circumstances. The student should be
able to easily move from one equation to the next.

Example 5.7 In the example Cartesian-geographical, the equations above give, respectively
(using the index r for the geographical coordinates),

dvx(x, y, z) = dx ∧ dy ∧ dz (5.114)

f x(x, y, z) = fx(x, y, z) (5.115)

dx ∧ dy ∧ dz = r2 cos λ dr ∧ dϕ ∧ dλ (5.116)

f x(x, y, z) =
1

r2 cos λ
f r(r,ϕ, λ) (5.117)

f r(r,ϕ, λ) = r2 cos λ fr(r,ϕ, λ) (5.118)

dvr(r,ϕ, λ) = r2 cos λ dr ∧ dϕ ∧ dλ , (5.119)



204 Appendices

to obtain the circle of equations,

P(D) =
∫

P∈D
dv(P) f (P) =

∫
{x,y,z}∈D

dvx(x, y, z) fx(x, y, z)

=
∫
{x,y,z}∈D

dx ∧ dy ∧ dz fx(x, y, z)

=
∫
{x,y,z}∈D

dx ∧ dy ∧ dz f x(x, y, z)

=
∫
{r,ϕ,λ}∈D

(
r2 cos λ dr ∧ dϕ ∧ dλ

) ( 1
r2 cos λ

f r(r,ϕ, λ)
)

=
∫
{r,ϕ,λ}∈D

dr ∧ dϕ ∧ dλ f r(r,ϕ, λ)

=
∫
{r,ϕ,λ}∈D

dr ∧ dϕ ∧ dλ r2 cos λ fr(r,ϕ, λ)

=
∫
{r,ϕ,λ}∈D

dvr(r,ϕ, λ) fr(r,ϕ, λ) =
∫

P∈D
dv(P) f (P) = P(D) .

(5.120)

Note that the Cartesian system of coordinates is special: scalar densities, scalar capacities
and invariant scalars coincide.
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5.3.10 The Borel ‘Paradox’

[Note: This appendix has to be updated.]
A description of the paradox is given, for instance, by Kolmogorov (1933), in his

Foundations of the Theory of Probability (see figure 5.6).

Figure 5.6: A reproduc-
tion of a section of Kol-
mogorov’s book Founda-
tions of the theory of prob-
ability (1950, pp. 50–51).
He describes the so-called
“Borel paradox”. His ex-
planation is not profound:
instead of discussing the
behaviour of a conditional
probability density under
a change of variables, it
concerns the interpretation
of a probability density
over the sphere when us-
ing spherical coordinates.
I do not agree with the con-
clusion (see main text).

A probability distribution is considered over the surface of the unit sphere, asso-
ciating, as it should, to any domain D of the surface of the sphere, a positive real
number P(D) . To any possible choice of coordinates {u, v} on the surface of the
sphere will correspond a probability density f (u, v) representing the given proba-
bility distribution, through P(D) =

∫
du
∫

dv f (u, v) (integral over the domain D ).
At this point of the discussion, the coordinates {u, v} may be the standard spher-
ical coordinates or any other system of coordinates (as, for instance, the Cartesian
coordinates in a representation of the surface of the sphere as a ‘geographical map’,
using any ‘geographical projection’).

A great circle is given on the surface of the sphere, that, should we use spherical
coordinates, is not necessarily the ‘equator’ or a ‘meridian’. Points on this circle
may be parameterized by a coordinate α , that, for simplicity, we may take to be the
circular angle (as measured from the center of the sphere).

The probability distribution P( · ) defined over the surface of the sphere will in-
duce a probability distribution over the circle. Said otherwise, the probability density
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f (u, v) defined over the surface of the sphere will induce a probability density g(α)
over the circle. This is the situation one has in mind when defining the notion of con-
ditional probability density, so we may say that g(α) is the conditional probability
density induced on the circle by the probability density f (u, v) , given the condition
that points must lie on the great circle.

The Borel-Kolmogorov paradox is obtained when the probability distribution
over the surface of the sphere is homogeneous. If it is homogeneous over the sphere,
the conditional probability distribution over the great circle must be homogeneous
too, and as we parameterize by the circular angle α , the conditional probability den-
sity over the circle must be

g(α) =
1

2π
, (5.121)

and this is not what one gets from the standard definition of conditional probability
density, as we will see below.

From now on, assume that the spherical coordinates {λ,ϕ} are used, where λ
is the latitude (rather than the colalitude θ ), so the domains of definition of the
variables are

−π/2 < λ ≤ +π/2 ; −π <ϕ ≤ +π . (5.122)

As the surface element is dS(λ,ϕ) = cos λ dλ dϕ , the homogeneous probability dis-
tribution over the surface of the sphere is represented, in spherical coordinates, by
the probability density

f (λ,ϕ) =
1

4π
cos λ , (5.123)

and we satisfy the normalization condition∫ +π/2

−π/2
dλ
∫ +π

−π
dϕ f (λ,ϕ) = 1 . (5.124)

The probability of any domain equals the relative surface of the domain (i.e., the
ratio of the surface of the domain divided by the surface of the sphere, 4π ), so
the probability density in equation 5.123 do represents the homogeneous probability
distribution.

Two different computations follow. Both are aimed at computing the conditional
probability density over a great circle.

The first one uses the nonconventional definition of conditional probability den-
sity introduced in section in section ?? of this article (and claimed to be ‘consistent’).
No paradox appears. No matter if we take as great circle a meridian or the equator.

The second computation is the conventional one. The traditional Borel-Kolmogorov
paradox appears, when the great circle is taken to be a meridian. We interpret this as
a sign of the inconsistency of the conventional theory. Let us develop the example.

We have the line element (taking a sphere of radius 1 ),

ds2 = dλ2 + cos2 λ dϕ2 , (5.125)
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which gives the metric components

gλλ(λ,ϕ) = 1 ; gϕϕ(λ,ϕ) = cos2 λ (5.126)

and the surface element
dS(λ,ϕ) = cos λ dλ dϕ . (5.127)

Letting f (λ,ϕ) be a probability density over the sphere, consider the restriction
of this probability on the (half) meridian ϕ = ϕ0 , i.e., the conditional probability
density on this (half) meridian. It is, following equation ??,

f λ(λ|ϕ =ϕ0) = k
f (λ,ϕ0)√
gϕϕ(λ,ϕ0)

. (5.128)

In our case, using the second of equations 5.126

f λ(λ|ϕ =ϕ0) = k
f (λ,ϕ0)

cos λ
, (5.129)

or, in normalized version,

f λ(λ|ϕ =ϕ0) =
f (λ,ϕ0)/ cos λ∫ +π/2

−π/2 dλ f (λ,ϕ0)/ cos λ
. (5.130)

If the original probability density f (λ,ϕ) represents an homogeneous probabil-
ity, then it must be proportional to the surface element dS (equation 5.127), so, in
normalized form, the homogeneous probability density is

f (λ,ϕ) =
1

4π
cos λ . (5.131)

Then, equation 5.129 gives

f λ(λ|ϕ =ϕ0) =
1
π

. (5.132)

We see that this conditional probability density is constant6.
This is in contradiction with usual ‘definitions’ of conditional probability density,

where the metric of the space is not considered, and where instead of the correct
equation 5.128, the conditional probability density is ‘defined’ by

f λ(λ|ϕ =ϕ0) = k f (λ,ϕ0) =
f (λ,ϕ0)∫ +π/2

−π/2 dλ f (λ,ϕ0)/ cos λ
wrong definition ,

(5.133)
6This constant value is 1/π if we consider half a meridian, or it is 1/2π if we consider a whole

meridian.



208 Appendices

this leading, in the considered case, to the conditional probability density

f λ(λ|ϕ =ϕ0) =
cos λ

2
wrong result . (5.134)

This result is the celebrated ‘Borel paradox’. As any other ‘mathematical paradox’, it
is not a paradox, it is just the result of an inconsistent calculation, with an arbitrary
definition of conditional probability density.

The interpretation of the paradox by Kolmogorov (1933) sounds quite strange
to us (see figure 5.6). Jaynes (1995) says “Whenever we have a probability density on
one space and we wish to generate from it one on a subspace of measure zero, the only safe
procedure is to pass to an explicitly defined limit [. . . ]. In general, the final result will and
must depend on which limiting operation was specified. This is extremely counter-intuitive
at first hearing; yet it becomes obvious when the reason for it is understood.”

We agree with Jaynes, and go one step further. We claim that usual parameter
spaces, where we define probability densities, normally accept a natural definition
of distance, and that the ‘limiting operation’ (in the words of Jaynes) must the the
uniform convergence associated to the metric. This is what we have done to define the
notion of conditional probability. Many examples of such distances are shown in this
text.



5.3 APPENDICES FOR PROBABILITY THEORY 209

5.3.11 Sampling a Probability

5.3.11.1 Sample Points (I)

Note: write here a simple section defining (intuitively) what a sample is, and de-
scribing the simplest sampling methods.

Note: explain that this section is not about the estimation of properties of a pop-
ulation from the properties of a sample (am important problem in statistics). We are
here concerned about a different problem: give a probability over a set, how can we
“draw” elements of the set, according to the given probability? (Well. . . this is not
so clear, as what we essentially want is to evaluate the probability of an event, say
P[A ] , using the sample points. This implies counting how many points fall in A
and evaluating a ratio. I must give the basic probabilistic rules of sampling. . . )

Example 5.8 Assume that a deck of playing cards has twice as much clubs and spades as it
has hearts and diamonds. Then, when randomly drawing a card, the probability of each of
the suits is

a ♣ ♠ ♥ ♦
p(a) 2/6 2/6 1/6 1/6 .

To mathematically sample this probability, one may use a virtual deck of cards (i.e., a com-
puter software with a random number generator), or, equivalently, a virtual six-faces dice,
and use the following correspondence:

dice face 1 2 3 4 5 6
associated suit ♣ ♣ ♠ ♠ ♥ ♦ .

An experiment produced the following sequence7: ♠ ♠ ♠ ♣ ♥ ♣ ♣ ♣ ♣ ♦ ♥ ♣ ♦ ♦ ♦
♣ ♣ ♦ ♣ ♠ ♣ ♦ ♣ ♣ ♠ ♣ ♠ ♣ ♠ ♠ ♣ ♣ . . .

There are some advantages in using deterministic pseudo-random number gen-
erators (generation is fast, it is immediately available, and the results are repro-
ducible [if the same “seed” is used]). In some situations, when the number of random
drawings is huge, and where it is important to avoid any possible correlation, one
may resort to “true” random number generators, that typically sample (and process)
a source of entropy outside the computer. These “true” random number generators
are available at different web sites (e.g., http://www.random.org/). They typically
pass all the tests that a true random sequence should satisfy, so it is reasonable to
rely on them for practical applications. It remains that any actual realization of a
sequence of numbers will never be random in the mathematical sense of the term.

7The experiment was stopped after 120 000 000 sample points had been generated. At that mo-
ment, the discrepancy between the experimental frequencies and the theoretical frequencies was of
the order of 10-4 (as it should, as 1/

√
120 000 000 = 0.91 10-4 ).
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Note: mention that we can easily obtain a random integer inside a finite set of
integers, but not a random integer (the probability of any integer is zero). Also,
given an interval of the real line, we can also obtain a random finite-accuracy real
number inside the interval, but not a true real number.

Note: mention somewhere the “resampling stats” method.
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5.3.11.2 Sample Points (II)

Introduction

When a probability distribution has been defined, we have to face the problem of
how to ‘use’ it. The definition of some central estimators (like the mean or the me-
dian) and some estimators of dispersion (like the covariance matrix), lacks gener-
ality, as it is quite easy to find examples (like multimodal distributions in highly-
dimensioned spaces) where these estimators fail to have any interesting meaning.

When a probability distribution has been defined over a space of low dimension
(say, from one to four dimensions), then we can directly represent the associated
volumetric probability. This is trivial in one or two dimensions. It is easy in three
dimensions, using, for instance, virtual reality software. Some tricks may allow us
to represent a four-dimensional probability distribution, but clearly this approach
cannot be generalized to the high dimensional case.

Let us explain the only approach that seems practical, with help of figure 5.7.
At the left of the figure, there is an explicit representation of a 2D probability dis-
tribution (by means of the associated volumetric probability). In the middle, some
random points have been generated (using the Monte Carlo method about to be de-
scribed). It is clear that if we make a histogram with these points, in the limit of a
sufficiently large number of points, we recover the representation at the left. Disre-
garding the histogram possibility, we can concentrate on the individual points. In
the 2D example of the figure, we have actual points in a plane. If the problem is mul-
tidimensional, each ‘point’ may corresponds to some abstract notion. For instance,
for a physicist, a ‘point’ may be a given state of a physical system. This state may
be represented in some way, for instance using some color drawing. Then a collec-
tion of ‘points’ is a collections of such drawings. Our experience shows that, given
such a collection of randomly generated ‘models’, the human eye-brain system is ex-
tremely good at apprehending the basic characteristics of the underlying probability
distribution, including possible multimodalities, correlations, etc.

Figure 5.7: An explicit representation of a 2D probabil-
ity distribution, and the sampling of it, using Monte
Carlo methods. While the representation at the top-
left cannot be generalized to high dimensions, the ex-
amination of a collection of points can be done in arbi-
trary dimensions. Practically, Monte Carlo generation
of points is done through a ‘random walk’ where a
‘new point’ is generated in the vicinity of the previous
point.
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When such a (hopefully large) collection of random models is available we can
also answer quite interesting questions. For instance, a geologist may ask: at which
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depth is that subsurface strucure? To answer this, we can make an histogram of the
depth of the given geological structure over the collection of random models, and
the histogram is the answer to the question. Which is the probability of having a zone
with large values of mass density shallower that one kilometer? The ratio of the number
of models presenting such a characteristic over the total number of models in the
collection gives the answer (if the collection of models is large enough).

Any Monte Carlo sampling method to be used in a space with a large number of
dimensions, has to be very carefully designed: blind Monte Carlo searches will fail,
excepted for very simple probability distributions. For large dimensional space tend
to be terribly empty, as the figure 5.8, suggests.

In this chapter it is assumed that we work with a metric manifold. Then both,
the notion of distance between two points and the notion of volume make sense.
And we work with volumetric probabilities, not probability densities. In principle,
the formulas here developed could be adapted for the case where one may wish to
use probability densities (the formulas become more complicated), but I see a major
problem with this: the use of probability densities may give the illusion that one can
work with manifolds where the distance between points is not defined. But then,
what would mean, in a Metropolis algorithm, to make a ‘small’ jump? And what
would mean to start with a random walk that samples the homogeneous probability
distribution? I encourage the reader to start using Monte Carlo methods only after
the notion of distance and the notion of volume have been carefully introduced in
the manifold.

A comment to be mentioned somewhere. When using sampling methods for
approximating probabilities via observed frequencies, the following question may
arise:

Consider an event that has a probability p of occurring. We generate N random
trials, and we observe that the event has occurred n times ( 0 ≤ n ≤ N ). If N is
large, we should obviously have n ≈ p N . More precisely, which is the probability
for each possible value of n (when N is not necessarily large)?

The answer is provided by the binomial distribution,

P(n) =
N!

n! (N − n)!
pn (1− p)N−n ;

N

∑
n=0

P(n) = 1 . (5.135)
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Dimension
1 2 3 4 5 6 7 8 9 10 11

Volume hypersphere / Volume hypercube

0.6

0.4

0.2

0.0

0.8

1.0

2R 4
3

πR3πR2

2R (2R)2 (2R)n(2R)3

(...)

(...)

πn/2 Rn

Γ(1+n/2)

Figure 5.8: Consider a square and the inscribed circle. If the circle’s surface is πR2 ,
that of the square is (2R)2 . If we generate a random point inside the square, with
homogeneous probability distribution, the probability of hitting the circle equals the
ratio of the surfaces, i.e., P = π/4 . We can do the same in 3D, but, in this case,
the ratio of volumes is P = π/6 : the probability of hitting the target is smaller
in 3D than in 2D. This probability tends dramatically to zero when the dimension
of the space increases. For instance, in dimension 100, the probability of hitting
the hypersphere incribed in the hypercube is P = 1.9 10−70 , what means that it is
practically impossible to hit the target ‘by chance’. The formulas at the top give the
volume of an hypersphere of radius R in a space of dimension 2n or 2n + 1 (the
formula is not the same for spaces with even or odd dimension), and the volume of
an hypercube with sides of length 2R . The graph at the bottom shows the evolution,
as a function of the dimension of the space, of the ratio between the volume of the
hypersphere and the volume of the hypercube. In large dimension, the hypersphere
fills a negligible amount of the hypercube.
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Notion of Sample

Let M be a finite-dimensional metric manifold, with points denoted P0 , P , . . . .
Let dv(P) represent the volume element of the manifold. If f (P) is a normalized
volumetric probability over M , then, by definition, the probability of a domain A ⊂
M is

P(A) =
∫

A
dv(P) f (P) . (5.136)

Assume that some random process (mathematical or physical) generates one ran-
dom point P0 on M . The random point P0 is called a sample of the probability
distribution f (P) if the probability that P0 belongs to any subset A of M equals
P(A) .
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Inversion Method

Consider a (1D) volumetric probability f (x) depending on a scalar variable x , with
length element ds(x) . This may occur when we have really one single random vari-
able or, more often, when on a multidimensional manifold we consider a conditional
distribution on a line (along which x is a parameter). The ‘inversion method’ con-
sists in introducing the cumulative probability

y = F(x) =
∫ x

xmin

ds(x′) f (x′) , (5.137)

that takes values in the interval [0, 1] , and the inverse function x = F−1(y) . It is
easy to see that if one randomly generates values of y with constant probability
density in the interval [0, 1] , then the values x = F−1(y) are random samples ‘of’
the volumetric probability f (x) . Provided the function F−1 is available, the method
is simple and efficient.

Example 5.9 Let y1 , y2 . . . be samples of a random variable with constant volumetric
probability in the interval [0, 1] , and let erf−1 be the inverse error function8. The numbers
erf−1(y1) , erf−1(y1) . . . are then normally distributed, with zero mean and unit variance
(see figure 5.9).

Figure 5.9: Use of the ‘inversion method’ to pro-
duce samples of a two-dimensional Gaussian
volumetric probability.

0

0

1

1

0

0

+3

+3

−3

−3

8The error function erf(x) is the integral between −∞ and x of a normalized Gaussian with zero
mean and unit variance (be careful, there are different definitions). One may find in the literature
different series expressions for erf−1 .
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Rejection Method

The ‘rejection method’ starts by generating samples x1 , x2 . . . of the homogeneous
volumetric probability, which usually is a simple problem. Then, each sample is sub-
mitted to the possibility of a rejection: the probability that the sample xk is accepted
being taken equal to

P =
f (xk)
fmax

, (5.138)

where fmax stands for the maximum of all the values f (x) , or any larger number
(the larger the number, the less efficient the method). It is then easy to prove that any
accepted point is a sample of the volumetric probability f (x) .

