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2.5 Hypocentral Coordinates of a Seismic Event [PROVISIONAL
TEXT]

Earthquakes generate waves, and the arrival times of the waves at a network of seismic
observatories carries information on the location of the hypocenter. This information is better
understood by a direct examination of the probability density f (X, Y, Z) defined by the
arrival times, rather than just estimating a particular location (X, Y, Z) and the associated
uncertainties.

Provided that a ‘black box’ is available that rapidly computes the travel times to the
seismic station from any possible location of the earthquake, this probabilistic approach can
be relatively efficient. This appendix shows that it is quite trivial to write a computer code
that uses this probabilistic approach (much easier than to write a code using the traditional
Geiger method, that seeks to obtain the ‘best’ hypocentral coordinates).

2.5.1 A Priori Information on Model Parameters

The ‘unknowns’ of the problem are the hypocentral coordinates of an Earthquake1 {X, Z} ,
as well as the origin time T . We assume to have some a priori information about the location
of the earthquake, as well as about ots origin time. This a priori information is assumed to
be represented using the probability density

ρm(X, Z, T) . (2.53)

Because we use Cartesian coordinates and Newtonian time, the homogeneous probability
density is just a constant,

µm(X, Y, T) = k . (2.54)

For consistency, we must assume (rule ??) that the limit of ρm(X, Z, T) for infinite ‘disper-
sions’ is µm(X, Z, T) .

Example 2.1 We assume that the a priori probability density for (X, Z) is constant inside the region
0 < X < 60 km , 0 < Z < 50 km , and that the (unnormalizable) probability density for T is
constant.

2.5.2 Data

The data of the problem are the arrival times {t1, t2, t3, t4} of the seismic waves at a set of
four seismic observatories whose coordinates are {xi, zi} . The measurement of the arrival
times will produce a probability density

σobs(t1, t2, t3, t4) (2.55)

over the ‘data space’. As these are Newtonian times, the associated homogeneous probability
density is constant:

µo(t1, t2, t3, t4) = k . (2.56)

For consistency, we must assume (rule ??) that the limit of σobs(t1, t2, t3, t4) for infinite ‘dis-
persions’ is µo(t1, t2, t3, t4) .

1To simplify, here, we consider a 2D flat model of the Earth, and use Cartesian coordinates.
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Example 2.2 Assuming Gaussian, independent uncertainties, we have

σobs(t1, t2, t3, t4) = k exp
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2.5.3 Solution of the Forward Problem

The forward problem consists in calculating the arrival times ti as a function of the hypocen-
tral coordinates {X, Z} , and the origin time T :

ti = f i(X, Z, T) . (2.58)

Example 2.3 Assuming that the velocity of the medium is constant, equal to v ,

t1
cal = T +

√
(X− xi)2 + (Z− zi)2

v
. (2.59)

2.5.4 Solution of the Inverse Problem

Note: explain here that ‘putting all this together’,

σm(X, Z, T) = k ρm(X, Z, T) σobs(t1, t2, t3, t4)
∣∣∣
ti= f i(X,Z,T)

. (2.60)

2.5.5 Numerical Implementation

To show how simple is to implement an estimation of the hypocentral coordinates using the
solution given by equation 2.60, we give, in extenso, all the commands that are necessary
to the implementation, using a commercial mathematical software (Mathematica). Unfortu-
nately, while it is perfectly possible, using this software, to explicitly use quantities with their
physical dimensions, the plotting routines require adimensional numbers. This is why the
dimensions have been suppresed in whay follows. We use kilometers for the space positions
and seconds for the time positions.

We start by defining the geometry of the seismic network (the vertical coordinate z is
oriented with positive sign upwards):

x1 = 5;

z1 = 0;

x2 = 10;

z2 = 0;

x3 = 15;

z3 = 0;

x4 = 20;

z4 = 0;
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The velocity model is simply defined, in this toy example, by giving its constant value (
5 km/s ):

v = 5;

The ‘data’ of the problem are those of example 2.2. Explicitly:

t1OBS = 30.3;

s1 = 0.1;

t2OBS = 29.4;

s2 = 0.2;

t3OBS = 28.6;

s3 = 0.1;

t4OBS = 28.3;

s4 = 0.1;

rho1[t1_] := Exp[ - (1/2) (t1 - t1OBS)^2/s1^2 ]

rho2[t2_] := Exp[ - (1/2) (t2 - t2OBS)^2/s2^2 ]

rho3[t3_] := Exp[ - (1/2) (t3 - t3OBS)^2/s3^2 ]

rho4[t4_] := Exp[ - (1/2) (t4 - t4OBS)^2/s4^2 ]

rho[t1_,t2_,t3_,t4_]:=rho1[t1] rho2[t2] rho3[t3] rho4[t4]

