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7.3 Ray Tomography Without Blocks

7.3.1 The Problem

Although in this numerical exercise we consider a 2D medium, nothing fundamental changes
when passing to 3D. The students are encouraged to attempt such an exercice.

In a 2D medium, the travel time along a ray R is computed via

t =
∫
R

ds n( x(s), y(s) ) , (7.23)

where n(x, y) is the slowness of the medium (inverse of the velocity), and where s is the
coordinate along the ray that corresponds to the length. The equations x = x(s) , and y =
y(s) , are the parametric equations defining the ray R . In principle, the ray has to be found
using, for instance, Fermat’s principle (the actual ray path is, among all neighboring paths,
the one that minimizes the integral in equation 7.23), but in this simplified exercise we are
just going to assume that the rays are straight. We are going to “measure” the travel times
along some rays, and use these “observations” to obtain information on n(x, y, z) .

We have some a priori information on the slowness function, namely that, at every point,
n(x, y) = 3 s/km ± 1 s/km , and that the function is smooth, with an isotropic correlation
length with value L = 1 km . In this simulation, we are going to use the travel times along
144 randomly generated rays. The rays are displayed at the left of figure 7.3, superimposed
on the “true model” used to generate the “synthetic data” (numerical values for the rays in
the appendix). Random errors of the order of σ = 0.1 s have been added to the exact travel
times (numerical values for the travel times in the appendix).

With that information available (a priori information, geometry of the rays, travel time
values, and their attached uncertainties), we are able to solve the inverse problem. In case
one wishes to regenerate the synthetic data, the equations defining the true model can be
found in the mathematica notebook (also given as an appendix).

7.3.2 The Theory

We are going, as a first, quick and dirty approximation, neglect the fact that the slowness
is a Jeffreys parameter —so we would be well advised to work with its logarithm—. As
the ray paths are given once for all, the relation between data (the travel times) and model
parameters (the slowness function) is then linear (equation 7.23). As explained in class, in
the case where we have a linear forward problem, a discrete data set, and a function as
unknown, the standard least-squares solution is better obtained using the equation (the other
two equivalent equations are not well adapted to the situation here)

mpost = mprior + Cprior Gt ( G Cprior Gt + Cobs )−1 ( dobs −G mprior ) , (7.24)

while the uncertainties are provided by the second standard least-squares equation, that
gives the a posteriori covariance operator

Cpost = Cprior − Cprior Gt ( G Cprior Gt + Cobs )−1 G Cprior . (7.25)

As we have already used these expressions in another example where the model m was
a function {m(x)} , let us here illustrate the least-squares method using the much simpler
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Figure 7.3: Left, the “true model” used to compute the “observed travel times” (with some
random erros added. Superimposed on the true model, the rays used to generate the data.
Right, the model provided by the least-squares method. As explained in class, this is not to
be understood as a possible model of the medium, but as “the mean as all possible models”.

steepest descent algorithm, where there are no matrices to evaluate or linear systems to solve.
The price to be paid is double: (i) some iterations are necessary, and (ii) no estimation of the
posterior uncertainties is made.

The same solution provided by the algorithm 7.24 can be obtained through the iterative
algorithm (Tarantola, 2005)

mk+1 = mk − µ ( Cprior Gt C-1
obs (dk − dobs) + (mk −mprior) ) , (7.26)

where
dk = G mk , (7.27)

and where µ is a parameter small enough as to prevent the divergence of the algorithm. This
parameter can be calculated (Tarantola, 2005), or it can just be obtained by trial and error (for
instance, in the numerical example below, the value µ = 0.00004 allows the algorithm to
converge, and to converge in a reasonable number of iterations).