This methods works reasonably well in one dimension or two dimensions, and
could, in principle, be applicable in any number of dimensions. But, as already
mentioned, large-dimensional spaces tend to be very empty, and the chances that
this method accepts a point may be dramatically low when working with multi-
dimensional spaces.
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Sequential Realization

In equation 3.245 (page 139), we have expressed a joint volumetric probability as the
product of a conditional times a marginal. The conditional itself may sometimes be
also further decomposed, and so on, until one has an expression like

fn(x1, x2, . . . , xn) =
= f1(x1) f1|1(x2|x1) f1|2(x3|x1, x2) . . . f1|n−1(xn|x1, . . . , xn−1) ,

(5.139)

where each of the xi is, in general, multidimensional.
All these marginal and conditional volumetric probabilities are contained in the

original n-dimensional joint volumetric probability fn(x1, x2, . . . , xn) , and can, at
least in principle, be evaluated from it using integrals. Assume that they are all
known, and let us see how an n-dimensional sample could be generated.

One starts generating a sample for the (perhaps multidimensional) variable x1 ,
using the marginal f1(x1) , this giving a value x0

1 . With this value at hand, one
generates a sample for the variable x2 , using the conditional f1|1(x2|x0

1) , this giving
a value x0

2 . Then, one generates a sample for the variable x3 , using the conditional
f1|2(x3|x0

1, x0
2) , this giving a value x0

3 . And so on until one generates a sample for
the variable xn , using the conditional f1|n−1(xn|x0

1, . . . , x0
n−1) , this giving a value

x0
n . In this manner a point {x0

1, x0
2, . . . , x0

n} has been generated that is a sample of
the original fn(x1, x2, . . . , xn) .
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5.3.12 Random Points on the Surface of the Sphere

Figure 5.10: 1000 random points on the surface of the
sphere.

Note: Figure 5.10 has been generated using the following Mathematica code:

spc[t_,p_,r_:1] := r {Sqrt[1-t^2] Cos[p], Sqrt[1-t^2] Sin[p], t}

Show[Graphics3D[Table[Point[spc[Random[Real,{-1,1}],

Random[Real,{0,2Pi}]]],{1000}]]]

Figure 5.11: A geodesic dome dividing the surface of the
sphere into domains with approximately the same area.

Figure 5.12: The coordinate division of the surface of the
sphere.
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θ = 0

ϕ = 0

θ = −π/2

ϕ = −π/2

θ = −π θ = +π

ϕ = +π/2

θ = +π/2 θ = 0

ϕ = 0

θ = −π/2

ϕ = −π/2

θ = −π θ = +π

ϕ = +π/2

θ = +π/2

Figure 5.13: Map representation of a random homogeneous distribution of points at
the surface of the sphere. At the left, the naı̈ve division of the surface of the sphere
using constant increments of the coordinates. At the right, the cylindrical equal-area
projection. Counting the points inde each ‘rectangle’ gives, at the left, the probability
density of points. At the right, the volumetric probability.
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5.3.13 Basic Probability Distributions

5.3.13.1 Dirac’s Probability Distribution

In a metric manifold (where the notion of distance D(P1, P2) between two points
makes sense) we introduce the notion of homogeneous ball. The homogeneous ball
of radius r centered at P0 ∈ M is the probability distribution represented by the
volumetric probability

f (P; P0, r) =

{
1/V(P0, r) if D(P, P0) ≤ r

0 if D(P, P0) > r ,
(5.140)

where V(P0, r) is the volume of the ‘spherical’ domain here considered:

V(P0, r) =
∫

D(P,P0)≤r
dv(P) . (5.141)

This probability distribution is normalized to one.
For any scalar ‘test function’ ψ(P) defined over the manifold M , clearly,∫

P∈M
dv(P) ψ(P) f (P; P0, r) =

1
V(P0, r)

∫
D(P,P0)≤r

dv(P) ψ(P) . (5.142)

If the test function ψ(P) is sufficiently regular, one can take the limit r → 0 in this
expression, to get limr→0

∫
P∈M dv(P) ψ(P) f (P; P0, r) = ψ(P0) . One then formally

writes ∫
P∈M

dv(P) ψ(P) δ(P; P0) = ψ(P0) , (5.143)

where, formally,
δ(P; P0) = lim

r→0
f (P; P0, r) , (5.144)

and we call δ(P; P0) the Dirac’s probability distribution centered at point P0 ∈ M . It
associates probability one to any domain A ⊂ M that contains P0 and probability
zero to any domain that does not contain P0 .

A Dirac’s probability density could also be introduced, but we don’t need to enter
into the technicalities necessary to its proper definition.
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5.3.13.2 Gaussian Probability Distribution

One Dimensional Spaces

Warning, the formulas of this section have to be changed, to make them consistent
with the multidimensional formulas 5.160 and 5.161. And I must assume a linear
space!

Let M by a one-dimensional metric line with points P , Q . . . , and let D(Q, P)
denote the distance between point P and point Q . Given any particular point P

on the line, it is assumed that the line extends to infinite distances from P in the
two senses. The one-dimensional Gaussian probability distribution is defined by the
volumetric probability

f (P; P0;σ) =
1√

2π σ
exp

(
− D(P, P0)2

2σ2

)
, (5.145)

and it follows from the general definition of volumetric probability, that the proba-
bility of the interval between any two points P1 and P2 is

P =
∫ P2

P1

ds(P) f (P; P0;σ) , (5.146)

where ds denotes the elementary length element. The following properties are easy
to demonstrate:

• the probability of the whole line equals one (i.e., the volumetric probability
f (P; P0;σ) is normalized);

• the mean of f (P; P0;σ) is the point P0 ;

• the standard deviation of f (P; P0;σ) equals σ .

Example 5.10 Consider a coordinate X such that the distance between two points is D =
| log(X′/X)| . Then, the Gaussian distribution 5.145 takes the form

fX(X; X0,σ) =
1√

2π σ
exp

(
−1

2

(
1
σ

log
X
X0

)2
)

, (5.147)

where X0 is the mean and σ the standard deviation. As, here, ds(X) = dX/X , the
probability of an interval is

P(X1 ≤ X ≤ X2) =
∫ X2

X1

dX
X

fX(X; X0,σ) , (5.148)
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and we have the normalization∫ ∞
0

dX
X

fX(X; X0,σ) = 1 . (5.149)

This expression of the Gaussian probability distribution, written in terms on the variable X ,
is called the lognormal law. I suggest that the information on the parameter X represented
by the volumetric probability 5.147 should be expressed by a notation like9

log
X
X0

= ±σ , (5.150)

that is the exact equivalent of the notation used in equation 5.154 below. Defining the dif-
ference δX = X − X0 one converts this equation into log (1 + δX/X0) , whose first order
approximation is δX/X0 = ±σ . This shows that σ corresponds to what is usually called
the ‘relative uncertainty’. I do not recommend this terminology, as, with the definitions used
in this book (see section ??), σ is the actual standard deviation of the quantity X .

Exercise: write the equivalent of the three expressions 5.147–5.149 using, instead
of the variable X , the variables U = 1/X or Y = Xn .

Example 5.11 Consider a coordinate x such that the distance between two points is D =
|x′ − x| . Then, the Gaussian distribution 5.145 takes the form

fx(x; x0,σ) =
1√

2π σ
exp

(
−1

2
(x− x0)2

σ2

)
, (5.151)

where x0 is the mean and σ the standard deviation. As, here, ds(x) = dx , the probability
of an interval is

P(x1 ≤ x ≤ x2) =
∫ x2

x1

dx fx(x; x0,σ) , (5.152)

and we have the normalization∫ +∞
−∞ dx fx(x; x0,σ) = 1 . (5.153)

This expression of the Gaussian probability distribution, written in terms on the variable x ,
is called the normal law. The information on the parameter x represented by the volumetric
probability 5.151 is commonly expressed by a notation like10

x = x0 ±σ . (5.154)

9Equivalently, one may write X = X0 exp(±σ) , or X = X0
·
÷ Σ , where Σ = expσ .

10 More concise notations are also used. As an example, the expression x = 1 234.567 89 m ±
0.000 11 m (here, ‘m’ represents the physical unit ‘meter’) is sometimes written x = ( 1 234.567 89±
0.000 11 ) m or even x = 1 234.567 89(11) m .
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Example 5.12 It is easy to verify that through the change of variable

x = log
X
K

, (5.155)

where K is an arbitrary constant, the equations of the example 5.10 become those of the
example 5.11, and vice-versa. In this case, the quantity x has no physical dimensions (this
is, of course, a possibility, but not a necessity, for the quantity x in example 5.11).

The Gaussian probability distribution is represented in figure 5.14. Note that
there is no need to make different plots for the normal and the lognormal volumetric
probabilities.

1K

0 2 4-2-4

T

t

t = log10(T/T0) ; T0 = 1K

102K 104K10-2K10-4K

-1-3 1 3

Figure 5.14: A representation of the Gaussian probability distribution, where the ex-
ample of a temperature T is used. Reading the scale at the top, we associate to each
value of the temperature T the value h(T) of a lognormal volumetric probability.
Reading the scale at the bottom, we associate to every value of the logarithmic tem-
perature t the value g(t) of a normal volumetric probability. There is no need to
make a special plot where the lognormal volumetric probability h(T) would not
be represented ‘in a logarithmic axis’, as this strongly distorts the beautiful Gaussian
bell (see figures 5.15 and 5.16). In the figure represented here, one standard deviation
corresponds to one unit of t , so the whole range represented equals 8σ .

Figure 5.16 gives the interpretation of these functions in terms of histograms. By
definition of volumetric probability, an histogram should be made dividing the in-
terval under study in segments of same length ds(X) = dX/Y , as opposed to the
definition of probability density, where the interval should be divided in segments
of equal ‘variable increment’ dX . We clearly see, at the right of the figure the im-
practicality of making the histogram corresponding to the probability density: while
the right part of the histogram oversamples the variable, the left part undersamples
it. The histogram suggested at the left samples the variable homogeneously, but this
only means that we are using constant steps of the logarithmic quantity x associated
to the positive quantity X . Better, then, to directly use the representation suggested
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Figure 5.15: Left: the
lognormal volumetric
probability h(X) . Right:
the lognormal probability
density h(X) . Distribu-
tions centered at 1, with
standard deviations re-
spectively equal to 0.1, 0.2,
0.4, 0.8, 1.6 and 3.2 .

in figure 5.14 or in figure ??. We have then a double conclusion: (i) the lognormal
probability density (at the right in figures 5.15 and 5.16) does not correspond to any
practical histogram; it is generally uninteresting. (ii) the lognormal volumetric prob-
ability (at the left in figures 5.15 and 5.16) does correspond to a practical histogram,
but is better handled when the associated normal volumetric probability is used in-
stead (figure 5.14 or figure ??). In short: lognormal functions should never be used.

Figure 5.16: A typical
Gaussian distribution,
with central point 1 and
standard deviation 5/4,
represented here, using a
Jeffreys (positive) quantity,
by the lognormal volumet-
ric probability (left) and
the lognormal probability
density (right).
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Multi Dimensional Spaces

In dimension grater than one, the spaces may have curvature. But the multidimen-
sional Gaussian distribution makes only sense in linear spaces. In this section, x
represents a vector, and an expression like

‖ x ‖2 = xt g x (5.156)

represent the squared norm of the vector x with respect to some metric tensor g .
Of course, the components of vectors can be also seen as linear coordinates of the
points of the affine linear space associated to the vector space. In this manner, we
can interpret the expression

D2(x2, x1) = (x2 − x1)t (x2 − x1) (5.157)

as the squated distance between two points. The volume element of this affine space
is, then,

dv(x) =
√

det g dx1 ∧ · · · ∧ dxn . (5.158)

As
√

det g is a constant, the only difference between volumetric probabilities and
probability densities is, in the present situation, a multiplicative factor.

Let f (x) be a volumetric probability over the space. By definition, the probability
of a domain D is

P(D) =
∫
D

dv(x) f (x) , (5.159)

i.e.,
P(D) =

∫ √
det g dx1 ∧ · · · ∧ dxn f (x) . (5.160)

The multidimensional Gaussian volumetric probability (and probability density) is

f (x) =
1

(2π)n/2

√
det W√
det g

exp
(
−1

2
(x− x0)t W (x− x0)

)
. (5.161)

The following properties correspond to well known results concerning the multidi-
mensional Gaussian:

• f (x) is normed, i.e.,
∫

dv(x) f (x) = 1 ;

• the mean of f (x) is x0 ;

• the covariance matrix of f (x) is11 C = W-1 .

11Remember that the general definition of covariance gives here covi j =
∫

dv(x)(xi − xi
0)(x j −

x j
0) f (x) , so this property is not as obvious as it may seem.
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5.3.13.3 Laplacian Probability Distribution

Let M by a metric manifold with points P , Q . . . , and let D(P, Q) = D(Q, P) denote
the distance netween two points P and Q . The Laplacian probability distribution is
represented by the volumetric probability

f (P) = k exp
(
− 1
σ

D(P, Q)
)

. (5.162)

[Note: Elaborate this.]
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5.3.13.4 Exponential Distribution

Definition

Consider a one-dimensional metric space, with length element (one-dimensional
volume element) ds , and P0 be one of its points. Let us introduce the metric co-
ordinates

s(P, P0) =
∫ P

P0

ds . (5.163)

Note that because of the definition of one-dimensional integral, the variable s has a
sign, and one has s(P1, P2) = −s(P2, P1) .

The exponential distribution has the (1D) volumetric probability

f (P; P0) = α exp
(
−α s(P, P0)

)
; α ≥ 0 . (5.164)

It is volumetric probability is normed via
∫

ds(P) f (P, P0) = 1 , where the sum
concerns the half-interval at the right or at the left of point P0 , depending on the
orientation chosen (see examples 5.13 and 5.14).

Example 5.13 Consider a coordinate X such that the displacement between two points
is sX(X′, X) = log(X′/X) . Then, the exponential distribution 5.164 takes the form
fX(X; X0) = k exp (−α log(X/X0)) , i.e.,

fX(X) = α

(
X
X0

)−α
; α ≥ 0 . (5.165)

As, here, ds(X) = dX/X , the probability of an interval is P(X1 ≤ X ≤ X2) =
∫ X2

X1
dX
X fX(X) .

The volumetric probability fX(X) has been normed using∫ ∞
X0

dX
X

fX(X) = 1 . (5.166)

This form of the exponential distribution is usually called the Pareto law. The cumulative
probability function is

gX(X) =
∫ X

X0

dX′

X′ fX(X′) = 1−
(

X
X0

)−α
. (5.167)

It is negative for X < X0 , zero for X = X0 , and positive for X > X0 . The power α of
the ‘power law’ 5.165 may be any real number, but it most examples concerning the physical,
biological or economical sciences, it is of the form α = p/q , with p and q being small
positive integers12. With a variable U = 1/X , equation 5.170 becomes

fU(U) = k′ Uα ; α ≥ 0 , (5.168)
12In most problems, the variables seem to be chosen in such a way that α = 2/3 . This is the case

for the probability distributions of Earthquakes as a function of their energy (Gutenberg-Richter law,
see figure 5.18), or of the probability distribution of meteorites hitting the Earth as a function of their
volume (see figure 5.21).
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the probability on an interval is P(U1 ≤ U ≤ U2) =
∫ U2

U1
dU
U fU(U) , and one typically

uses the norming condition
∫ U0

0
dU
U fU(U) = 1 , where U0 is some selected point. Using

a variable Y = Xn , one arrives at the volumetric probability

fY(Y) = k′ Y−β ; β =
α

n
≥ 0 . (5.169)

Example 5.14 Consider a coordinate x such that the displacement between two points is
sx(x′, x) = x′ − x . Then, the exponential distribution 5.164 takes the form

fx(x) = α exp (−α (x− x0)) ; α ≥ 0 . (5.170)

As, here, ds(s) = ds , the probability of an interval is P(x1 ≤ x ≤ x2) =
∫ x2

x1
dx fx(x) , and

fx(x) is normed by ∫ +∞
x0

dx fx(x) = 1 . (5.171)

With a variable u = −x , equation 5.170 becomes

fu(u) = α exp (α (u− u0)) ; α ≥ 0 , (5.172)

and the norming condition is
∫ u0
−∞ du fu(u) = 1 . For the plotting of these volumetric

probabilities, sometimes a logarithmic ‘vertical axis’ is used, as suggested in figure 5.17. Note
that via a logarithmic change of variables x = log(X/K) (where K is some constant) this
example is identical to the example 5.13. The two volumetric probabilities 5.165 and 5.170
represent the same exponential distribution.

Note: mention here figure 5.17.
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Figure 5.17: Plots of exponential distribution for different
definitions of the variables. Top: The power functions
fX(X) = 1/X−α , and fU(U) = 1/Uα . Middle: Using
logarithmic variables x and u , one has the exponential
functions fx(x) = exp(−α x) and fu(u) = exp(α u) .
Bottom: the ordinate is also represented using a logarith-
mic variable, this giving the typical log-log linear func-
tions.

2.7 Basic Probability Distributions 65

As, here, ds(s) = ds , the probability of an interval is P(x1 ≤ x ≤ x2) =
∫ x2

x1
dx fx(x) , and

fx(x) is normed by ∫ +∞
x0

dx fx(x) = 1 . (2.173)

With a variable u = −x , equation 2.172 becomes

fu(u) = α exp (α (u− u0)) ; α ≥ 0 , (2.174)

and the norming condition is
∫ u0−∞ du fu(u) = 1 . For the plotting of these volumetric

probabilities, sometimes a logarithmic ‘vertical axis’ is used, as suggested in figure 2.14. Note
that via a logarithmic change of variables x = log(X/K) (where K is some constant) this
example is identical to the example 2.21. The two volumetric probabilities 2.167 and 2.172
represent the same exponential distribution.

Note: mention here figure 2.14.

Figure 2.14: Plots of ex-
ponential distribution for
different definitions of the
variables. Top: The power
functions fX(X) = 1/X−α ,
and fU(U) = 1/Uα . Middle:
Using logarithmic variables x
and u , one has the exponential
functions fx(x) = exp(−α x)
and fu(u) = exp(α u) . Bottom:
the ordinate is also represented
using a logarithmic variable,
this giving the typical log-log
linear functions.
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Example: Distribution of Earthquakes

The historically first example of power law distribution is the distribution of energies
of Earthquakes (the famous Gutenberg-Richter law).

An earthquake can be characterized by the seismic energy generated, E , or by
the moment corresponding to the dislocation, that I denote here13 M . As a rough
approximation, the moment is given by the product M = ν ` S , where ν is the
elastic shear modulus of the medium, ` the average displacement between the two
sides of the fault, and S is the faults’ surface (Aki and Richards, 1980).

Figure 5.18 shows the distribution of earthquakes in the Earth. As the same loga-
rithmic base (of 10) has been chosen in both axes, the slope of the line approximating
the histogram (which is quite close to -2/3 ) directly leads to the power of the power
law (Pareto) distribution. The volumetric probability f (M) representing the distri-
bution of earthquakes in the Earth is

f (M) =
k

M2/3
, (5.173)

where k is a constant. Kanamori (1977) pointed that the moment and the seismic
energy liberated are roughly proportional: M ≈ 2.0 104 E (energy and moment have
the same physical dimensions). This implies that the volumetric probability as a
function of the energy has the same form as for the moment:

g(E) =
k′

E2/3
. (5.174)

Figure 5.18: Histogram of the number
of earthquakes (in base 10 logarithmic
scale) recorded by the global seismolog-
ical networks in a period of xxx years,
as a function of the logarithmic seismic
moment (adapted from Lay and Wallace,
1995). More precisely, the quantity in the
horizontal axis is µ = log10(M/MK) ,
where M is the seismic moment, and
MK = 107 J = 1 erg is a constant, whose
value is arbitrarily taken equal the unit
of moment (and of energy) in the cgs
system of units. [note: Ask for the per-
mission to publish this figure.]
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13It is traditionally denoted M0 .
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Example: Shapes at the Surface of the Earth.