Although an arbitrarily complex velocity velocity model could be considered here, let us
take, for solving the forward problem, the simple model in example 2.3:

t1CAL[X_, Z_, T_] := T + (1/v) Sqrt[ (X - x1)^2 + (Z - z1)^2 ]

t2CAL[X_, Z_, T_] := T + (1/v) Sqrt[ (X - x2)^2 + (Z - z2)^2 ]

t3CAL[X_, Z_, T_] := T + (1/v) Sqrt[ (X - x3)^2 + (Z - z3)^2 ]

t4CAL[X_, Z_, T_] := T + (1/v) Sqrt[ (X - x4)^2 + (Z - z4)^2 ]

The posterior probability density is just that defined in equation 2.60:

sigma[X_,Z_,T_] := rho[t1CAL[X,Z,T],t2CAL[X,Z,T],t3CAL[X,Z,T],t4CAL[X,Z,T]]

We should have multiplied by the ρm(X, Z, T) defined in example 2.1, but as this just cor-
responds to a ‘trimming’ of the values of the probability density outside the ‘box’ 0 < X <
60 km , 0 < Z < 50 km , we can do this afterwards.

The defined probability density is 3D, and we could try to represent it. Instead, let us just
represent the marginal probabilty densities. First, we ask the software to evaluate analyti-
cally the space marginal:

sigmaXZ[X_,Z_] = Integrate[ sigma[X,Z,T], {T,-Infinity,Infinity} ];

This gives a complicated result, with hypergeometric functions2. Representing this probabil-
ity density is easy, as we just need to type the command

ContourPlot[-sigmaXZ[X,Z],{X,15,35},{Z,0,-25},

PlotRange->All,PlotPoints->51]

2Typing sigmaXZ[X,Z] presents the result.
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The result is represented in figure 2.4 (while the level lines are those directly produced
by the software, there has been some additional editing to add the labels). When using
ContourPlot, we change the sign of sigma, because we wish to reverse the software’s con-
vention of using light colors for positive values. We have chosen the right region of the
space to be plotted (significant values of sigma) by a preliminary plotting of ‘all’ the space
(not represented here).

Should we have some a priori probability density on the location of the earthquake, rep-
resented by the probability density f(X,Y,Z), then, the theory says that we should multiply
the density just plotted by f(X,Y,Z). For instance, if we have the a priori information that the
hypocenter is above the level z = −10 km, we just put to zero everyhing below this level in
the figure just plotted.

Let us now evaluate the marginal probability density for the time, by typing the com-
mand

sigmaT[T_] := NIntegrate[ sigma[X,Z,T], {X,0,+60}, {Z,0,+50} ]

Here, we ask Mathematica NOT to try to evaluate analytically the result, but to perform
a numerical computation (as we have checked that no analytical result is found). We use
the ‘a priori information’ that the hypocenter must be inside a region 0 < X < 60 km ,
0 < Z < 50 km but limiting the integration domain to that area (see example 2.1). To
represent the result, we enter the command

p = Table[0,{i,1,400}];

Do[ p[[i]] = sigmaT[i/10.] , {i,100,300}]

ListPlot[ p,PlotJoined->True, PlotRange->{{100,300},All}]

and the produced result is shown (after some editing) in figure 2.5. The software was not
very stable in producing the results of the numerical integration.

Figure 2.4: The probability density
for the location of the hypocenter.
Its asymmetric shape is quite typical,
as seismic observatories tend to be
asymmetrically placed.
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2.5.6 An Example of Bimodal Probability Density for an Arrival Time.

As an exercise, the reader could reformulate the problem replacing the assumtion of Gaus-
sian uncertainties in the arrival times by multimodal probability densities. For instance,
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Figure 2.5: The marginal probability den-
sity for the origin time. The asymme-
try seen in the probability density in fig-
ure 2.4, where the decay of probability is
slow downwards, translates here in sig-
nificant probabilities for early times. The
sharp decay of the probability density for
t < 17s does not come from the values
of the arrival times, but from the a priori
information that the hypocenters must be
above the depth Z = −50 km .
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figure ?? suggested the use of a bimodal probability density for the reading of the arrival
time of a seismic wave. Using the Mathematica software, the command

rho[t_] := (If[8.0<t<8.8,5,1] If[9.8<t<10.2,10,1])

defines a probability density that, when plotted using the command

Plot[ rho[t],{t,7,11} ]

produces the result displayed in figure 2.6.

Figure 2.6: In figure ?? it was sug-
gested that the probability den-
sity for the arrival time of a seis-
mic phase may be multimodal.
This is just an example to show
that it is quite easy to define such
multimodal probability densities
in computer codes, even if they
are not analytic.
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2.5.7 Mathematica Code

Executable notebook at

http://www.ipgp.jussieu.fr/~tarantola/exercices/chapter_02/Hypocenter.nb

Note: I have not yet had time to insert these lines of code into the text, and to comment
them. For the time being, please have a look at the file indicated above.