The a priori information is represented by some a priori function

mprior = {mprior(x)} , (7.28)

and some (a priori) covariance function

Cprior = {Cprior(x, x′)} . (7.29)

These are specified below. We also have some observations

dobs = {di
obs} , (7.30)
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with uncertainties described by some covariance matrix,

Cobs = {Cij
obs} . (7.31)

When we assume that the equation d = G m takes the form

di =
∫

Gi(x) m(x) dx (7.32)

and the covariance matrix Cobs is isotropic

Cobs = σ2 I (7.33)

the algorithm in equation 7.26 becomes

m(x)k+1 = m(x)k − µ
(

[ ∑
i

(dj
k − dj

obs)
∫

Cprior(x, x′) Gi(x′) dx′ ] +

(m(x)k −m(x)prior)
) (7.34)

δ̃d i = W ij
obs (di

k − di
obs) ; Wobs = C-1

obs (7.35)

koko (7.36)

koko (7.37)

koko (7.38)

In our case,
d = {ti} ; m = {n(x, y)} , (7.39)

and the equation
d = G m (7.40)

is
ti =

∫
Ri

dsi n( x(si), y(si) ) (7.41)

(this can be seen as a special case of equation 7.32 if the “integral” kernel Gi(x) is, in fact, a
delta function zero everywhere excepted along the ray Ri ). One then easily arrives at

n(x, y)k+1 = n(x, y)k − µk
( 1

σ2 [ ∑
i

(ti
k − ti

obs)
∫
Ri

C(x, y, x(si), y(si))prior dsi ]+

+(n(x, y)k − n(x, y)prior)
) (7.42)

where
ti
k =

∫
Ri

dsi n( x(si), y(si) )k . (7.43)

We choose here the covariance function

C(x, y, x(si), y(si))prior = s2 exp
(
− 1

2
(x− x′)2 + (y− y′)2

L2

)
, (7.44)
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in which case, using the results in appendix 7.3.4, this can be simplified (considering, for the
sake of this computation that that rays are infinitely long) into

n(x, y)k+1 = n(x, y)k − µk
( s2

σ2 [ ∑
i

(ti
k − ti

obs) Ψ(∆i
2(x, y)) ] + (n(x, y)k − n(x, y)prior)

)
(7.45)

where ∆i
2(x, y) denotes the square of the distance between point (x, y) and the ray Ri (this

distance is expressed in appendix 7.3.4), and where Ψ(K) is the function

Ψ(K) =
√

2π L exp
(
− K

2 L2

)
. (7.46)

7.3.3 Numerical Application

I have not yet had time to discuss here the numerical application. For the time being, see the
mathematica notebook below.

7.3.4 Appendix

A simple geometrical reasoning, using the definition of the vector product of two vectors,
shows that the squared distance between a point (x, y) and the (infinite) straight line defined
by two points (x0, y0) and (x1, y1) is

∆2 =
[ (x− x0) (y1 − y0)− (y− y0) (x1 − x0) ]2

(x1 − x0)2 + (y1 − y0)2 . (7.47)

Given the 2D Gaussian

C(x, y, x′, y′) = s2 exp
(
− 1

2
(x− x′)2 + (y− y′)2

L2

)
, (7.48)

it is easy to prove (for instance, using mathematica) that if the line integral

Q(x, y) =
∫ +∞

−∞
ds C(x, y, x′(s), y′(s)) (7.49)

is, in fact, an integral along a straight line, one has

Q(x, y) =
√

2π s2 L exp
(
− 1

2
∆(x, y)2

L2

)
, (7.50)

where ∆(x, y) is the distance from point (x, y) to the straight line (see equation 7.47).

7.3.5 Appendix

Coordinates x of the initial points of the rays:
{-12, -12, 12, 12, -12, 3.84683, -12, -12, 12, 12, -12, 3.45153, -12, -12, 12, 12, -12, -8.13302, -12,
-12, 12, 12, -12, -6.62644, -12, -12, 12, 12, -12, -6.17656, -12, -12, 12, 12, -12, 10.2525, -12, -12, 12,
12, -12, -5.66554, -12, -12, 12, 12, -12, -8.99534, -12, -12, 12, 12, -12, 1.664, -12, -12, 12, 12, -12, -
6.48113, -12, -12, 12, 12, -12, 0.700058, -12, -12, 12, 12, -12, 3.87693, -12, -12, 12, 12, -12, -8.54971,
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-12, -12, 12, 12, -12, -2.74178, -12, -12, 12, 12, -12, 8.14319, -12, -12, 12, 12, -12, 0.218863, -12,
-12, 12, 12, -12, -10.2616, -12, -12, 12, 12, -12, 4.43019, -12, -12, 12, 12, -12, 8.3352, -12, -12, 12,
12, -12, 8.12982, -12, -12, 12, 12, -12, -5.2341, -12, -12, 12, 12, -12, -10.133, -12, -12, 12, 12, -12,
1.82534, -12, -12, 12, 12, -12, -7.59536}