Note: mention here figure 5.19.

Figure 5.19: Wessel and Smith (1996) have compiled
a high-resolution shoreline data, and have processed
it to suppress erratic points and crossing segments.
The shorelines are closed polygons, and they are clas-
sified in 4 levels: ocean boundaries, lake boundaries,
islands-in-lake boundaries and pond-in-island-in-lake
boundaries. The 180,496 polygons they encountered
had the size distribution shown at the right (the ap-
proximate numbers are in the quoted paper, the exact
numbers where kindly sent to me by Wessel). A line
of slope is -2/3 is suggested in the figure.
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Example: Size of oil fields

Note: mention here figure 5.20.

Figure 5.20: Histogram of the sizes of oil fields in a do-
main of Texas. The horizontal axis corresponds, with
a logarithmic scale, to the ‘millions of Barrels of Oil
Equivalent’ (mmBOE). Extracted from chapter 2 (The
fractal size and spatial distribution of hydrocarbon ac-
cumulation, by Christopher C. Barton and Christo-
pher H. Scholz) of the book “Fractals in petroleum
geology and Earth processes”, edited by Christopher
C. Barton and Paul R. La Pointe, Plenum Press, New
York and London, 1995. [note: ask for the permission
to publish this figure]. The slope of the straight line is
-2/3, comparable to the value found with the data of
Wessel & Smith (figure 5.19).
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Example: Meteorites

Note: mention here figure 5.21.
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Figure 5.21: The approximate number of
meteorites falling on Earth every year is
distributed as follows: 1012 meteorites with
a diameter of 10−3 mm, 106 with a diame-
ter 1 mm, 1 with a diameter 1 m, 10−4 with
a diameter 100 m, and 10−8 with a diam-
eter 10 km. The statement is loosy, and I
have extracted it from the general press. It
is nevertheless clear that a log-log plot of
this ‘histogram’ gives a linear trend with
a slope equal to -2. Rather, transform-
ing the diameter D into volume V = D3

(which is proportional to mass), gives the
‘histogram’ at the right, with a slope of -
2/3.
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5.3.13.5 Spherical Distributions

The simplest probabilistic distribution over the circle and over the surface of the
sphere are the von Mises and the Fisher probability distributions, respectively.

The von Mises Distribution

As already mentioned in example 3.20, and demonstrated in section 5.3.14 here be-
low, the conditional volumetric probability induced over the unit circle by a 2D
Gaussian is

f (θ) = k exp
(

cosθ
σ2

)
. (5.175)

The constant k is to be fixed by the normalization condition
∫ 2π

0 dθ f (θ) = 1 , this
giving

k =
1

2 π I0(1/σ2)
, (5.176)

where I0( · ) is the modified Bessel function of order zero.

Figure 5.22: The circular (von Mises) distribution
corresponds to the intersection of a 2D Gaussian
by a circle passing by the center of the Gaussian.
Here, the unit circle has been represented, and
two Gaussians with standard deviations σ = 1
(left) and σ = 1/2 (right) . In fact, this is my
preferred representation of the von Mises distri-
bution, rather than the conventional functional
display of figure 5.23.

ϑ ϑ

Figure 5.23: The circular (von Mises) dis-
tribution, drawn for two full periods, cen-
tered at zero, and with values of σ equal to
2 ,
√

2 , 1 , 1/
√

2 , 1/2 (from smooth to sharp).

2π 3π 4π0

0

1

π

The Fisher Probability Distribution

Note: mention here Fisher (1953).
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As already mentioned in example 3.20, and demonstrated in section 5.3.14 here
below, the conditional volumetric probability induced over the surface of a sphere
by a 3D Gaussian is, using spherical coordinates

f (θ,ϕ) = k exp
(

cosθ
σ2

)
. (5.177)

We can normalize this volumetric probability by∫
dS(θ,ϕ)) f (θ,ϕ)) = 1 , (5.178)

with dS(θ,ϕ) = sinθ dθ dϕ . This gives

k =
1

4 π χ(1/σ2)
, (5.179)

where

χ(x) =
sinh(x)

x
. (5.180)
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5.3.14 Fisher from Gaussian (Demonstration)

Let us demonstrate here that the Fisher probability distribution is obtained as the
conditional of a Gaussian probability distribution over a sphere. As the demon-
stration is independent of the dimension of the space, let us take an space with n
dimensions, where the (generalized) geographical coordinates14 are

x1 = r cos λ cos λ2 cos λ3 cos λ4 . . . cos λn−2 cos λn−1

x2 = r cos λ cos λ2 cos λ3 cos λ4 . . . cos λn−2 sin λn−1

. . . = . . .

xn−2 = r cos λ cos λ2 sin λ3

xn−1 = r cos λ sin λ2

xn = r sin λ .

(5.181)

We shall consider the unit sphere at the origin, and an isotropic Gaussian prob-
ability distribution with standard deviation σ , with its center along the xn axis, at
position xn = 1 .

The Gaussian volumetric probability, when expressed as a function of the Carte-
sian coordinates is

fx(x1, . . . , xn) = k exp
(
− 1

2σ2

(
(x1)2 + (x2)2 + · · ·+ (xn−1)2 + (xn − 1)2 )) .

(5.182)
As the volumetric probability is an invariant, to express it using the geographical
coordinates we just need to use the replacements 5.181, to obtain

fr(r, λ, λ′, . . . ) = k exp
(
− 1

2σ2

(
r2 cos2λ+ (r sin λ− 1)2 )) , (5.183)

i.e.,

fr(r, λ, λ′, . . . ) = k exp
(
− 1

2σ2

(
r2 + 1− 2 r sin λ

))
. (5.184)

The condition to be on the sphere is just

r = 1 , (5.185)

so that the conditional volumetric probability, as given in equation 3.188, is just ob-
tained (up to a multiplicative constant) by setting r = 1 in equation 5.184,

f (λ, λ′, . . . ) = k′ exp
(

sin λ− 1
σ2

)
, (5.186)

14The geographical coordinates (longitude and latitude) generalize much better to high dimensions
than the more usual spherical coordinates.
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i.e., absorbing the constant exp(1/σ2) ,

f (λ, λ′, . . . ) = k′′ exp
(

sin λ
σ2

)
. (5.187)

This volumetric probability corresponds to the n-dimensional version of the Fisher
distribution. Its expression is identical in all dimensions, only the norming constant
depends on the dimension of the space.
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5.3.15 Probability Distributions for Tensors

In this appendix we consider a symmetric second rank tensor, like the stress tensor
σ of continuum mechanics.

A symmetric tensor, σi j = σ ji , has only sex degrees of freedom, while it has nine
components. It is important, for the development that follows, to agree in a proper
definition of a set of ‘independent components’. This can be done, for instance, by
defining the following six-dimensional basis for symmetric tensors

e1 =

1 0 0
0 0 0
0 0 0

 ; e2 =

0 0 0
0 1 0
0 0 0

 ; e3 =

0 0 0
0 0 0
0 0 1

 (5.188)

e4 =
1√
2

0 0 0
0 0 1
0 1 0

 ; e5 =
1√
2

0 0 1
0 0 0
1 0 0

 ; e6 =
1√
2

0 1 0
1 0 0
0 0 0

 .

(5.189)
Then, any symmetric tensor can be written as

σ = sα eα , (5.190)

and the six values sα are the six ‘independent components’ of the tensor, in terms of
which the tensor writes

σ =

 s1 s6/
√

2 s5/
√

2
s6/
√

2 s2 s4/
√

2
s5/
√

2 s4/
√

2 s3

 . (5.191)

The only natural definition of distance between two tensors is the norm of their
difference, so we can write

D(σ2,σ1) = ‖σ2 −σ1 ‖ , (5.192)

where the norm of a tensor σ is15

‖σ ‖ =
√
σi jσ

ji . (5.193)

The basis in equation 5.189 is normed with respect to this norm16. In terms of the
independent components in expression 5.191 the norm of a tensor simply becomes

‖σ ‖ =
√

(s1)2 + (s2)2 + (s3)2 + (s4)2 + (s5)2 + (s6)2 , (5.194)

15Of course, as, here, σi j = σ ji one can also write ‖ σ ‖ =
√
σi jσ

i j , but this expression is only
valid for symmertric tensors, while the expression 5.193 is generally valid.

16It is also orthonormed, with the obvious definition of scalar product from which this norm de-
rives.
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this showing that the six components sα play the role of Cartesian coordinates of
this 6D space of tensors.

A Gaussian volumetric probability in this space has then, obviously, the form

fs(s) = k exp

(
− ∑

α=6
α=1(sα − sα0 )2

2ρ2

)
, (5.195)

or, more generally,

fs(s) = k exp
(
− 1

2ρ2

(
sα − sα0

)
Wαβ

(
sβ − sβ0

))
. (5.196)

It is easy to find probabilistic models for tensors, when we choose as coordinates
the independent components of the tensor, as this Gaussian example suggests. But
a symmetric second rank tensor may also be described using its three eigenvalues
{λ1, λ2, λ3} and the three Euler angles {ψ,θ,ϕ} defining the eigenvector’s direc-
tions s1 s6/

√
2 s5/

√
2

s6/
√

2 s2 s4/
√

2
s5/
√

2 s4/
√

2 s3

 = R(ψ) R(θ) R(ϕ)

λ1 0 0
0 λ2 0
0 0 λ3

 R(ϕ)T R(θ)T R(ψ)T ,

(5.197)
where R denotes the usual rotation matrix. Some care is required when using the
coordinates {λ1, λ2, λ3,ψ,θ,ϕ} .

To write a Gaussian volumetric probability in terms on eigenvectors and eigendi-
rections only requires, of course, to insert in the fs(s) of equation 5.196 the ex-
pression 5.197 giving the tensor components as a function of the eigenvectors and
eigendirections (we consider volumetric probabilities —that are invariant— and not
probability densities —that would require an extra multiplication by the Jacobian
determinant of the transformation—),

f (λ1, λ2, λ3,ψ,θ,ϕ) = fs(s1, s2, s3, s4, s5, s6) . (5.198)

But then, of course, we still need how to integrate in the space using these new
coordinates, in order to evaluate probabilities.

Before facing this problem, let us remark that it is the replacement in equation
5.196 of the components sα in terms of the eigenvalues and eigendirections of the
tensor that shall express a Gaussian probability distribution in terms of the variables
{λ1, λ2, λ3,ψ,θ,ϕ} . Using a function that would ‘look Gaussian’ in the variables
{λ1, λ2, λ3,ψ,θ,ϕ} would not correspond to a Gaussian probability distribution, in
the sense of section 5.3.13.2.
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The Jacobian of the transformation {s1, s2, s3, s4, s5, s6}
 {λ1, λ2, λ3,ψ,θ,ϕ} can
be obtained using a direct computation, that gives17∣∣∣∣∂(s1, s2, s3, s4, s5, s6)

∂(λ1, λ2, λ3,ψ,θ,ϕ)

∣∣∣∣ = (λ1 − λ2) (λ2 − λ3) (λ3 − λ1) sinθ . (5.199)

The capacity elements in the two systems of coordinates are

dvs(s1, s2, s3, s4, s5, s6) = ds1 ∧ ds2 ∧ ds3 ∧ ds4 ∧ ds5 ∧ ds6

dv(λ1, λ2, λ3,ψ,θ,ϕ) = dλ1 ∧ dλ2 ∧ dλ3 ∧ dψ ∧ dθ ∧ dϕ .
(5.200)

As the coordinates {sα} are Cartesian, the volume element of the space is numeri-
cally identical to the capacity element,

dvs(s1, s2, s3, s4, s5, s6) = dvs(s1, s2, s3, s4, s5, s6) , (5.201)

but in the coordinates {λ1, λ2, λ3,ψ,θ,ϕ} the volume element and the capacity are
related via the Jacobian determinant in equation 5.199,

dv(λ1, λ2, λ3,ψ,θ,ϕ) = (λ1 − λ2) (λ2 − λ3) (λ3 − λ1) sinθ dv(λ1, λ2, λ3,ψ,θ,ϕ) .
(5.202)

Then, while the evaluation of a probability in the variables {s1, s2, s3, s4, s5, s6} should
be done via

P =
∫

dvs(s1, s2, s3, s4, s5, s6) fs(s1, s2, s3, s4, s5, s6)

=
∫

ds1 ∧ ds2 ∧ ds3 ∧ ds4 ∧ ds5 ∧ ds6 fs(s1, s2, s3, s4, s5, s6) ,
(5.203)

in the variables {λ1, λ2, λ3,ψ,θ,ϕ} it should be done via

P =
∫

dv(λ1, λ2, λ3,ψ,θ,ϕ) f (λ1, λ2, λ3,ψ,θ,ϕ)

=
∫

dλ1 ∧ dλ2 ∧ dλ3 ∧ dψ ∧ dθ ∧ dϕ ×

× (λ1 − λ2) (λ2 − λ3) (λ3 − λ1) sinθ f (λ1, λ2, λ3,ψ,θ,ϕ) .
(5.204)

To conclude this appendix, we may remark that the homogeneous probability
distribution (defined as the one who is ‘proportional to the volume distribution’) is
obtained by taking both fs(s1, s2, s3, s4, s5, s6) and f (λ1, λ2, λ3,ψ,θ,ϕ) as constants.

[Note: I should explain somewhere that there is a complication when, instead
of considering ‘a tensor like the stress tensor’ one consider a positive tensor (like
an electric permittivity tensor). The treatment above applies approximately to the
logarithm of such a tensor.]

17If instead of the 3 Euler angles, we take 3 rotations around the three coordinate axes, the sinθ
here above becomes replaced by the cosinus of the second angle. This is consistent with the formula
by Xu and Grafarend (1997).
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5.3.16 Homogeneous Distribution of Second Rank Tensors

The usual definition of the norm of a tensor provides the only natural definition of
distance in the space of all possible tensors. This shows that, when using a Cartesian
system of coordinates, the components of a tensor are the ‘Cartesian coordinates’
in the 6D space of symmetric tensors. The homogeneous distribution is then repre-
sented by a constant (nonnormalizable) probability density:

f (σxx,σyy,σzz,σxy,σyz,σzx) = k . (5.205)

Instead of using the components, we may use the three eigenvalues {λ1, λ2, λ3}
of the tensor and the three Euler angles {ψ,θ,ϕ} defining the orientation of the
eigendirections in the space. As the Jacobian of the transformation

{σxx,σyy,σzz,σxy,σyz,σzx}
 {λ1, λ2, λ3,ψ,θ,ϕ} (5.206)

is ∣∣∣∣∂(σxx,σyy,σzz,σxy,σyz,σzx)
∂(λ1, λ2, λ3,ψ,θ,ϕ)

∣∣∣∣ = (λ1 − λ2)(λ2 − λ3)(λ3 − λ1) sinθ , (5.207)

the homogeneous probability density 5.205 transforms into

g(λ1, λ2, λ3,ψ,θ,ϕ) = k (λ1 − λ2)(λ2 − λ3)(λ3 − λ1) sinθ . (5.208)

Although this is not obvious, this probability density is isotropic in spatial direc-
tions (i.e., the 3D referentials defined by the three Euler angles are isotropically dis-
tributed). In this sense, we recover ‘isotropy’ as a special case of ‘homogeneity’.

The rule ??, imposing that any probability density on the variables {λ1, λ2, λ3,ψ,θ,ϕ}
has to tend to the homogeneous probability density 5.208 when the ‘dispersion pa-
rameters’ tend to infinity imposes a strong constraint on the form of acceptable prob-
ability densities, that is, generally, overlooked.

For instance, a Gaussian model for the variables {σxx,σyy,σzz,σxy,σyz,σzx} is
consistent (as the limit of Gaussian is a constant). This induces, via the Jacobian rule,
a probability density for the variables {λ1, λ2, λ3,ψ,θ,ϕ} , a probability density that
is not simple, but consistent. A Gaussian model for the parameters {λ1, λ2, λ3,ψ,θ,ϕ}
would not be consistent.
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5.3.17 Center of a Probability Distribution

Let M be an n-dimensional manifold, and let P, Q, . . . represent points of M . The
manifold is assumed to have a metric defined over it, i.e., the distance between
any two points P and Q is defined, and denoted D(Q, P) . Of course, D(Q, P) =
D(P, Q) .

A normalized probability distribution P is defined over M , represented by the
volumetric probability f . The probability of D ⊂ M is obtained, using the notations
of equation 3.119, as

P(D) =
∫

P∈D
dv(P) f (P) . (5.209)

If ψ(P) is a scalar (invariant) function defined over M , its average value is de-
noted 〈ψ 〉 , and is defined as

〈ψ 〉 ≡
∫

P∈M
dv(P) f (P) ψ(P) . (5.210)

This clearly corresponds to the intuitive notion of ‘average’.
Let p be a real number in the range 1 ≤ p < ∞ . To any point P we can associate

the quantity (having the dimension of a length)

σp(P) =
(∫

Q∈M
dv(Q) f (Q) D(Q, P)p

) 1
p

. (5.211)

Definition 5.1 The point18 where σp(P) attains its minimum value is called the Lp-norm
center of the probability distribution f (P) , and it is denoted Pp .

Definition 5.2 The minimum value of σp(P) is called the Lp-norm radius of the probabil-
ity distribution f (P) , and it is denoted σp .

The interpretation of these definitions is simple. Take, for instance p = 1 . Com-
paring the two equations 5.210–5.211, we see that, for a fixed point P , the quantity
σ1(P) corresponds to the average of the distances from the point P to all the points.
The point P that minimizes this average distance is ‘at the center’ of the distribution
(in the L1-norm sense). For p = 2 , it is the average of the squared distances that is
minimized, etc.

The following terminology shall be used:

• P1 is called the median, and σ1 is called the mean deviation;

18If there is more than one point where σp(P) attains its minimum value, any such point is called
a center (in the Lp-norm sense) of the probability distribution f (P) .
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• P2 is called the barycenter (or the center, or the mean), and σ2 is called the stan-
dard deviation (while its square is called the variance);

• P∞ is called19 the circumcenter, and σ∞ is called the circumradius.

Calling P∞ and σ∞ respectively the ‘circumcenter’ and the ‘circumradius’ seems
justified when considering, in the Euclidean plane, a volumetric probability that is
constant inside a triangle, and zero outside. The ‘circumcenter’ of the probability dis-
tribution is then the circumcenter of the triangle, in the usual geometrical sense, and
the ‘circumradius’ of the probability distribution is the radius of the circumscribed
circle20. More generally, the circumcenter of a probability distribution is always at
the point that minimizes the maximum distance to all other points, and the circum-
radius of the probability distribution is this ‘minimax’ distance.

Example 5.15 Consider a one-dimensional space N , with a coordinate ω , such that the
distance between the point ν1 and the point ν2 is

D(ν2,ν1) =
∣∣∣∣ log

ν2

ν1

∣∣∣∣ . (5.212)

As suggested in XXX, the space N could be the space of musical notes, and ν the frequency
of a note. Then, this distance is just (up to a multiplicative factor) the usual distance between
notes, as given by the number of ‘octaves’. Consider a normalized volumetric probability
f (ν) , and let us be interested in the L2-norm criteria. For p = 2 , equation 5.211 can be
written (

σ2(µ)
)2 =

∫ ∞
0

ds(ν) f (ν)
(

log
ν

µ

)2

, (5.213)

The L2-norm center of the probability distribution, i.e., the value ν2 at which σ2(µ) is
minimum, is easily found21 to be

ν2 = ν0 exp
(∫ ∞

0
ds(ν) f (ν) log

ν

ν0

)
, (5.214)

where ν0 is an arbitrary constant (in fact, and by virtue of the properties of the log-exp
functions, the value ν2 is independent of this constant). This mean value ν2 corresponds

19The L∞-norm center and radius are defined as the limit p → ∞ of the Lp-norm center and
radius.

20The circumscribed circle is the circle that contains the three vertices of the triangle. Its center
(called circumcenter) is at the the point where the perpendicular bisectors of the sides cross.

21For the minimization of the function σ2(µ) is equivalent to the minimization of
(
σ2(µ)

)2 , and
this gives the condition

∫
ds(ν) f (ν) log(ν/µ) = 0 . For any constant ν0 , this is equivalent to∫

ds(ν) f (ν) (log(ν/ν0)− log(µ/ν0)) = 0 , i.e., log(µ/ν0) =
∫

ds(ν) f (ν) log(ν/ν0) , from where
the result follows. The constant ν0 is necessary in these equations for reasons of physical dimensions
(only the logarithm of adimensional quantities is defined).
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to what in statistical theory is called the ‘geometric mean’. The variance of the distribution,
i.e., the value of the expression 5.213 at its minimum, is

(
σ2
)2 =

∫ ∞
0

ds(ν) f (ν)
(

log
ν

ν2

)2

. (5.215)

The distance element associated to the distance in equation 5.212 is, clearly, ds(ν) = dν/ν ,
and the probability density associated to f (ν) is f (ν) = f (ν)/ν , so, in terms of the
probability density f (ν) , equation 5.214 becomes

ν2 = ν0 exp
(∫ ∞

0
dν f (ν) log

ν

ν0

)
, (5.216)

while equation 5.215 becomes

(
σ2
)2 =

∫ ∞
0

dν f (ν)
(

log
ν

ν2

)2

. (5.217)

The reader shall easily verify that if instead of the variable ν , one chooses to use the loga-
rithmic variable ν∗ = log(ν/ν0) , where ν0 is an arbitrary constant (perhaps the same as
above), then instead of the six expressions 5.212–5.217 we would have obtained, respectively,

s(ν∗2 ,ν∗1) = | ν∗2 − ν∗1 |(
σ2(µ∗)

)2 =
∫ +∞
−∞ ds(ν∗) f (ν∗) (ν∗ −µ∗)2

ν∗2 =
∫ +∞
−∞ ds(ν∗) f (ν∗) ν∗(

σ2
)2 =

∫ +∞
−∞ ds(ν∗) f (ν∗)

(
ν∗ − ν∗2

)2

(5.218)

ν∗2 =
∫ +∞
−∞ dν∗ f (ν∗) ν∗ (5.219)

and (
σ2
)2 =

∫ +∞
−∞ dν∗ f (ν∗)

(
ν∗ − ν∗2

)2 , (5.220)

with, for this logarithmic variable, ds(ν∗) = dν∗ and f (ν∗) = f (ν∗) . The two last
expressions are the ordinary equations used to define the mean and the variance in elementary
texts.

Example 5.16 Consider a one-dimensional space, with a coordinate χ , the distance between
two poits χ1 and χ2 being denoted D(χ2, χ1) . Then, the associated length element is
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d`(χ) = D( χ+ dχ , χ ) . Finally, consider a (1D) volumetric probability f (χ) , and let us
be interested in the L1-norm case. Assume that χ runs from a minimum value χmin to a
maximum value χmax (both could be infinite). For p = 1 , equation 5.211 can be written

σ1(χ) =
∫

d`(χ′) f (χ′) D(χ′, χ) . (5.221)

Denoting χ1 be the median, i.e., the point the point where σ1(χ) is minimum), one easily22

founds that χ1 is characterized by the property that it separates the line into two domains of
equal probability, i.e.,

∫ χ1

χmin

d`(χ) f (χ) =
∫ χmax

χ1

d`(χ) f (χ) , (5.222)

expression that can readily be used for an actual computation of the median, and which
corresponds to its elementary definition. The mean deviation is then given by

σ1 =
∫ χmax

χmin

d`(χ) f (χ) D(χ, χ1) . (5.223)

Example 5.17 Consider the same situation as in the previous example, but let us become in-
terested in the L∞-norm case. Let χmin and χmax the minimum and the maximum values
of χ for which f (χ) 6= 0 . It can be shown that the circumcenter of the probability distri-
bution is the point χ∞ that separates the interval {χmin, χmax} in two intervals of equal
length, i.e., satisfying the condition

D(χ, χmin) = D(χmax, χ) , (5.224)

and that the circumradius is

σ∞ =
D(χmax, χmin)

2
. (5.225)

Example 5.18 Consider, in the Euclidean n-dimensional space En , with Cartesian coordi-
nates x = {x1, . . . , xn} , a normalized volumetric probability f (x) , and let us be interested
in the L2-norm case. For p = 2 , equation 5.211 can be written, using obvious notations,(

σ2(y)
)2 =

∫
dx f (x) ‖ x− y ‖2 . (5.226)

22In fact, the property 5.222 of the median being intrinsic (independent of any coordinate system),
we can limit ourselves to demonstrate it using a special ‘Cartesian’ coordinate, where d`(x) = dx ,
and D(x1, x2) = |x2 − x1| , where the property is easy to demonstrate (and well known).
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Let x2 denote the mean of the probability distribution, i.e., the point where σ2(y) is min-
imum (or, equivalently, where

(
σ2(y)

)2 is minimum). The condition of minimum (the
vanishing of the derivatives) gives

∫
dx f (x) (x− x2) = 0 , i.e.,

x2 =
∫

dx f (x) x , (5.227)

which is an elementary definition of mean. The variance of the probability distribution is then

(σ2)
2 =

∫
dx f (x) ‖ x− x2 ‖2 . (5.228)

In the context of this example, we can define the covariance tensor

C =
∫

dx f (x)
(
x− x2

)
⊗
(
x− x2

)
. (5.229)

Note that equation 5.227 and equation 5.229 can be written, using indices, as

xi
2 =

∫
dx1 ∧ · · · ∧ dxn f (x1, . . . , xn) xi , (5.230)

and
Ci j =

∫
dx1 ∧ · · · ∧ dxn f (x1, . . . , xn) (xi − xi

2) (x j − x j
2) . (5.231)
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5.3.18 Dispersion of a Probability Distribution
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5.3.19 Monte Carlo (Sampling) Methods

5.3.19.1 Random Walks and the Metropolis Rule

Blind random search in multidimensional spaces may be very inefficient, as already
mentioned. This is why, when the probability distribution to be sampled is relatively
uncomplicated, one may use a ‘random walk’, a sort of Brownian motion where the
probability of getting lost in the vast emptiness of multidimensional spaces is kept
low. When this works, this works very well, but this is not panacea: for really com-
plicated probability distributions, with isolate regions of significant probability, this
may not work at all: the discovery of these isolated regions is an intrinsically difficult
problem, where mathematics alone are not of much help. It is only the careful con-
sideration of the physics involved in the problem, and of the particular properties of
the probability distribution that may suggest some strategy. This strategy shall be
problem dependent.

In what follows, then, we concentrate in moderately complicated probability dis-
tributions, where random walks are appropriate for sampling. We analyze here the
random walks without memory: each step depends only on the last step. Such a
walk without memory is technically called a Markov Chain Monte Carlo (MCMC) ran-
dom walk.

5.3.19.2 Modification of Random Walks

Assume here that we can start with a random walk that samples some normalized
volumetric probability f (P) , and have the goal of having a random walk that sam-
ples the volumetric probability

h(P) =
1
ν

f (P) g(P) , (5.232)

i.e., the conjunction of f with some other volumetric probability g . Here, ν is the
normalizing factor ν =

∫
M dv(P) f (P) .

Call Pi the ‘current point’. With this current point as starting point, run one step
of the random walk that unimpeded would sample the volumetric probability f (P) ,
to generate a ‘test point’ Ptest . Compute the value

g(Ptest) . (5.233)

If this value is ‘high enough’, let the point Ptest ‘survive’. If g(Ptest) is not ‘high
enough’, discard this point and generate another one (making another step of the
random walk sampling the prior volumetric probability f (P)) , using again Pi as
starting point).

There are many criteria for deciding when a point should survive or should be
discarded, all of them resulting in a collection of ‘surviving points’ that are samples
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of the target volumetric probability h(P) . For instance, if we know the maximum
possible value of g(P) , say g(P)max , then define

Ptest =
g(Ptest)
g(P)max

, (5.234)

and give the point Ptest the probability Ptest of survival (note that 0 < Ptest < 1 ).
It is intuitively obvious why the random walk modified using such a criterion pro-
duces a random walk that actually samples the volumetric probability h(P) defined
by equation 5.232.

Among the many criteria that can be used, the by far most efficient is the Metropo-
lis criterion, the criterion behind the Metropolis Algorithm (Metropolis et al. 1953). In
the following we shall describe this algorithm with some detail.

5.3.19.3 The Metropolis Rule

Consider the following situation. Some random rules define a random walk that
samples the volumetric probability f (P) . At a given step, the random walker is at
point Pi , and the application of the rules would lead to a transition to point P j .
If that ‘proposed transition’ Pi → P j is always accepted, the random walker will
sample the volumetric probability f (P) . Instead of always accepting the proposed
transition Pi → P j , we reject it sometimes by using the following rule to decide if
the random walker is allowed to move to P j of if it must stay at Pi :

• if g(P j) ≥ g(Pi) , then accept the proposed transition to P j ,

• if g(P j) < g(Pi) , then decide randomly to move to P j , or to stay at Pi , with
the following probability of accepting the move to P j :

P =
g(P j)
g(Pi)

. (5.235)

Then we have the following

Theorem 5.1 The random walker samples the conjunction h(P) of the volumetric probabil-
ities f (P) and g(P)

h(P) = k f (P) g(P) (5.236)

(see appendix ?? for a demonstration).

The algorithm above is reminiscent (see appendix ??) of the Metropolis algorithm
(Metropolis et al., 1953), originally designed to sample the Gibbs-Boltzmann distri-
bution. Accordingly, we will refer to the above acceptance rule as the Metropolis rule.
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5.3.19.4 The Cascaded Metropolis Rule

As above, assume that some random rules define a random walk that samples the
volumetric probability f1(P) . At a given step, the random walker is at point Pi ;

1 apply the rules, that unthwarted, would generate samples of f1(P) , to propose
a new point P j ,

2 if f2(P j) ≥ f2(Pi) , go to point 3; if f2(P j) < f2(Pi) , then decide randomly to
go to point 3 or to go back to point 1, with the following probability of going to
point 3: P = f2(P j)/ f2(Pi) ;

3 if f3(P j) ≥ f3(Pi) , go to point 4; if f3(P j) < f3(Pi) , then decide randomly to
go to point 4 or to go back to point 1, with the following probability of going to
point 4: P = f3(P j)/ f3(Pi) ;

. . . . . .

n if fn(P j) ≥ fn(Pi) , then accept the proposed transition to P j ; if fn(P j) <
fn(Pi) , then decide randomly to move to P j , or to stay at Pi , with the follow-
ing probability of accepting the move to P j : P = fn(P j)/ fn(Pi) ;

Then we have the following

Theorem 5.2 The random walker samples the conjunction h(P) of the volumetric proba-
bilities f1(P), f2(P), . . . , fn(P) :

h(P) = k f1(P) f2(P) . . . fn(P) . (5.237)

(see appendix XXX for a demonstration).

5.3.19.5 Initiating a Random Walk

Consider the problem of obtaining samples of a volumetric probability h(P) defined
as the conjunction of some volumetric probabilities f1(P), f2(P), f3(P) . . . ,

h(P) = k f1(P) f2(P) f3(P) . . . , (5.238)

and let us examine three common situations.
We may start with a random walk that actually samples f1(P) . Then, a direct

application of the cascaded Metropolis rule allows to produce samples of h(P) .
Sometimes, we do not have readily available a random walk that samples f1(P) .

In that case, we rewrite expression 5.238 as

h(P) = k f0(P) f1(P) f2(P) f3(P) . . . , (5.239)
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where f0(P) is the homogeneous volumetric probability. Because we use volumetric
probabilities (and not probability densities), f0(P) is just a constant23. Then, the
first cascade of the cascaded Metropolis algorithm provides the random walk that
samples f1(P) , and we can proceed ‘as usual’.

In the worst circumstance, we only have a random walk that samples some vol-
umetric probability ψ(P) that is not of interest to us. Rewriting expression 5.238
as

h(P) = kψ(P)
f0(P)
ψ(P)

f1(P) f2(P) f3(P) . . . , (5.240)

immediately suggests to use the cascaded Metropolis algorithm to pass from a ran-
dom walk that samples ψ(P) to a random walk that samples the homogeneous vol-
umetric probability f0(P) , then to a random walk that samples f1(P) , and so on.

5.3.19.6 Choosing Random Directions and Step Lengths

A random walk is an iterative process where, when we stay at some ‘current point’,
we may jump to a neighboring point. We must decide two things, the direction of
the jump and its step length. Let us examine the two problems in turn.

5.3.19.6.1 Choosing Random Directions When the number of dimensions is small,
a ‘direction’ in a space is something simple. This is not so when we work in large-
dimensional spaces. Consider, for instance, the problem of choosing a direction in
a space of functions. Of course, a space where each point is a function is infinite-
dimensional, and we work here with finite-dimensional spaces, but we may just
assume that we have discretized the functions using a large number of points, say
10 000 or 10 000 000 points.

If we are ‘at the origin’ of the space, i.e., at point {0, 0, . . . } representing a func-
tion that is everywhere zero, we may decide to choose a direction pointing towards
smooth functions, or fractal functions, gaussian-like functions, functions having zero
mean value, L1 functions, L2 functions, functions having a small number of large
jumps, etc. This freedom of choice, typical of large-dimensional problems, has to
be carefully analyzed, and it is indispensable to take advantage of it whe designing
random walks.

Assume that we are able to design a random walk that samples the volumetric
probability f (P) , and we wish to modify it considering the values g(P) , using the
Metropolis rule (or any equivalent rule), in order to obtain a random walk that sam-
ples

h(P) = k f (P) g(P) . (5.241)

We can design many initial random walks that sample f (P) . Using Metropolis
modification of a random walk, we will always obtain a random walk that samples

23Whose value is the inverse of the total volume of the manifold.
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h(P) . A well designed initial random walk will ‘present’ to the Metropolis crite-
rion test points Ptest that have a large probability of being accepted (i.e., that have a
large value of g(Ptest) ). A poorly designed initial random walk will test points with
a low probability of being accepted. Then, the algorithm is very slow in produc-
ing accepted points. Although high acceptance probability can always be obtained
with very small step lengths (if the volumetric probability to be sampled is smooth),
we need to discover directions that give high acceptance ratios even for large step
lengths.

5.3.19.6.2 Choosing Step Lengths Numerical algorithms are usually forced to com-
promise between some conflicting wishes. For instance, a gradient-based minimiza-
tion algorithm has to select a finite step length along the direction of steepest descent.
The larger the step length, the smaller may be the number of iterations required to
reach the minimum, but if the step length is chosen too large, we may lose efficiency;
we can even increase the value of the target function, instead of diminishing it.

The random walks contemplated here face exactly the same situation. The direc-
tion of the move is not deterministically calculated, but is chosen randomly, with the
common-sense constraint discussed in the previous section. But once a direction has
been decided, the size of the jump along this direction, that has to be submitted to
the Metropolis criterion, has to be ‘as large as possible’, but not too large. Again, the
‘Metropolis theorem’ guarantees that the final random walk will sample the target
probability distribution, but the better we are in choosing the step length, the more
efficient the algorithm will be.

In practice, a neighborhood size giving an acceptance rate of 30%− 60% (for the
final, posterior sampler) can be recommended.
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5.4 APPENDICES FOR INVERSE PROBLEMS
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5.4.1 Inverse Problems

[Note: Complete and expands what follows.]
In the so called ‘inverse problems’, values of the parameters describing physical

systems are estimated, using as data some indirect measurements. A consistent for-
mulation of inverse problems can be made using the concepts of probability theory.
Data and attached uncertainties, (a possibly vague) a priori information on model
parameters, and a physical theory relating the model parameters to the observations
are the fundamental elements of any inverse problem. While the most general solu-
tion of the inverse problem requires extensive use of Monte Carlo methods, special
hypothesis (e.g., Gaussian uncertainties) allow, in some cases, to solve part of the
problem analytically (e.g., using the method of least squares).

Given a physical system, the ‘forward’ of ‘direct’ problem consists, by definition,
in using a physical theory to predict the outcome of possible experiments. In classical
physics, this problem has a unique solution. For instance, given a seismic model of
the whole Earth (elastic constants, attenuation, etc. at every point inside the Earth)
and given a model of a seismic source, we can use current seismological theories
to predict which seismograms should be observed at given locations at the Earth’s
surface.

The ‘inverse problem’ arises when we do not have a good model of the Earth,
or a good model of the seismic source, but we have a set of seismograms, and we
wish to use these observations to infer the internal Earth structure or a model of the
source (typically we try to infer both).

There are many reasons that make the inverse problem underdetermined (the
solution is not unique). In the seismic example, two different Earth models may
predict the same seismograms24, the finite bandwidth of our data sets will never
allow us to resolve very small features of the Earth model, and there are always
experimental uncertainties that allow different models to be ‘acceptable’.

The name ‘inverse problem’ is widely accepted. I only like this name moderately,
as I see the problem more as a problem of ‘conjunction of states of information’ (the-
oretical, experimental and a priori information). In fact, the equations used below
have a range of applicability well beyond ‘inverse problems’: they can be used, for
instance, to predict the values of observation in a realistic situation where the pa-
rameters describing the Earth model are not ‘given’, but only known approximately.

In fact, I like to think of an ‘inverse’ problem as merely a ‘measurement’. A mea-
surement that can be quite complex, but the basic principles and the basic equations
to be used are the same for a relatively complex ‘inverse problem’ as for a relatively
simple ‘measurement’.

24For instance, we could fit our observations with a heterogeneous but isotropic Earth model or,
alternatively, with an homogeneous but anisotropic Earth.
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5.4.1.1 Model Parameters and Observable Parameters

Although the separation of all the variables of a problem in two groups may some-
times be artificial, we take this point of view here, since it allows us to propose a
simple setting for a wide class of problems.

We may have in mind a given physical system, like the whole Earth, or a small
crystal under our microscope. The system (or a given state of the system) may be
described by assigning values to a given set of parameters m = {m1, m2, . . . , mNM}
that we will name the model parameters.

Let us assume that we make observations on this system. Although we are inter-
ested in the parameters m , they may not be directly observable, so we may make
some indirect measurement like obtaining seismograms at the Earth’s surface for an-
alyzing the Earth’s interior, or making spectroscopic measurements for analyzing the
chemical properties of a crystal. The set of observable parameters will be represented
by o = {o1, o2, . . . , oNO} .