Coordinates y of the initial points of the rays:
{6.30517, 2.4822, -5.76374, -5.74448, 8.65179, -12, 9.98654, 9.49472, -7.91323, -3.45283, 0.76933,
-12, 5.46416, -10.0307, 0.227902, 6.71381, 2.57611, -12, 3.58957, -6.62774, 0.502803, 7.82509,
10.7335, -12, -5.73069, -7.59578, 5.04141, -3.30958, -8.53471, -12, -1.12428, -10.5488, 9.37292,
-7.37391, 9.63945, -12, 4.37013, 6.84831, 10.3287, -0.842107, 7.86343, -12, -2.01229, -6.11672,
-0.385208, -9.74281, 0.975347, -12, 7.60521, -4.84365, 8.27649, 6.99846, -10.5869, -12, 2.42535, -
3.21928, -8.18944, -4.47647, 1.83521, -12, 5.23, 9.36252, 7.95351, -8.63594, 7.54045, -12, -5.8849, -
7.08067, -8.69545, 8.3958, 0.469341, -12, 6.23935, 5.51441, 9.28584, 3.15034, -9.25461, -12, 7.63028,
9.53095, 5.32573, -9.86485, -6.14361, -12, -1.38295, 2.74382, 0.33121, 10.5935, -1.41418, -12,
1.95554, 9.61224, 7.62981, 8.47709, 2.77342, -12, -6.84363, 8.47504, 3.82516, 8.88157, -5.76066,
-12, 3.2838, -8.87386, 6.65399, -6.35095, -7.11943, -12, 10.7242, 6.95514, -4.10097, 9.07358, -
9.3403, -12, -1.6241, 6.20906, 2.72192, 1.56001, -1.15865, -12, -0.882849, -9.82533, -7.78188,
-7.8989, -9.44158, -12, 3.18252, -0.443156, -10.5394, 8.99684, 1.61925, -12, -8.4979, 10.6923,
10.284, 7.59125, 8.72557, -12, -5.45695, -8.7315, -5.91755, -6.72834, 3.46319, -12}

Coordinates x of the final points of the rays:
{7.66347, -2.24317, 0.379094, -6.72323, 12, -3.1934, 7.62397, -9.31636, -0.260079, 4.01278, 12,
8.81614, -10.3883, 0.0593097, 0.232602, -4.21746, 12, 9.97594, 4.01185, 8.2923, -6.72807, -6.72048,
12, -4.53661, -4.61493, 6.40408, 6.15247, -0.378461, 12, 0.645596, 1.5048, 3.35329, -2.76713, -
0.92623, 12, -7.38962, 5.85104, -2.7937, 10.6986, 8.58477, 12, -3.06083, -7.32288, 4.58588, 6.44425,
-5.48789, 12, -9.09828, 10.3571, 4.69542, 10.6585, 7.11065, 12, -0.828518, -9.2005, 5.58561, -
4.64475, 0.0735008, 12, -1.82822, 1.79, 4.47636, 2.13146, 8.36571, 12, -1.80577, -5.14465, 3.60862,
10.5001, -7.46488, 12, 5.36334, 7.56299, -10.113, -5.56847, -7.47873, 12, 5.32705, 2.92134, -9.28157,
3.42124, 9.18331, 12, -7.18003, -2.49474, -8.06701, -7.92627, 10.4117, 12, -5.91533, 2.3757, -
7.63376, 9.95446, -5.81707, 12, -9.63704, -3.61905, 9.42997, -6.69277, 10.0182, 12, 4.93358, -
3.36552, 1.56734, -2.31999, -3.61559, 12, -4.97855, -3.58715, -3.40851, -7.89438, -2.42676, 12,
3.63966, 7.46096, -8.92768, -1.21905, 5.68791, 12, -0.333545, -1.4257, -7.92503, -4.53133, 5.50173,
12, -9.13793, -5.08773, 10.7898, 7.13133, -5.89816, 12, 5.43539, 2.56989, 2.36042, -3.89879, 7.85869,
12, 5.99662, 9.8157, 6.20687, -8.31562, 1.10502, 12, 6.66964}