We assume that we have a physical theory that solves the forward problem, i.e.,
that given an arbitrary model m , it allows us to predict the theoretical data values
o that an ideal measurement should produce (if m was the actual system). The
generally nonlinear function that associates to any model m the theoretical data
values o may be represented by a notation like

oi = oi(m1, m2, . . . , mNM) ; i = 1, 2, . . . , ND , (5.242)

or, for short,
o = o(m) . (5.243)

In fact, it is this expression that separates the whole set of our parameters into the
subsets o and m , as sometimes there is no difference of nature between the param-
eters in o and the parameters in m . For instance, in the classical inverse problem
of estimating the hypocenter coordinates of an earthquake, we may put in o the
arrival times of the seismic waves at some seismic observatories, and we need to put
in m the coordinates of the observatories —as these are parameters that are needed
to compute the travel times—, although we estimate arrival times of waves as well
as coordinates of the observatories using similar types of measurements.

5.4.1.2 A Priori Information on Model Parameters

In a typical geophysical problem, the model parameters contain geometrical param-
eters (positions and sizes of geological bodies) and physical parameters (values of
the mass density, of the elastic parameters, the temperature, the porosity, etc.).

The a priori information on these parameters is all the information we possess in-
dependently of the particular measurements that will be considered as ‘data’ (to be
described below). This probability distribution is, generally, quite complex, as the
model space may be high dimensional, and the parameters may have nonstandard
probability densities.
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To this, generally complex, probability distribution over the model space corre-
sponds a volumetric probability that we denote as ρprior(m) .

If an explicit expression for the volumetric probability ρprior(m) is known, then
it can be used in analytical developments. But such an explicit expression is, by
no means, necessary. All that is needed is a set of probabilistic rules that allows us
to generate samples of ρprior(m) in the model space (random samples distributed
according to ρprior(m) ).

Example 5.19 Gaussian a priori Information.
Of course, the simplest example of a probability distribution is the Gaussian (or ‘normal’)

distribution. Not many physical parameters accept the Gaussian as a probabilistic model (we
have, in particular, seen that many positive parameters are Jeffreys parameters, for which
the simplest consistent volumetric probability is not the normal, but the lognormal). But
if we have chosen the right parameters (for instance, taking the logarithms of all Jeffreys
parameters), it may happen that the Gaussian probabilistic model is acceptable. We then
have

ρprior(m) = k exp
(
−1

2
(m−mprior)T M-1

prior (m−mprior)
)

. (5.244)

When this Gaussian volumetric probability is used, mprior , the center of the Gaussian is
called the ‘a priori model’ while Mprior is called the ‘a priori covariance matrix’. The name
‘a priori model’ is dangerous, as for large dimensional problems, the average model may not
be a good representative of the models that can be obtained as samples of the distribution
(see figure 5.34 as an example). Other usual sources of prior information are the ranges
and distribution of media properties in the rocks, or probabilities for the localization of media
discontinuities. If the information refers to marginals of the model parameters, and is not in-
cluding the description of relations across model parameters, the prior volumetric probability
reduces to a product of univariate volumetric probabilities. The next example illustrates this
case.

Example 5.20 Prior Information for a 1D Mass Density Model
We consider the problem of describing a model consisting of a stack of horizontal lay-

ers with variable thickness and uniform mass density. The prior information is shown in
figure 5.24, involving marginal distributions of the mass density and the layer thickness.
Spatial statistical homogeneity is assumed, hence marginals are not dependent on depth in
this example. Additionally, they are independent of neighbor layer parameters. The model
parameters consist of a sequence of thicknesses and a sequence of mass density parameters,
m = {`1, `2, . . . , `NL,ρ1,ρ2, . . . ,ρNL} . The marginal prior probability densities for the
layer thicknesses are all assumed to be identical and of the form (exponential volumetric
probability)

f (`) =
1
`0

exp
(
− `

`0

)
, (5.245)
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where the constant `0 has the value `0 = 4 km (see the left of figure 5.24), while all the
marginal prior probability densities for the mass density are also assumed to be identical, and
of the form (lognormal volumetric probability)

g(ρ) =
1√

2π σ
exp

(
− 1

2σ2

(
log

ρ

ρ0

)2
)

, (5.246)

where ρ0 = 3.98 g/cm3 and σ = 0.58 (see the right of figure 5.24). Assuming that
the probability distribution of any layer thickness is independent of the thicknesses of the
other layers, that the probability distribution of any mass density is independent of the mass
densities of the other layers, and that layer thicknesses are independent of mass densities, the
a priori volumetric probability in this problem is the product of a priori probability densities
(equations 5.245 and 5.246) for each parameter,

ρprior(m) = ρm(`1, `2, . . . , `NL,ρ1,ρ2, . . . ,ρNL) = k
NL

∏
i

f (ρi) g(ρi) . (5.247)

Figure 5.25 shows (pseudo) random models generated according to this probability distribu-
tion. Of course, the explicit expression 5.247 has not been used to generate these random
models. Rather, consecutive layer thicknesses and consecutive mass densities have been gen-
erated using the univariate probability densities defined by equations 5.245 and 5.246.

Figure 5.24: At left, the probability
density for the layer thickness. At
right, the probability density for the
density of mass. 0 5 10 15 20 25 30
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Figure 5.25: Three random Earth models
generated according to the a priori proba-
bility density in the model space.
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Example 5.21 Geostatistical Modeling
[Note: I must give here as an example the use of a priori information in geo-

physical inverse problems the geostatistics approach, as developed, for instance, by
Journel and Huijbregts (1978). I may also mention the inverse stratigraphic modeling
of Bornholdt et al. (1999) and of Cross and Lessenger (1999).]
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5.4.1.3 Modeling Problem (or Forward Problem)

Physics analyzes the correlations existing between physical parameters. In stan-
dard mathematical physics, these correlations are represented by ‘equalities’ be-
tween physical parameters (like when we write f = m a to relate the force f applied
to a particle, the mass m of the particle and the acceleration a ). In the context of
inverse problems this corresponds to assuming that we have a function from the
‘parameter space’ to the ‘data space’ that we may represent as

o = o(m) . (5.248)

We do not mean that the relation is necessarily explicit. Given m , we may need to
solve a complex system of equations in order to get o , but this, nevertheless, defines
a function m → o = o(m) .
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5.4.1.4 Measurements and Experimental Uncertainties

Note: the text that was here has been moved to section 5.5.4.4. Remember that we
end here with a volumetric probability σobs(o) , that represents the result of our
measurements.
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5.4.1.5 Combination of Available Information

5.4.1.6 Solution in the Model Parameter Space

The basic idea is easy to explain when imagining a Monte Carlo approach, that can
be defined without the need of an explicit expression for the final result. Then, our
task is to find the analytic expression corresponding to this Monte Carlo approach.

The data of the problem are as follows:

• a volumetric probability on the model parameter space M ,

ρprior(m) , (5.249)

representing the a priori information we have on the model parameters;

• a mapping from M into O ,

m 7→ o = o(m) , (5.250)

providing the solution of the modeling problem (or ‘forward’ problem);

• and a volumetric probability in the observable parameters manifold O ,

σobs(o) , (5.251)

representing the information on the observable parameters obtained from some
observations (or ‘measurements’).

The approach about to be proposed25 is not the shorter nor the more elegant. But
it has the advantage of corresponding to the more general of all the possible imple-
mentations. The justification of the proposed approach is obtained in section 5.4.2,
where the link is made with the notion of conjunction of states of information.

Basic Monte Carlo Approach: We consider, in M , a ”very large” set of points, that
is sample of ρprior(m) . For each point m of the sample, we compute the predicted
values of the observable parameters, o(m) . A random decision is taken to keep the
model m or to discard it, the probability for the model m to be kept being

π = σobs( o(m) )/σmax
obs , (5.252)

i.e., the probability is proportional to the value of the volumetric probability σobs(o)
at the point o(m) . The subset of models (of the initial set) that have been kept de-
fine a volumetric probability, that we denote ρpost(m) , and that we call the posterior
volumetric probability.

25In some of my past writings, I have introduced inverse problems using the notion of conditional
volumetric probability (or conditional probability density). The definitions are then different, and
lead to different, more complex solutions (see, for instance, Mosegaard and Tarantola, 2002). The
approach proposed here replaces the old one.
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To obtain the expression for ρpost(m) , we only need to remark that this situation
is exactly that examined in section ??. Therefore, the solution found there applies
here: the posterior volumetric probability just defined can be expressed as

ρpost(m) =
1
ν
ρprior(m)σobs( o(m) ) , (5.253)

where ν is the normalizing constant

ν =
∫

M
dvm ρprior(m)σobs( o(m) ) . (5.254)

Example 5.22 Gaussian model. When the model parameter manifold and the observable
parameter manifold are linear spaces, the Gaussian model for uncertainties may apply:

σobs(o) =
1

(2π)n/2
√

det Oobs

exp
(

- 1
2 (o− oobs)t O -1

obs (o− oobs)
)

ρprior(m) =
1

(2π)n/2
√

det Mprior

exp
(

- 1
2 (m−mprior)t M -1

prior (m−mprior)
)

.

(5.255)

Note: explain here the meaning of oobs (the ‘observed values’ of the observable patrameters),
Oobs , mprior , and Mprior . Then,

ρpost(m) =
1
ν

exp( - S(m) ) , (5.256)

where the misfit function S(m) is the sum of squares defined through

2 S(m) = ( o(m)− oobs )t O-1
obs ( o(m)− oobs )

+ ( m−mprior )t M-1
prior ( m−mprior ) ,

(5.257)

and where ν is the normalizing constant ν =
∫
M dvm(m) exp( - S(m) ) . The maximum

likelihood model is the model maximizing ρpost(m) , i.e., the model minimizing S(m) . For
that reason, one may call it the ‘best model in the least-squares sense’.

Example 5.23 Gaussian linear model. If the relation between model parameters and data
parameters is linear, there is a matrix Ω such that

o = o(m) = Ω m . (5.258)
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Then, the posterior probability density ρpost(m) is also Gaussian with mean

mpost = ( Ωt O-1
obs Ω + M-1

prior )-1 ( Ωt O-1
obs oobs + M-1

prior mprior )

= mprior + ( Ωt O-1
obs Ω + M-1

prior )-1 Ωt O-1
obs ( oobs −Ω mprior )

= mprior + Mprior Ωt ( Ω Mprior Ωt + Oobs )-1 (oobs −Ω mprior)
(5.259)

and covariance

Mpost = ( Ωt O-1
obs Ω + M-1

prior )-1

= Mprior −Mprior Ωt ( Ω Mprior Ωt + Oobs )-1 Ω Mprior .
(5.260)

Example 5.24 If, in the previous example, there is, in fact, no a priori information on the
model parameters, we an formally take Mprior → ∞ I , and the first of equations 5.259
reduces to

mpost = ( Ωt O-1
obs Ω )-1 Ωt O-1

obs oobs , (5.261)

while the first of equations 5.260 gives

Mpost = ( Ωt O-1
obs Ω)-1 . (5.262)

Example 5.25 If, in the previous example, the number of model parameters equals the num-
ber of observable parameters, and the matrix Ω is invertible, then one has

mpost = Ω-1 oobs , (5.263)

an equation that corresponds to the Kramer solution of a linear system. The posterior covari-
ance matrix can be written

Mpost = Ω-1 Oobs Ω-t . (5.264)

5.4.2 Solution in the Observable Parameter Space

We here raise a series of questions that, although apparently innocent, require intri-
cate developments.

• Given the a priori information on the model parameters, as represented by
the volumetric probability ρprior(m) , and given the theoretical mapping m 7→
o = o(m) , which is the (probabilistic) prediction we can make for the ob-
servable parameters o ? In other words, which is the volumetric probabil-
ity σprior(o) obtained in the observable parameter manifold by transport, via
m 7→ o(m) , of the prior volumetric probability ρprior(m) ?
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• Which is the volumetric probability σpost(o) obtained by transport of the pos-
terior volumetric probability ρpost(m) ?

• How are related the two volumetric probabilities σprior(o) and σpost(o) ?

We can anticipate the answer to the last question (that is demonstrated below). The
relation is

σpost(o) =
1
ν
σprior(o)σobs(o) . (5.265)

where ν is the same normalizing constant obtained above (equations 5.253–5.254).
This is a very important expression. It demonstrates that the procedure we have
used to define the solution of an inverse problem is consistent with the product of
volumetric probabilities in the observable parameters manifold: the posterior distri-
bution for the observable parameters equals the product of the prior distribution by
the distribution describing the measurements. It is this internal consistency of the
theory that gives weight to the definition of the solution of an inverse problem via
the ‘Monte Carlo paradigm’ used above.

The starting point for the development is to consider the model parameter man-
ifold M , on which the model parameters {mα} can be considered as coordinates.
There also is the observable parameters manifold O , in which the observable param-
eters {oi} can be considered coordinates. Both manifolds are assumed to be metric,
with respective metric tensors gm and go . Note, in particular, that the manifold O

is assumed to exist, and to have a metric, independently of the existence of M . The
relation o = o(m) defines an application from M into O .

As M and O have different dimension, the kind of considered mapping matters.
Let us start by assuming that there are “more data than unknowns”, i.e., where the
number of observable parameters {oi} is larger than the number of model parame-
ters {mα} . Denoting p = dim(M) and q = dim(O) , we then have p ≤ q ). This
situation is represented in figure 5.26.

Figure 5.26: This representation
corresponds to the case when
there is one model parameter m
and two observable parameters
{o1, o2} (case p < q ).

ρprior(m)

m

o1

m

o2

σprior(o)o=o(m)

So, in the case now examined ( dim(M) ≤ dim(O) ), the mapping o = o(m)
defines in the manifold O a subspace of dimension dim(M) : the image of M by the
application o = o(m) , that we may denote as o(M) . As suggested in figure 5.26,
the coordinates {mα} , that are coordinates of M , can also be used as coordinates
over the g(M) .

Our question is: which volumetric probability τ(o) is induced on O by the vol-
umetric probability ρprior(m) over M and the application m 7→ o = o(m) ? It
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is obvious that there is one, and that it is unambiguously defined. For a sample of
ρprior(m) can be transported to O via the mapping o = o(m) , where it will become,
by definition, a sample of the transported probability distribution.

The expression of the induced volumetric probability, say σprior(o) , has been
obtained in equation ??. It satisfies the relation

σprior( o(m) ) = ρprior(m)
√

det gm(m)√
det( Ωt(m) go(o(m)) Ω(m) )

, (5.266)

where Ω is the matrix of partial derivatives Ωi
α = ∂oi/∂mα . Note that this expres-

sion does not explicitly gives a function of o (note: explain this).
We know that the volumetric probability σprior(o) is singular, as it is only nonzero

inside the submanifold of o(M) ⊂ O that is of dimension dim(M) . This (singu-
lar) volumetric probability σprior(o) is to be be integrated with the volume element
induced over o(M) by the metric go , that is (see equation ??)

dωp =
√

det( Ωt(m) go(o(m)) Ω(m) ) dm1 ∧ · · · ∧ dmp . (5.267)

(remember that we are using the coordinates {mα} over o(M) ).
This ends the problem of ‘prior data prediction’, i.e., the problem of transporting

ρprior(m) from M into O . The transport of ρpost(m) is done in the same way, so
one obtains an expression similar to 5.266, but this time concerning the posterior
distributions:

σpost( o(m) ) = ρpost(m)
√

det gm(m)√
det( Ωt(m) go(o(m)) Ω(m) )

. (5.268)

Inserting here equation 5.253 one obtains

σpost( o(m) ) =
1
ν
ρprior(m)σobs( o(m) )

√
det gm(m)√

det( Ωt(m) go(o(m)) Ω(m) )
,

(5.269)
i.e., using expression 5.266, σpost( o(m) ) = 1

ν σprior( o(m) )σobs( o(m) ) . Denoting
o(m) by o , this can be written

σpost(o) =
1
ν
σprior(o)σobs(o) , (5.270)

that is the result we had anticipated in equation 5.265.

Example 5.26 Note: demonstrate here that in the linear Gaussian case (example 5.23, page
260), σprior(o) is a Gaussian centered at oprior = Ω mprior with covariance matrix
Oprior = Ω Mprior Ωt , while σpost(o) is a Gaussian centered at opost = Ω mpost with
covariance matrix Opost = Ω Mpost Ωt . Explain that in the case being here analyzed
( p ≤ q ), the q× q matrices Oprior and Opost can only be regular if p = q .
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It remains to analyze the case when p ≥ q (see figure 5.27). Which is, in the case
p ≥ q the volumetric probability σprior(o) induced in O by the prior volumetric
probability ρprior(m) and the mapping o(m) ?

Figure 5.27: Same as in figure 5.26, but
in the case p > q .

o1

o2
σprior(o)

ρprior(m)

m1

m2

m3

o=o(m)

The result is obtained by a direct application of equation ??. We must first sepa-
rate the p model parameters into two subsets,

{m1, . . . , mq, mq+1, . . . , mp} = {µ1, . . . ,µq,νq+1, . . .νp} , (5.271)

i.e., for short,
{m} = {µ,ν} . (5.272)

We must then rewrite the application m 7→ o = o(m) as

{µ,ν} 7→ o = o(µ,ν) , (5.273)

and solve a q× q system for the model parameters µ :

µ = µ(o,ν) . (5.274)

Then, in terms of probability densities (see equation ??)

σprior(o) =
∫

dνq+1 ∧ · · · ∧ dνp ρprior(µ,ν)
| det Ω(µ,ν) | , (5.275)

where Ω is the q × q matrix of partial derivatives Ωi
α = ∂oi/∂mα . In the right-

hand side of equation 5.275 it is understood that the two occurrences of µ have to
be replaced by the function of o and ν obtained above (equation 5.274).

Denoting by gm(m) the metric tensor in the model parameter manifold, and by
go(o) the metric tensor in the observable parameter manifold, we can transform
equation 5.275 into an equation concerning volumetric probabilities:

σprior(o) =
1√

det go(o)

∫
dνq+1 ∧ · · · ∧ dνp

√
det gm(µ,ν)

| det Ω(µ,ν) | ρprior(µ,ν) .

(5.276)
This solves the problem of ‘prior data prediction’ in the case p ≥ q .

For the transportation of ρpost(m) from M into O , one can follow exactly the
same approach as for the case p ≤ q , to obtain σpost(o) = 1

ν σprior(o)σobs(o) , i.e.,
equation 5.265 again. So we see that this equation is also valid in the case p ≥ q .

Example 5.27 Note: I have to revisit here example 5.26, in the case p ≥ q .



5.4 APPENDICES FOR INVERSE PROBLEMS 265

i . >

/ , . : ' -

F  h  L . :  I  r

I  w - i

l . -

l . 1 . + < l '

I i -.12

i .

. ' ! " ,
i

I  r _

, ' . \

?
I

i . . ) "  7

1- . r  f - l

l * -  '
. , . , \ - +  "  \ \

r . .  - " - , _ .  l ' ' i .

' ' " '  j  -

',ft-..,

r
I  J . t r  +  u >

. b/" t --  -

l a n l  '  a  ) z a  q

-r-  (  [  \ ! , ;  , l - ]

] v  l "  c '  i

J  L* - ; '  ' " -+-: : t : U ;  J L  /

( : ) l ' (
2

( , - . n c ^ n ' )

-  - ( 2  q

\,?; ' '  -2 ' .Y. ' -  -  Q-

Figure 5.28: Scan.



266 Appendices

1,1 .  .2 r , ,
. l
I

I *
I

( r . : : " ^  - , ) - ) !  -  t

" -  I  . l ^ t l

t - l

Figure 5.29: Scan.



5.4 APPENDICES FOR INVERSE PROBLEMS 267

5.4.3 Implementation of Inverse Problems

Once the volumetric probability ρpost(m) has been defined, there are different ways
of ‘using’ it.

If the model parameter manifold M has a small number of dimensions (say be-
tween one and four), the values of ρpost(m) can be computed at every point of a grid
and a graphical representation of ρpost(m) can be attempted. A visual inspection of
such a representation is usually worth a thousand ‘estimators’ (central estimators or
estimators of dispersion). But, of course, if the values of ρpost(m) are known at all
significant points, these estimators can also be computed. This point of view is em-
phasized in section XXX. If the ‘model space’ M has a large number of dimensions
(say from five to many millions or billions), then an exhaustive exploration of the
space is not possible, and we must turn to Monte Carlo sampling methods to extract
information from ρpost(m) . We discuss the application of Monte Carlo methods
to inverse problems in 5.4.3.2. Finally, the optimization techniques are discussed in
section 5.4.3.5.

5.4.3.1 Direct use of the Volumetric Probability

Note: write this section.
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5.4.3.2 Using Monte Carlo Methods

[Note: Write a small introduction here].

5.4.3.3 Sampling the Prior Probability Distribution

The first step in the Monte Carlo analysis is to switch off the comparison between
computed and observed data, thereby generating samples of the a priori probability
density. This allows us verify statistically that the algorithm is working correctly,
and it allows us to understand the prior information we are using. We will refer to a
large collection of models representing the prior probability distribution as the “prior
movie”. The more models present in this movie, the more accurate representation of
the prior probability density.

If we are interested in smooth Earth models (knowing, e.g., that only smooth
properties are resolved by the data), a smooth movie can be produced simply by
smoothing the individual models of the original movie.

5.4.3.4 Sampling the Posterior Probability Distribution

If we now switch on the comparison between computed and observed data using,
e.g., the Metropolis Rule, the random walk sampling the prior distribution is mod-
ified into a walk sampling the posterior distribution. Again, smoothed versions of
this “posterior movie” can be generated by smoothing the individual models in the
original, posterior movie.

Since data rarely put strong constraints on The Earth, the “posterior movie” typi-
cally shows that many different models are possible. But even though the models in
the posterior movie may be quite different, all of them predict data that, within ex-
perimental uncertainties, are models with high likelihood. In other words, we must
accept that data alone cannot have a preferred model.

The posterior movie allows us to perform a proper resolution analysis that helps
us to choose between different interpretations of a given data set. Using the movie
we can answer complicated questions about the correlations between several model
parameters. To answer such questions, we can view the posterior movie and try
to discover structure that is well resolved by data. Such structure will appear as
“persistent” in the posterior movie. Another, more traditional, way of investigating
resolution is to calculate covariances and higher order moments.

Note: continue the discussion.
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5.4.3.5 Appendix: Using Optimization Methods

As we have seen, the solution of an inverse problem essentially consists of a proba-
bility distribution over the space of all possible models of the physical system under
study. In general, this ‘model space’ is highly-dimensional, and the only general way
to explore it is by using the Monte Carlo methods developed in section ??.

If the probability distributions are ‘bell-shaped’ (i.e., if they look like a Gaussian
or like a generalized Gaussian), then, one may simplify the problem by calculating
only the point around which the probability is maximum, with an approximate esti-
mation of the variances and covariances. This is the problem addressed in this sec-
tion. [Note: I rephrased this sentence] Among the many methods available to obtain
the point at which a scalar function reaches its maximum value (relaxation methods,
linear programming techniques, etc.), we limit our scope here to the methods using
the gradient of the function, which we assume can be computed analytically or, at
least, numerically. For more general methods, the reader may have a look at Fletcher,
(1980, 1981), Powell (1981), Scales (1985), Tarantola (1987), or Scales et al. (1992).
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5.4.3.6 Maximum Likelihood Point

Let us consider a space X , with a notion of volume element dV defined. If some
coordinates x ≡ {x1, x2, . . . , xn} are chosen over the space, the volume element has
an expression dV(x) = v(x) dx , and each probability distribution over X can be
represented by a probability density f (x) . For any fixed small volume ∆V , we
can search for the point xML such that the probability dP of the small volume,
when centered around xML , gets a maximum. In the limit ∆V → 0 this defines
the maximum likelihood point. The maximum likelihood point may be unique (if the
probability distribution is monomodal), may be degenerated (if the probability dis-
tribution is ‘roof-shaped’) or may be multiple (as when we have the sum of a few
bell-shaped functions).

The maximum likelihood point is not the point at which the probability density
is maximum. [Note: Rephrase the following sentence...] For our definition imposes
that what must be maximum is the ratio of the probability density by the function
v(x) defining the volume element:

x = xML ⇐⇒ F(x) =
f (x)
v(x)

maximum . (5.277)

We recognize in the ratio F(x) = f (x)/v(x) the volumetric probability associated
to the probability density f (x) (see equation ??). As the homogeneous probability
density is µ(x) = k v(x) (see rule ??), we can equivalently define the maximum
likelihhod point by the condition

x = xML ⇐⇒ f (x)
µ(x)

maximum . (5.278)

The point at which a probability density has its maximum is not xML . In fact,
the maximum of a probability density does not correspond to an intrinsic definition
of a point: a change of coordinates x 7→ y = ψ(x) would change the probability
density f (x) into the probability density g(y) (obtained using the Jacobian rule),
but the point of the space at which f (x) is maximum is not the same as the point
of the space where g(y) is maximum (unless the change of variables is linear). This
contrasts with the maximum likelihood point, as defined by equation 5.278, that is an
intrinsically defined point: no matter which coordinates we use in the computation
we always obtain the same point of the space.

5.4.3.7 Misfit

One of the goals here is to develop gradient-based methods for obtaining the max-
imum of F(x) = f (x)/µ(x) . As a quite general rule, gradient-based methods per-
form quite poorly for (bell-shaped) probability distributions, as when one is far from
the maximum the probability densities tend to be quite flat, and it is difficult to get,
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reliably, the direction of steepest ascent. Taking a logarithm transforms a bell-shaped
distribution into a paraboloid-shaped distribution on which gradient methods work
well.

The logarithmic volumetric probability, or misfit, is defined as S(x) = − log(F(x)/F0) ,
where p′ and F0 are two constants, and is given by

S(x) = − log
f (x)
µ(x)

. (5.279)

The problem of maximization of the (typically) bell-shaped function f (x)/µ(x) has
been transformed into the problem of minimization of the (typically) paraboloid-
shaped function S(x) :

x = xML ⇐⇒ S(x) minimum . (5.280)

Example 5.28 The conjunction σ(x) of two probability densities ρ(x) and ϑ(x) was
defined (equation ??) as

σ(x) = p
ρ(x)ϑ(x)
µ(x)

. (5.281)

Then,
S(x) = Sρ(x) + Sϑ(x) , (5.282)

where

Sρ(x) = − log
ρ(x)
µ(x)

; Sϑ(x) = − log
ϑ(x)
µ(x)

. (5.283)

Example 5.29 In the context of Gaussian distributions, we have found the probability den-
sity (see example ??)

ρpost(m) = (5.284)

= k exp
(
−1

2

(
(m−mprior)t M-1

prior (m−mprior) + (o(m)− oobs)t O-1
obs (o(m)− oobs)

))
.

The limit of this distribution for infinite variances is a constant, so in this case µm(m) = k .
The misfit function S(m) = − log( ρpost(m)/µm(m) ) is then given by

2 S(m) = (m−mprior)t M-1
prior (m−mprior)+ (o(m)− oobs)t O-1

obs (o(m)− oobs) .
(5.285)

The reader should remember that this misfit function is valid only for weakly nonlinear prob-
lems (see examples ?? and ??). The maximum likelihood model here is the one that minimizes
the sum of squares 5.285. This correpponds to the least squares criterion.
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Example 5.30 In the context of Laplacian distributions, we have found the probability den-
sity (see example ??)

ρpost(m) = k exp

(
−
(

∑
α

|mα −mαprior|
σα

+ ∑
i

| f i(m)− oi
obs|

σi

))
. (5.286)

The limit of this distribution for infinite mean deviations is a constant, so here µm(m) = k .
The misfit function S(m) = − log( ρpost(m)/µm(m) ) is then given by

S(m) = ∑
α

|mα −mαprior|
σα

+ ∑
i

| f i(m)− oi
obs|

σi
. (5.287)

The reader should remember that this misfit function is valid only for weakly nonlinear prob-
lems. The maximum likelihood model here is the one that minimizes the sum of least absolute
values 5.287. This correpponds to the least absolute values criterion.

5.4.3.8 Gradient and Direction of Steepest Ascent

One must not consider as synonymous the notions of ‘gradient’ and ‘direction of
steepest ascent’. Consider, for instance, an adimensional misfit function26 S(P, T)
over a pressure P and a temperature T . Any sensible definition of the gradient of
S will lead to an expression like

grad S =

 ∂S
∂P

∂S
∂T

 (5.288)

and this by no means can be regarded as a ‘direction’ in the (P, T) space (for in-
stance, the components of this ‘vector’ does not have the dimensions of pressure
and temperature, but of inverse pressure and inverse temperature).

Mathematically speaking, the gradient of a function S(x) at a point x0 is the linear
application that is tangent to S(x) at x0 . [Note: Rephrase the following sentence...]
This definition of gradient is consistent with the more elementary one, based on the
use of the first order development

S(x0 + δx) = S(x0) + γ̂T
0 δx + . . . (5.289)

Here, it is γ̂0 what is called the gradient of S(x) at point x0 . It is clear that
S(x0) + γ̂T

0 δx is a linear application, and that it is tangent to S(x) at x0 , so the two

26We take this example because typical misfit functions are adimensional, but the argument has
general validity.
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defintions are, in fact, equivalent. Explicitly, the components of the gradient at point
x0 are

(γ̂0)p =
∂S
∂xp (x0) . (5.290)

Everybody is well trained at computing the gradient of a function (event if the
interpretation of the result as a direction in the original space is wrong). How can we
pass from the gradient to the direction of steepest ascent (a bona fide direction in the
original space)? In fact, the gradient (at a given point) of a function defined over a
given space E ) is an element of the dual of the space. To obtain a direction in E , we
must pass from the dual to the primal space. As usual, it is the metric of the space
that maps the dual of the space into the space itself. So if g is the metric of the space
where S(x) is defined, and if γ̂ is the gradient of S at a given point, the direction
of steepest ascent is

γ = g-1 γ̂ . (5.291)

The direction of steepest ascent must be interpreted as follows: if we are at a
point x of the space, we can consider a very small hypersphere around x0 . The
direction of steepest ascent points towards the point of the sphere at which S(x)
gets its maximum value.

Example 5.31 Figure 5.30 represents the level lines of a scalar function S(u, v) in a 2D
space. A particular point has been selected. What is the gradient of the function at the given
point? As suggested in the main text, it is not an arrow ‘perpendicular’ to the level lines
of the function at the considered point, as the notion of perpendicularity will depend on a
metric not yet specified (and unnecessary to define the gradient). The gradient must be seen
as ‘the linear function that is tangent to S(u, v) at the considered point’. If S(u, v) has
been represented by its level lines, then the gradient may also be represented by its level lines
(right of the figure). We see that the condition, in fact, is that the level lines of the gradient
are tangent to the level lines of the original function (at the considered point). Contrary to
the notion of perpendicularity, the notion of tangency is metric-independent.

Figure 5.30: The gradient of a function
has not to be seen as a vector orthogonal
to the level lines, but as a form parallel
to them (see text.)

A function, a point
and the tangent

level line

The gradient of
the function

at the considered point
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Example 5.32 In the context of least squares, we consider a misfit function S(m) and a
covariance matrix OM . If γ̂0 is the gradient of S , at a point x0 , and if we use OM to
define distances in the space, the direction of steepest ascent is

γ0 = OM γ̂0 . (5.292)

Example 5.33 If the misfit function S(P, T) depends on a pressure P and on a temperature
T , the gradient of S is, as mentioned above (equation 5.288),

γ̂ =

 ∂S
∂P

∂S
∂T

 . (5.293)

As the quantities P and T are Jeffreys quantities, associated to the metric ds2 =
(

dP
P

)2
+(

dT
T

)2
, the direction of steepest ascent is27

γ =

P2 ∂S
∂P

T2 ∂S
∂T

 . (5.294)

5.4.3.9 The Steepest Descent Method

Consider that we have a probability distribution defined over an n-dimensional
space X . Having chosen some coordinates x ≡ {x1, x2, . . . , xn} over the space, the
probability distribution is represented by the probability density f (x) whose homo-
geneous limit (in the sense developed in section ??) is µ(x) . We wish to calculate the
coordinates xML of the maximum likelihood point. By definition (equation 5.278),

x = xML ⇐⇒ f (x)
µ(x)

maximum , (5.295)

i.e.,
x = xML ⇐⇒ S(x) minimum , (5.296)

where S(x) is the misfit (equation5.279)

S(x) = −k log
f (x)
µ(x)

. (5.297)

27We have here
(

gPP gPT
gTP gTT

)
=
(

1/P2 0
0 1/T2

)
.
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Let us denote by γ̂(xk) the gradient of S(x) at point xk , i.e. (equation 5.290),

(γ̂0)p =
∂S
∂xp (x0) . (5.298)

We have seen above that γ̂(x) is not to be interpreted as a direction in the space
X , but a direction in the dual space. The gradient can be converted into a direction
using some metric g(x) over X . In simple situations the metric g will be that
used to define the volume element of the space, i.e., we will have µ(x) = k v(x) =
k
√

det g(x) , but this is not a necessity, and iterative algorithms may be accelerated
by astute introduction of ad-hoc metrics.

Given, then, the gradient γ̂(xk) (at some particular point xk ) to any possible
choice of metric g(x) we can define the direction of steepest ascent associated to the
metric g , by (equation 5.292)

γ(xk) = g-1(xk) γ̂(xk) . (5.299)

The algorithm of steepest descent is an iterative algorithm passing from point xk
to point xk+1 by making a ‘small jump’ along the local direction of steepest descent,

xk+1 = xk −εk g-1
k γ̂k , (5.300)

where εk is an ad-hoc (real, positive) value adjusted to force the algorithm to con-
verge rapidly (if εk is chosen too small the convergence may be too slow; it is it
chosen too large, the algorithm may even diverge).

Many elementary presentations of the steepest descent algorithm just forget to
include the metric gk in expression 5.300. These algorithms are not consistent.
Even the physical dimensionality of the equation is not assured. The authors of this
article have traced some ‘numerical’ problems in existing computer implementations
of steepest descent algorithms to this neglection of the metric.

Example 5.34 In the context of example 5.29, where the misfit function S(m) is given by

2 S(m) = (o(m)− oobs)t O-1
obs (o(m)− oobs)+ (m−mprior)t M-1

prior (m−mprior) ,
(5.301)

the gradient γ̂ , whose components are γ̂α = ∂S/∂mα , is given by the expression

γ̂(m) = Ft(m) O-1
obs (o(m)− oobs) + M-1

prior (m−mprior) , (5.302)

where F is the matrix of partial derivatives

Fiα =
∂ f i

∂mα
. (5.303)

An example of computation of partial derivatives is given in appendix ??.
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Example 5.35 In the context of example 5.34 the model space M has an obvious metric,
namely that defined by the inverse of the ‘a priori’covariance operator g = M-1

prior . Using
this metric and the gradient given by equation 5.302, the steepest descent algorithm 5.300
becomes

mk+1 = mk −εk

(
Mprior Ft

k O-1
obs (fk − oobs) + (mk −mprior)

)
, (5.304)

where Fk ≡ F(mk) and fk ≡ f(mk) . The real positive quantities εk can be fixed, after
some trial and error, by accurate linear search, or by using a linearized approximation28.

Example 5.36 In the context of example 5.34 the model space M has a less obvious metric,
namely that defined by the inverse of the ‘a posteriori’ covariance operator, g = M-1

post .
Note: Explain here that the ‘best current estimator’ of Mpost is

Mpost ≈
(

Ft
k O-1

obs Fk + M-1
prior

)-1
. (5.305)

Using this metric and the gradient given by equation 5.302, the steepest descent algorithm 5.300
becomes

mk+1 = mk−εk

(
Ft

k O-1
obs Fk + M-1

prior

)-1 (
Ft

k O-1
obs (fk − oobs) + M-1

prior (mk −mprior)
)

,
(5.306)

where Fk ≡ F(mk) and fk ≡ f(mk) . The real positive quantities εk can be fixed, after
some trial and error, by accurate linear search, or by using a linearized approximation that
simply gives29 εk ≈ 1 .

The algorithm 5.306 is usually called a ‘quasi-Newton algorithm’. [Note: Rephrase
the following sentence...] This is a misname, as a Newton method applied to the min-
imization of the misfit function S(m) would be a method using the second deriva-

tives of S(m) , and thus the derivatives Hi
αβ = ∂2 f i

∂mα∂mβ , that are not computed (or
not estimated) when using this algorithm. It is just a steepest descent algorithm with
a nontrivial definition of metric in the working space. In this sense it belongs to the
wider class of ‘variable metric methods’, not discussed in this article.

Example 5.37 In the context of example 5.30, where the misfit function S(m) is given by

S(m) = ∑
i

| f i(m)− oi
obs|

σi
+ ∑

α

|mα −mαprior|
σα

, (5.307)

28As shown in Tarantola (1987), if γk is the direction of steepest ascent at point mk , i.e., γk =
Mprior Ft

k O-1
obs (fk − oobs) + (mk −mprior) , then, a local linearized approximation for the optimal εk

gives εk =
γt

k M-1
priorγk

γt
k( Ft

k O-1
obs Fk+M-1

prior)γk
.

29While a sensible estimation of the optimal values of the real positive quantities εk is crucial for
the algorithm 5.304, they can, in many usual circumstances, be dropped from the algorithm 5.306.
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the gradient γ̂ whose components are γ̂α = ∂S/∂mα is given by the expression

γ̂α = ∑
i

Fiα 1
σi

sign( f i − oi
obs) +

1
σα

sign(mα −mαprior) , (5.308)

where Fiα = ∂ f i∂/mα . We can now choose in the model space the ad-hoc metric defined
as the inverse of the ‘covariance matrix’ formed by the square of the mean deviations σi and
σα (interpreted as if they were variances). Using this metric, the direction of steepest ascent
associated to the gradient in 5.308, is

γα = ∑
i

Fiα σi sign( f i − oi
obs) +σα sign(mα −mαprior) . (5.309)

The steepest descent algorithm can now be appplied:

mk+1 = mk −εkγk . (5.310)

The real positive quantities εk can be fixed after some trial and error or by accurate linear
search.

An expression like 5.307 defines a sort of deformed polyhedron, and to solve this
sort of minimization problems the linear programming techniques are often advo-
cated (e.g., Claerbout and Muir, 1973). We have found that for problems involving
many dimensions the crude steepest descent method defined by equations 5.309–
5.310 performs extremely well. For instance, in Djikpéssé and Tarantola (1999) a
large-sized problem of waveform fitting is solved using this algorithm. It is well
known that the sum of absolute values 5.307 provides a more robust30 criterion than
the sum of squares 5.301. If one fears that the data set to be used is corrupted by
some unexpected errors, the least-absolute values criterion should be preferred to
the least squares criterion31.