Coordinates y of the final points of the rays:
{12, -12, -12, 12, 10.5968, 12, 12, -12, -12, 12, 8.27516, 12, 12, -12, -12, 12, 0.635816, 12, 12, -12,
-12, 12, -4.00324, 12, 12, -12, -12, 12, -5.48335, 12, 12, -12, -12, 12, -9.76389, 12, 12, -12, -12, 12,
5.18192, 12, 12, -12, -12, 12, 5.20814, 12, 12, -12, -12, 12, -5.52338, 12, 12, -12, -12, 12, 1.14711,
12, 12, -12, -12, 12, -3.34516, 12, 12, -12, -12, 12, -1.64701, 12, 12, -12, -12, 12, 8.77669, 12, 12,
-12, -12, 12, -5.93175, 12, 12, -12, -12, 12, -5.70296, 12, 12, -12, -12, 12, 4.88621, 12, 12, -12, -12,
12, 10.0102, 12, 12, -12, -12, 12, 3.7938, 12, 12, -12, -12, 12, -6.90456, 12, 12, -12, -12, 12, 5.98714,
12, 12, -12, -12, 12, -8.62676, 12, 12, -12, -12, 12, -9.85581, 12, 12, -12, -12, 12, -6.27202, 12, 12,
-12, -12, 12, -9.45981, 12}

“Observed” travel times (with errors):
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56.6, 46.0, 40.6, 71.2, 65.8, 70.6, 54.4, 63.5, 38.5, 47.1, 67.8, 70.3, 19.9, 33.9, 51.4, 46.5, 67.5, 85.1,
50.3, 59.8, 65.3, 51.9, 80.4, 63.2, 54.7, 53.3, 53.3, 54.3, 70.7, 66.5, 52.9, 43.5, 74.0, 66.2, 89.5, 81.5,
53.8, 56.8, 63.6, 36.1, 65.1, 63.0, 42.7, 48.8, 37.9, 79.3, 65.9, 68.3, 62.7, 50.6, 58.0, 19.0, 72.2, 69.8,
29.3, 56.6, 49.9, 56.3, 67.0, 63.4, 43.0, 79.7, 65.0, 58.3, 76.5, 69.0, 54.6, 45.3, 10.8, 53.4, 69.6, 68.7,
56.3, 51.9, 77.9, 57.0, 84.3, 76.8, 43.2, 63.5, 57.7, 61.6, 69.6, 66.1, 46.6, 44.1, 68.0, 05.7, 70.6, 76.1,
49.1, 62.9, 56.2, 49.6, 65.4, 75.5, 58.5, 86.5, 70.4, 10.2, 75.5, 77.3, 34.5, 38.5, 67.8, 68.9, 75.5, 70.8,
23.1, 55.8, 63.0, 40.2, 71.2, 70.9, 65.1, 53.8, 58.5, 32.7, 67.3, 74.1, 47.0, 13.7, 50.3, 57.6, 71.7, 66.0,
31.4, 75.2, 15.1, 49.7, 77.7, 78.2, 65.2, 80.0, 77.2, 16.5, 82.0, 69.6, 72.1, 52.2, 63.2, 60.3, 79.5, 79.1

7.3.6 Mathematica Notebook

Note: I have not yet had time to clean the code and insert it in the text. For the time being,
please have a look at the following mathematica codes.

Executable notebooks at

http://www.ipgp.jussieu.fr/~tarantola/exercices/chapter_07/Tomo_no_blocks.nb

http://www.ipgp.jussieu.fr/~tarantola/exercices/chapter_07/Tomo_no_blocks_Interpolation.nb