30A method is ‘robust’ if its output is not sensible to a small number of large errors in the inputs.
31Of course, it would be much better to develop a realistic model of the uncertainties, and use the

more general probabilistic methods developed above, but if those models are not available, then the
least absolute values criterion is a valuable criterion.
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5.4.3.10 Estimation of A Posteriori Uncertainties

In the Gaussian context, the Gaussian probability density that is tangent to ρpost(m)
has its center at the point given by the iterative algorithm

mk+1 = mk −εk

(
Mprior Ft

k O-1
obs (fk − oobs) + (mk −mprior)

)
, (5.311)

(equation 5.304) or, equivalently, by the iterative algorithm

mk+1 = mk−εk

(
Ft

k O-1
obs Fk + M-1

prior

)-1 (
Ft

k O-1
obs (fk − oobs) + M-1

prior (mk −mprior)
)

(5.312)
(equation 5.306). The covariance of the tangent gaussian is

Mpost ≈
(

Ft∞ O-1
obs F∞ + M-1

prior

)-1
, (5.313)

where F∞ refers to the value of the matrix of partial derivatives at the convergence
point.

[note: Emphasize here the importance of Mpost ].
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5.4.3.11 Some Comments on the Use of Deterministic Methods

5.4.3.11.1 About the Use of the Term ‘Matrix’ [note: Warning, old text to be up-
dated.] Contrary to the next chapter, where the model parameter space and the data
space may be functional spaces, I assume here that we have discrete spaces, with a
finite number of dimensions. [Note: What is ’indicial’ ?] Then, it makes sense to use
the indicial notation

o = {oi} , i ∈ ID ; m = {mα} , i ∈ IM , (5.314)

where ID and IM are two index sets, for the data and the model parameters
respectively. In the simplest case, the indices are simple integers, ID = {1, 2, 3 . . . } ,
and IM = {1, 2, 3 . . . } , but this is not necessarily true. For instance, figure 5.31
suggests a 2D problem where we compute the gravitational field from a distribution
of masses. Then, the index α is better understood as consisting on a pair of integers.

Figure 5.31: A simple example where the
index in m = {mα} is not necessar-
ily an integer. In this case, where we are
interested in predicting the gravitational
field g generated by a 2-D distribution
of mass, the index α is better under-
stood as consisting on a pair of integers.
Here, for instance, mA,B means the total
mass in the block at row A and column
B .
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5.4.3.11.2 Linear, Weakly Nonlinear and Nonlinear Problems There are differ-
ent degrees of nonlinearity. Figure 5.32 illustrates the four domains of nonlinearity
allowing the use of the different optimisation algorithms This figure symbolically
represents the model space in the abscissa axis, and the data space in the ordinates
axis. The gray oval represents the information coming in part from a priori informa-
tion on the model parameters and coming in part from the data observations32. It is
the function ρ(o, m) = σobs(o) ρprior(m) seen elsewhere (note: say where).

To fix ideas, the oval suggests here a Gaussian probability, but the sorting of prob-
lems we are about to make as a function of their nonlinearity will not depend funda-
mentally on this.

32The gray oval is the product of the probability density over the model space, representing the a
priori information, times the probability density over the data space representing the experimental
results.
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Figure 5.32: Illustration
of the four domains of
nonlinearity allowing the
use of the different op-
timization algorithms The
model space is symboli-
cally represented in the ab-
scissa axis, and the data
space in the ordinates axis.
The gray oval represents
the information coming in
part from a priori infor-
mation on the model pa-
rameters and coming in
part from the data observa-
tions. What is important
is not some intrinsic non-
linearity of the function re-
lating model parameters to
data, but how linear the
function is inside the domain
of significant probabilty.
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First, there are some strictly linear problems. For instance, in the example illus-
trated by figure 5.31, the gravitational field g depends linearly on the masses inside
the blocks33

Strictly linear problems are illustrated at the top left of figure 5.32. The linear rela-
tionship between data and model parameters, o = Ω m , is represented by a straight
line. The a priori probability density ρ(o, m) “induces”, on this straight line, the
a posteriori probability density (warning: this notation corresponds to volumetric
probabilities) σ(o, m) whose “projection” over the model space gives gives the a
posteriori probability density over the model parameter space, ρpost(m) . Should
the a priori probability densities be Gaussian, then the a posteriori probability distri-
bution would also be Gaussian: this is the simplest situation (in such problems, as we
will later see (section xxx), the problem reduces to find the mean and the covariance
of the a posteriori Gaussian).

Quasi-linear problems are illustrated at the bottom-left of figure 5.32. If the rela-
tionship linking the observable data o to the model parameters m ,

o = o(m) , (5.315)

is approximately linear inside the domain of significant a priori probability (i.e., inside
the gray oval of the figure), then the a posteriori probability is as simple as the a
priori probability. For instance, if the a priori probability is Gaussian the a posteriori
probability is also Gaussian.

In this case also, the problem can be reduced to the computation of the mean
and the covariance of the Gaussian. Typically, one begins at some “starting model”
m0 (typically, one takes for m0 the “a priori model” mprior ) (note: explain clearly

somewhere in this section that “a priori model” is a language abuse for the “mean a
priori model”), linearizing the function o = o(m) around m0 and one looks for a
model m1 “better than m0 ”.

Iterating such an algorithm, one tends to the model m∞ at which the “quasi-
Gaussian” ρpost(m) is maximum. The linearizations made in order to arrive to m∞
are not, so far, an approximation: the point m∞ is perfectly defined independently

33The gravitational field at point x0 generated by a distribution of volumetric mass ρ(x) is given
by

g(x0) =
∫

dV(y)
x0 − y

‖x0 − x‖3 ρ(x) .

When the volumetric mass is constant inside some predefined (2-D) volumes, as suggested in figure
5.31, this gives

g(x0) = ∑
A

∑
B

GA,B(x0) mA,B .

This is a strictly linear equation between data (the gravitational field at a given observation point)
and the model parameters (the masses inside the volumes). Note that if instead of choosing as model
parameters the total masses inside some predefined volumes one chooses the geometrical parameters
defining the sizes of the volumes, then the gravity field is not a linear function of the parameters.
More details can be found in Tarantola and Valette (1982b, page 229).
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of any linearization, and any method used to find it. But once the convergence to
this point has been obtained, a linearization of the function o = o(m) around this
point,

o− o(m∞) = Ω∞ (m−m∞) , (5.316)

allows to obtain a good approximation of the a posteriori uncertainties. For instance,
if the a priori probability is Gaussian this will give the covariance of the “tangent
Gaussian”.

Between linear and quasi-linear problem there are the “linearizable problems”.
The scheme at the top-right of figure 5.32 shows the case where the linearization of
the function o = o(m) around the a priori model,

o− g(mprior) = Ωprior (m−mprior) , (5.317)

gives a function that, inside the domain of significant probability, is very similar to
the true (nonlinear) function.

In this case, there is no practical difference between this problem and the strictly
linear problem, and the iterative procedure necessary for quasi-linear problems is
here superfluous.

It remains to analyze the true nonlinear problems that, using a pleonasm, are
sometimes called strongly nonlinear problems. They are illustrated at the bottom-right
of figure 5.32.

In this case, even if the a priori probability is simple, the a posteriori probabil-
ity can be quite complicated. For instance, it can be multimodal. [Note: Rephrase
the following sentence...] These problems are, in general, quite complex to solve,
and only the Monte Carlo methods described in the previous chapter are sufficiently
general.

If full Monte Carlo methods cannot be used, because they are too expensive, then
one can mix some random part (for instance, to choose the starting point) and some
deterministic part. The optimization methods applicable to quasi-linear problems
can, for instance, allow us to go from the randomly chosen starting point to the
“nearest” optimal point (note: explain this better). Repeating these computations for
different starting points one can arrive at a good idea of the a posteriori probability
in the model space.

5.4.3.11.3 The Maximum Likelihood Model The most likely model is, by defini-
tion, that at which the volumetric probability σβ(m) attains its maximum. As
σβ(m) is maximum when S(m) is minimum, we see that the most likely model
is also the the ‘best model’ obtained when using a ‘least squares criterion’. Should
we have used the double exponential model for all the uncertainties, then the most
likely model would be defined by a ‘least absolute values’ criterion.

There are many circumstances where the most likely model is not an interesting
model. One trivial example is when the volumetric probability has a ‘narrow max-
imum’, with small total probability (see figure 5.33). A much less trivial situation
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arises when the number of parameters is very large, as for instance when we deal
with a random function (that, in all rigor, corresponds to an infinite number of ran-
dom variables). Figure XXX, for instance, shows a few realizations of a Gaussian
function with zero mean and an (approximately) exponential correlation. The most
likely function is the center of the Gaussian, i.e., the null function shown at the left.
But this is not a representative sample (specimen) of the probability distribution, as
any realization of the probability distribution will have, with a probability very close
to one, the ‘oscillating’ characteristics of the three samples shown at the right.

Figure 5.33: One of the circumstances
where the ‘maximum likelihood model’
may not be very interesting, is when it
corresponds to a narrow maximum, with
small total probability, as the peak at the
left of this probability distribution.
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5.4.3.11.4 The Interpretation of ‘The Least Squares Solution’ Note: explain here
that when working with a large number of dimensions, the center of a Gaussian is a
bad representer of the possible realizations of the Gaussian.

Mention somewhere that mpost is not the ‘posterior model’, but the center of the
a posteriori Gaussian, and explain that for multidimensional problems, the center of
a Gaussian is not representative of a random realisation of the Gaussian.

[note: Mention somewhere that one should not compute the inverse of the matri-
ces, but solve the associated linear system.]

Figure 5.34: At the right, three random realizations of a Gaussian random function
with zero mean and (approximatelty) exponential correlation function. The most
likely function, i.e., the center of the Gaussian, is shown at the left. We see that the
most likely function is not a representative of the probability distribution.
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5.5 OTHER APPENDICES

5.5.1 Determinant of a Partitioned Matrix

Using well known properties of matrix algebra (e.g., Lütkepohl, 1996), the determi-
nant of a partitioned matrix can be expressed as

det
(

grr grs
gsr gss

)
= det grr det

(
gss − gsr g−1

rr grs

)
. (5.318)



5.5 OTHER APPENDICES 285

5.5.2 Operational Definitions can not be Infinitely Accurate

Note: refer here to figure 5.35, and explain that “the length” of a real object (as op-
posed to a mathematically defined object) can only be defined by specifying the mea-
suring instrument. There are different notions of length associated to a given object.
For instance, figure 5.35 suggests that the length of a piece of wood is larger when
defined by the use of a calliper34 than when defined by the use of a ruler35, because
a calliper tends to measure the distance between extremal points, while an observer
using a ruler tends to average the rugosities at the wood ends.

Figure 5.35: Different definitions of the
length of an object.

34Calliper: an instrument for measuring diameters (as of logs or trees) consisting of a graduated
beam and at right angles to it a fixed arm and a movable arm. From the Digital Webster.

35Ruler: a smooth-edged strip (as of wood or metal) that is usu. marked off in units (as inches) and
is used as a straightedge or for measuring. From the Digital Webster.
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5.5.3 The Ideal Output of a Measuring Instrument

Note: mention here figures 5.36 and 5.37.

Figure 5.36: Instrument built to
measure the pitches of musical
notes. Due to unavoidable measur-
ing noises, a measurement is never
infinitely accurate. Figure 5.37 sug-
gests an ideal instrument output.
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Figure 5.37: The ideal output of a mesuring instrument (in this example, measur-
ing frequencies-periods). The curve in the middle corresponds to the volumetric
probability describing the information brought by the measurement (on ‘the mea-
surand’). Five different scales are shown (in a real instrument, the user would just
select one of the scales). Here, the logarithmic scales correspond to the natural loga-
rithms that a physicist should prefer, but engineers could select scales using decimal
logarithms. Note that all the scales are ‘linear’ (with respect to the natural distance
in the frequency-period space [see section XXX]): I do not recommend the use of a
scale where the frequencies (or the periods) would ‘look linear’.
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5.5.4 Measurements

5.5.4.1 Output as Conditional Probability Density

As suggested by figure 5.38, an ‘measuring instrument’ is specified when the condi-
tional volumetric probability f (y|x) for the output y , given the input x is given.

Figure 5.38: The input (or measurand) and the
output of a measuting instrument. The output is
never an actual value, but a probability distribu-
tion, in fact, a conditional volumetric probability
f (y|x) for the output y , given the input x .
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5.5.4.2 A Little Bit of Theory

We want to measure a given property of an object, say the quantity x . Assume
that the object has been randomly selected from a set of objects, so that the ‘prior’
probability for the quantity x is fx(x) .

Then, the conditional. . .
Then, Bayes theorem. . .

5.5.4.3 Example: Instrument Specification

[Note: This example is to be put somewhere, I don’t know yet where.]
It is unfortunate that ordinary measuring instruments tend to just display some

‘observed value’, the ‘measurement uncertainty’ tending to be hidden inside some
written documentation. Awaiting the day when measuring instruments directly dis-
play a probability distribution for the measurand, let us contemplate the simple situ-
ation where the maker of an instrument, say a frequencymeter, writes someting like
the following.

This frequencymeter can operate, with high accuracy, in the range 102 Hz < ν <
109 Hz . When very far from this range, one may face uncontrollable uncertainties.
Inside (or close to) this range, the measurement uncertainty is, with a good approx-
imation, independent of the value of the measured frequency. When the instrument
displays the value ν0 , this means that the (1D) volumetric probability for the mea-
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surand is
if log ν

ν0
≤ −σ then f (ν) = 0

if −σ < log ν
ν0

< +2σ then f (ν) = 2
9σ2

(
2σ − log ν

ν0

)
if + 2σ ≤ log ν

ν0
then f (ν) = 0

, (5.319)

where σ = 10−4 . This volumetric probability is displayed at the top of figure 5.39.
Using the logarithmic frequency as coordinate, this is an asymmetric triangle.

Figure 5.39: Figure for ‘instrument spec-
ification’. Note: write this caption.
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5.5.4.4 Measurements and Experimental Uncertainties

Observation of geophysical phenomena is represented by a set of parameters d that
we usually call data. These parameters result from prior measurement operations,
and they are typically seismic vibrations on the instrument site, arrival times of seis-
mic phases, gravity or electromagnetic fields. As in any measurement, the data is
determined with an associated certainty, described with a volumetric probability
over the data parameter space, that we denote here ρd(d). This density describes,
not only marginals on individual datum values, but also possible cross-relations in
data uncertainties.

Although the instrumental errors are an important source of data uncertainties,
in geophysical measurements there are other sources of uncertainty. The errors as-
sociated with the positioning of the instruments, the environmental noise, and the
human appreciation (like for picking arrival times) are also relevant sources of un-
certainty.

Example 5.38 Non-analytic volumetric probability Assume that we wish to measure
the time t of occurrence of some physical event. It is often assumed that the result of a
measurement corresponds to something like

t = t0 ±σ . (5.320)

An obvious question is the exact meaning of the ±σ . Has the experimenter in mind
that she/he is absolutely certain that the actual arrival time satisfies the strict conditions
t0 −σ ≤ t ≤ t0 +σ , or has she/he in mind something like a Gaussian probability, or some
other probability distribution (see figure 5.40)? We accept, following ISO’s recommenda-
tions (1993) that the result of any measurement has a probabilistic interpretation, with some
sources of uncertainty being analyzed using statistical methods (‘type A’ uncertainties), and
other sources of uncertainty being evaluated by other means (for instance, using Bayesian ar-
guments) (‘type B’ uncertainties). But, contrary to ISO suggestions, we do not assume that
the Gaussian model of uncertainties should play any central role. In an extreme example,
we may well have measurements whose probabilistic description may correspond to a mul-
timodal volumetric probability. Figure 5.41 shows a typical example for a seismologist: the
measurement on a seismogram of the arrival time of a certain seismic wave, in the case one
hesitates in the phase identification, or in the identification of noise and signal. In this case
the volumetric probability for the arrival of the seismic phase does not have an explicit expres-
sion like f (t) = k exp(−(t− t0)2/(2σ2)) , but is a numerically defined function. Using,
for instance, the Mathematica (registered trademark) computer language we may define the
volumetric probability f (t) as

f[t_] := ( If[t1<t<t2,a,c] If[t3<t<t4,b,c] ) .

Here, a and b are the ‘levels’ of the two steps, and c is the ‘background’ volumetric
probability.
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Figure 5.40: What has an experi-
menter in mind when she/he de-
scribes the result of a measurement
by something like t = t0 ±σ ? t0 t0 t0 t0

Figure 5.41: A seismologist tries to measure the arrival
time of a seismic wave at a seismic station, by ‘reading’
the seismogram at the top of the figure. The seismologist
may find quite likely that the arrival time of the wave is
between times t3 and t4 , and believe that what is before
t3 is just noise. But if there is a significant probability that
the signal between t1 and t2 is not noise but the actual
arrival of the wave, then the seismologist should define
a bimodal volumetric probability, as the one suggested
at the bottom of the figure. Typically, the actual form
of each peak of the volumetric probability is not crucial
(here, box-car functions are chosen), but the position of
the peaks is important. Rather than assigning a zero vol-
umetric probability to the zones outside the two inter-
vals, it is safer (more ‘robust’) to attribute some small
‘background’ value, as we may never exclude some un-
expected source of error.
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Example 5.39 The Gaussian model for uncertainties. The simplest probabilistic model that
can be used to describe experimental uncertainties is the Gaussian model

ρD(d) = k exp
(
−1

2
(d− dobs)T C−1

D (d− dobs)
)

. (5.321)

It is here assumed that we have some ‘observed data values’ dobs , with uncertainties de-
scribed by the covariance matrix CD . If the uncertainties are uncorrelated,

ρD(d) = k exp

−1
2 ∑

i

(
di − di

obs
σ i

)2
 , (5.322)

where the σ i are the ‘standard deviations’.

Example 5.40 The Generalized Gaussian model for uncertainties. An alternative to the
Gaussian model, is to use the Laplacian (double exponential) model for uncertainties,

ρD(d) = k exp

(
−∑

i

|di − di
obs|

σ i

)
. (5.323)

While the Gaussian model leads to least-squares related methods, this Laplacian model least
to absolute-values methods (see section??), well known for producing robust36 results. More
generally, there is the Lp model of uncertainties

ρp(d) = k exp

(
−1

p ∑
i

|di − di
obs|

p

(σp)p

)
(5.324)

(see figure 5.42).
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Figure 5.42: Generalized Gaussian for values of the parameter p = 1,
√

2, 2, 4, 8
and ∞ .

36A numerical method is called robust if it is not sensitive to a small number of large errors.
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5.5.5 The ‘Shipwrecked Person’ Problem

Note: this example is to be developed. For the time being this is just a copy of
example 3.15

Let S represent the surface of the Earth, using geographical coordinates (lon-
gitude ϕ and latitude λ ). An estimation of the position of a floating object at the
surface of the sea by an airplane navigator gives a probability distribution for the po-
sition of the object corresponding to the (2D) volumetric probability f (ϕ, λ) , and an
independent, simultaneous estimation of the position by another airplane navigator
gives a probability distribution corresponding to the volumetric probability g(ϕ, λ) .
How the two volumetric probabilities f (ϕ, λ) and g(ϕ, λ) should be ‘combined’ to
obtain a ‘resulting’ volumetric probability? The answer is given by the ‘product’ of
the two volumetric probabilities densities:

( f · g)(ϕ, λ) =
f (ϕ, λ) g(ϕ, λ)∫

S dS(ϕ, λ) f (ϕ, λ) g(ϕ, λ)
. (5.325)
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5.5.6 Problems Solved Using Conditional Probabilities

Note: Say here the we consider here two problems: (i) Bayes theorem and (ii) Ad-
justing measurements.

These two problems are mathematically very similar, and are essentially solved
using either the notion of ‘conditional probability’ or the notion of ‘product of prob-
abilities’ (see chapter ??).

Note: what follows comes from an old text:
A so-called ‘inverse problem’ usually consists in a sort quite complex measure-

ment, simetimes a gigantic measurement, involving years of observations and thou-
sands of instruments. Any measurement is indirect (we may weigh a mass by ob-
serving the displacement of the cursor of a balance), and as such, a possibly nontriv-
ial analysis of uncertainties must be done.

Any good guide describing good experimental practice (see, for instance ISO’s
Guide to the expression of uncertainty in measurement [ISO, 1993] or the shorter descrip-
tion by Taylor and Kuyatt, 1994) acknowledges that any measurement involves, at
least, two different sources of uncertainties: those that we estimate using statistical
methods, and those that we estimate using subjective, common sense estimations.
Both are described using the axioms of probability theory, and this article clearly
takes the probabilistic point of view for developing inverse theory.
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5.5.6.1 First Example (Bayes Theorem)

Figure 5.43: Scan
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Figure 5.44: The columns of this drawing represent, for each
value of the quantity x , the conditional fy|x(y|x) .
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Figure 5.45: If the marginal fx(x) is also known,
then we can, first, evaluate the joint XXX, f (x, y) =
fy|x(y|x) fx(x) , then the other marginal fy(y) =∫

dx f (x, y) =
∫

dx fy|x(y|x) fx(x) .

x

y

f( x , y )

fx( x )

f
y ( y

 )

Figure 5.46: The conditional we were seeking, fx|y(x|y) , can

now be obtained as fx|y(x|y) = f (x,y)
fy(y) =

fy|x(y|x) fx(x)
fy(y) =

fy|x(y|x) fx(x)∫
dx fy|x(y|x) fx(x) . The rows of this drawing represent, for each

value of the quantity y , the conditional fx|y(x|y) .

f( x | y )
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5.5.6.2 Second Example

Note: mention here that the problem in section ?? (chemical concentrations) has been
solved using conditional probabilities.

5.5.6.3 Example: Adjusting a Measurement to a Theory

When a particle of mass m is submitted to a force F , one has

F = m
d
dt

v√
1− v2/c2

. (5.326)

Assuming initial conditions of rest (at a time arbitrarily set to 0 ), the trajectory of the
particle is

x(t) =
c2

γ

(√
1 + (γt/c)2 − 1

)
, (5.327)

where
γ = F/m . (5.328)

Note: introduce here the problem set in the caption of figure 5.47. Say, in partic-
ular, that we have a measurement whose results are represented by the volumetric
probability f (t, x) .

The problem here, is clearly a problem of conditional probability, and it makes
sense because we do have a metric over our 2D space: From the expression of the
distance element ds2 = dt2 − dx2/c2 it follows the Minkowski metric(

gtt gtx
gxt gxx

)
=
(

1 0
0 −1/c2

)
. (5.329)

When taking the conditional volumetric probability of f (t, x) given the expres-
sion x = x(t) in equation 5.327, we simply obtain (see equation 3.188)

gt(t) =
1
ν

f ( t , x(t) ) , (5.330)

where ν is the normalization factor

ν =
∫ +∞
−∞ dst(t) f ( t , x(t) ) . (5.331)

The probability of a time interval is computed (see equation 3.189) via

P(t1 < t < t2) =
∫ t2

t1

dst(t) gt(t) . (5.332)
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Figure 5.47: In the space-time of special rela-
tivity, we have measured the space-time coordi-
nates of an event, and obtained the volumetric
probability f (t, x) displayed in the figure at the
top. We then learn that that event happened on
the trajectory of a particle with mass m submit-
ted to a constant force F (equation 5.327). This
trajectory is represented in the figure at the mid-
dle. It is clear that thanks to the theory, we can
ameliorate the knowledge of the coordinates of
the event, by considering the conditional volu-
metric probability induced on the trajectory. See
text for details. To scale the axis of this draw-
ing, the quantities T = c/γ and X = c2/γ have
been introduced.
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Figure 5.48: The length element induced
by the two-dimensional metric over the one-
dimensional manifold where the conditional
probability distribution is defined.
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The length element dst(t) is the length induced over the line x = x(t) by the
two-dimensional Minkowski metric (figure 5.48). We can evaluate it using equa-
tions 3.191–3.192. Here, we obtain

dst(t) =
√

gtt + x′(t) gxx x′(t) dt , (5.333)

and this gives

dst(t) =
dt√

1 + (γt/c)2
. (5.334)

Equations 5.331–5.332 can now be written, explicitly,

ν =
∫ +∞
−∞ dt

f ( t , x(t) )√
1 + (γt/c)2

(5.335)

and

P(t1 < t < t2) =
∫ t2

t1

dt
gt(t)√

1 + (γt/c)2
. (5.336)

The three equations 5.330, 5.335, and 5.336 solve our problem in what respects the
variable t .

We may, instead, be primarily interested in the variable x . We have two equiva-
lent procedures:

1. we can do exactly what we have just done, but starting with the trajectory 5.327
not written as x = x(t) but as t = t(x) ,

t =
√

2x/γ + (x/c)2 ; (5.337)

2. we can take the results just obtained and made the change of variables t 7→ x
(using equation 5.337).

The computations are left as an exercise to the reader. One reaches the conclusion
that the information on the position x is represented by the volumetric probability

gx(x) =
1
µ

f ( t(x) , x ) , (5.338)

where

µ =
∫ +∞
−∞ dx

f ( t(x) , x )√
2γx + (γx/c)2

, (5.339)

and the probability of an interval is computed via

P(x1 < x < x2) =
∫ x2

x1

dx
gx(x)√

2γx + (γx/c)2
. (5.340)
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It is important to realize that a consistent formulation of this problem has only
been possible because in the space {t, x} we have a metric (the Minkowski metric).
Note that the question raised hare still makes perfect sense in Galilean (nonrelativis-
tic) physics, where the trajectory 5.327 degenerates into its nonrelativistic limit

x(t) = 1
2 γ t2 . (5.341)

Taking the limit c → ∞ in all the equations above gives valid equations, but these
equations correspond to using in the space {t, x} the degenerated metric

ds2 = dt2 , (5.342)

i.e., a degenerated metric where only time distances matter. From a strict Galilean
point of view, this metric is arbitrary, and the problem is that any other metric in the
space {t, x} may be as arbitrary. This implies that, unless one has an ad-hoc reason
for selecting a particular metric in the space {t, x} , this simple problem can not be
solved consistently in a Galilean framework.
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5.5.7 Parameters

To describe a physical system (a planet, an elastic sample, etc.) we use physical
quantities (temperature and mass density at some given points, total mass, etc.). I
examine here the situation where the quantities take real values (i.e., I do not try
to consider the case where the quantities take integer or complex values). The real
values may have a physical dimension, length, mass, etc.

We will here that there is one very important type of quantities (called below the
‘Jeffreys quantities’), and three other marginal types of quantities.
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5.5.7.1 Jeffreys Quantities

5.5.7.2 Definition

Let us examine ‘positive parameters’, like a temperature, a period, etc. One of the
properties of the parameters we have in mind is that they occur in pairs of mutually
reciprocal parameters:

Period T = 1/ν ; Frequency ν = 1/T
Resistivity ρ = 1/σ ; Conductivity ρ = 1/σ

Temperature T = 1/(kβ) ; Thermodynamic parameter β = 1/(kT)
Mass density ρ = 1/` ; Lightness ` = 1/ρ

Compressibility γ = 1/κ ; Bulk modulus (uncompressibility) κ = 1/γ .

When physical theories are elaborated, one may freely choose one of these parame-
ters or its reciprocal.

Sometimes these pairs of equivalent parameters come from a definition, like when
we define frequency ν as a function of the period T , by ν = 1/T . Sometimes
these parameters arise when analyzing an idealized physical system. For instance,
Hooke’s law, relating stress σi j to strain εi j can be expressed as σi j = ci j

k` εk` , thus
introducing the stiffness tensor ci jk` , or as εi j = di j

k`σk` , thus introducing the com-
pliance tensor di jk` , inverse of the stiffness tensor. Then the respective eigenvalues
of these two tensors belong to the class of scalars analyzed here.

Let us take, as an example, the pair conductivity-resistivity (this may be thermal,
electric, etc.). Assume we have two samples in the laboratory S1 and S2 whose
resistivities are respectively ρ1 and ρ2 . Correspondingly, their conductivities are
σ1 = 1/ρ1 and σ2 = 1/ρ2 . How should we define the ‘distance’ between the two
samples? As we have |ρ2 − ρ1| 6= |σ2 −σ1| , choosing one of the two expressions
as the ‘distance’would be arbitrary. Consider the following definition of ‘distance’
between the two samples

D(S1, S2) =
∣∣∣∣ log

ρ2

ρ1

∣∣∣∣ =
∣∣∣∣ log

σ2

σ1

∣∣∣∣ . (5.343)

This definition (i) treats symmetrically the two equivalent parameters ρ and σ and,
more importantly, (ii) has an invariance of scale (what matters is how many ‘octaves’
we have between the two values, not the plain difference between the values). In
fact, it is the only ‘sensible’ definition of distance between the two samples S1 and
S2 .

Note: this is an old text. Associated to the distance D = | log (x2/x1) | is the
distance element

ds = dx/x . (5.344)

Defining the reciprocal parameter y = 1/x , the same distance D, now becomes
D = | log (y2/y1) | and we have the distance element

ds = dy/y . (5.345)
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Introducing the logarithmic parameters

x∗ = log(x/x0) ; y∗ = log(y/y0) , (5.346)

where x0 and y0 are arbitrary positive constants, leads to D = |x∗2 − x∗1| = |y∗2 −
y∗1| , and to the distance elements

ds = dx∗ ; ds = dy∗ . (5.347)

Note: I have to explain here that, for all four parameters, the homogeneous volumetric
probability is a constant (that I arbitrarily take equal to one)

fx(x) = 1 ; fy(y) = 1 ; fx∗(x∗) = 1 ; fy∗(y∗) = 1 . (5.348)

Should one, for some reason, choose to work with probability densities, then we con-
vert volumetric probabilities into probability densities using equation ?? (page ??).
We then see that the same homogeneous probability distribution is represented by
the following homogeneous probability densities:

f x(x) = 1/x ; f y(y) = 1/y ; f x∗(x∗) = 1 ; f y∗(y∗) = 1 . (5.349)

One should note that the homogeneous probability density for a Jeffreys parameter
x is 1/x .

The association of the probability density f (x) = k/x to positive parameters
was first made by Jeffreys (1939). To honor him, we propose to use the term Jeffreys
parameters for all the parameters of the type considered above . The 1/x probability
density was advocated by Jaynes (1939), and a nontrivial use of it was made by
Rietsch (1977), in the context of inverse problems.

If we have a Jeffreys parameter x , we know that the distance element is ds =
dx/x . Defining y = xk , i.e., some power of the parameter, leads to ds = (1/k), dy/y .
This is, up to a multiplicative constant, the same expression. Therefore, if a parame-
ter x is a Jeffreys parameter, then, its inverse, its square, and, in general, any power
of the parameter is also a Jeffreys parameter.

It is important to recognize when we do not face a Jeffreys parameter. Among the
many parameters used in the literature to describe an isotropic linear elastic medium
we find parameters like the Lamé’s coefficients λ and µ , the bulk modulus κ , the
Poisson ratio σ , etc. A simple inspection of the theoretical range of variation of these
parameters shows that the first Lamé parameter λ and the Poisson ratio σ may take
negative values, so they are certainly not Jeffreys parameters. In contrast, Hooke’s
law σi j = ci jk` ε

k` , defining a linearity between stress σi j and strain εi j , defines
the positive definite stiffness tensor ci jk` or, if we write εi j = di jk`σ

k` , defines its
inverse, the compliance tensor di jk` . The two reciprocal tensors ci jk` and di jk` are
‘Jeffreys tensors’. This is a notion that would take too long to develop here, but we
can give the following rule: The eigenvalues of a Jeffreys tensor are Jeffreys quantities.
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Note: This solves the complete problem for isotropic tensors only. I have to men-
tion here the rules valid for general anisotropic tensors.

As the two (different) eigenvalues of the stiffness tensor ci jk` are λκ = 3κ (with
multiplicity 1) and λµ = 2µ (with multiplicity 5) , we see that the uncompress-
ibility modulus κ and the shear modulus µ are Jeffreys parameters37 (as are any
parameter proportional to them, or any power of them, including the inverses). If
for some reason, instead of working with κ and µ , we wish to work with other
elastic parameters, like for instance the Young modulus Y and the Poisson ratio σ ,
then the homogeneous probability distribution must be found using the Jacobian of
the transformation between (Y,σ) and (κ,µ) . This is done in appendix 4.1.

There is a problem of terminology in the Bayesian literature. The homogeneous
probability distribution is a very special distribution. When the problem of select-
ing a ‘prior’ probability distribution arises, in the absence of any information except
the fundamental symmetries of the problem, one may select as prior probability dis-
tribution the homogeneous distribution. But enthusiastic Bayesians do not call it
‘homogeneous’ but ‘noninformative’. I do not agree with this. The homogeneous
probability distribution is as informative as any other distribution, it is just the ho-
mogeneous one.

In general, each time we consider an abstract parameter space, each point being
represented by some parameters x = {x1, x2 . . . xn} , we will start by solving the
(sometimes nontrivial) problem of defining a distance between points that respects
the necessary symmetries of the problem. Note: continue this discussion.

5.5.7.3 Benford Law

Let us play a game. We randomly generate many real numbers x1, x2, . . . in the
interval (e−100, e+100) , with an homogeneous probability distribution (in the ele-
mentary sense of ‘homogeneous’ for real numbers). Then we compute the positive
quantities

X1 = ex1 ; X2 = ex2 . . . , (5.350)

write these numbers in the common way, i.e., using the base ten numbering system.
The first digit of these numbers may then be 1, 2, 3, 4, 5, 6, 7, 8 , or 9 . Which is the
frequency of each of the nine digits? The answer is (note: explain here why): the
frequency in which the digit n appears as first digit is

pn = log10
n + 1

n
. (5.351)

37The definition of the elastic constants was made before the tensorial structure of the theory was
understood. Seismologists, today, should never introduce, at a theoretical level, parameters like the
first Lamé coefficient λ or the Poisson ratio. Instead they should use κ and µ (and their inverses).
In fact, my suggestion is to use the true eigenvalues of the stiffness tensor, λκ = 3κ , and λµ = 2µ ,
that I propose to call the eigen-bulk-modulus and the eigen-shear-modulus.



5.5 OTHER APPENDICES 305

This means that:

30.1% of the times the first digit is 1
17.6% of the times the first digit is 2
12.5% of the times the first digit is 3

9.7% of the times the first digit is 4
7.9% of the times the first digit is 5
6.7% of the times the first digit is 6
5.8% of the times the first digit is 7
5.1% of the times the first digit is 8
4.6% of the times the first digit is 9

(5.352)

Note: mention here figure 5.49.

Figure 5.49: Generate points, uniformly at random, ‘on the real
axis’ (left of the figure). The values x1, x2 . . . will not have any
special property, but the quantities X1 = 10x1 , X2 = 10x2 . . . will
present the Benford effect: as the figure suggests, the intervals
0.1–0.2 , 1–2 , 10–20 , etc. are longer (so have grater probability)
than the intervals 0.2–0.3 , 2–3 , 20–30 , etc., and so on. It is easy
to see that the probability that the first digit of the coordinate X
equals n is pn = log10(n + 1)/n (Benford law).
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Note: explain that this is independent of the exponentiation we make in equa-
tion 5.350. We could, for instance, have defined

X1 = 10x1 ; X2 = 10x2 . . . . (5.353)

Note: explain that if instead of writing the numbers X1, X2, . . . using base 10, we
use a base b , the first digit of these numbers may then be 1, 2, . . . , (b− 1) . Then, the
frequency in which the digit n appears as first digit is

pn = logb
n + 1

n
. (5.354)

Note: explain here that Jeffreys quantities exhibit the Benford effect (they tend to
start with one’s of two’s).

5.5.7.4 Examples of the Benford Effect

5.5.7.4.1 First Digit of the Fundamental Physical Constants Note: mention here
figure 5.50, and explain. Say that the negative numbers of the table are ‘false nega-
tives’. Figure 5.52 statistics of surfaces and populations of States and Islands.
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Figure 5.50: Statistics of the first digit
in the table of Fundamental Physi-
cal Constants (1998 CODATA least-
squares adjustement; Mohr and Tay-
lor, 2001). I have indiscriminately
taken all the constants of the table
(263 in total). The ‘model’ corre-
sponds to the prediction that the rel-
ative frequency of digit n in a base
K system of numeration is logK(n +
1)/n . Here, K = 10 .
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5.5.7.4.2 First Digit of Territories and Islands Note: mention here figures 5.51
and 5.52.

Figure 5.51: The begining of the list of the
States, Territories and Principal Islands of
the World, in the Times Atlas of the World
(Times Books, 1983), with the first digit of
the surfaces and populations highlighted.
The statistics of this first digit in shown in
figure 5.52.

STATES, TERRITORIES

& PRINCIPAL ISLANDS

OF THE WORLD
Name [Plate] and Description                                              Sq. km              Sq. miles               Population

Abu Dhabi, see United Arab Emirates

Afghanistan [31]       636,267 245,664  15,551,358* 1979

Capital: Kabul

Ajman, see United Arab Emirates

Åland [51]   1,505 581      22,000  1981

Self-governing Island Territory of Finland

Albania [83]                                                   28,748 11,097   2,590,600  1979

Capital: Tirana (Tiran )

Aleutian Islands [113] 17,666 6,821       6,730* 1980

    Territory of U.S.A.

Algeria [88] 2,381,745 919,354  18,250,000  1979

    Capital: Algiers (Alger)

American Samoa [10] 197 76      30,600  1977

   Unincorporated Territory of U.S.A.

Andorra [75] 465 180      35,460  1981

    Capital: Andorra la Vella

Angola [91] 1,246,700 481,226   6,920,000  1981

    Capital: Luanda

…                                                                                                                                 
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Figure 5.52: Statistics of the first digit
in the table of the surfaces (both
in squared kilometers and squared
miles) and populations of the States,
Territories and Principal Islands of
the World, as printed in the first
few pages of the Times Atlas of the
World (Times Books, 1983). As for
figure 5.50, the ‘model’ corresponds
to the prediction that the relative fre-
quency of digit n is log10(n + 1)/n .
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5.5.7.5 Cartesian Quantities

Note: explain here that a Cartesian quantity x has as finite distance the expression

D = |x2 − x1| . (5.355)

Note: Explain here that most of Cartesian quantities we find in physics are the
logarithms of Jeffreys quantities.
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5.5.7.6 Quantities ‘[0-1]’

Note: mention here the quantities x that like a chemical concentration, take values
in the range [0, 1] . Note: explain that defining

X =
x

1− x
(5.356)

introduces a Jeffreys quantity (with range [0, ∞] ).
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5.5.7.7 Ad-hoc Quantities

Note: mention here the ad-hoc quantities, like the Lamé’s parameters or the Pois-
son’s ratio, that we should not use.




