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Thermocapillary migration of long bubbles in polygonal tubes.
II. Experiments
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We study experimentally the thermocapillary migration of a long gas bubble in a horizontal pipe of
rectangular cross section. An imposed axial temperature gradient produces a gradient of surface
tension leading to a steady migration of the bubble towards the hotter region. The bubble velocity
is found to be independent of bubble length for sufficiently long bubbles, and to vary linearly with
the temperature gradient. For pipes of small vertical dimension, gravity is negligible and the
measurements of the bubble velocity are in good agreement with the zero gravity theory of
Mazouchi and Homsy@Phys. Fluids13, 1594~2001!#. In larger pipes, gravity is no longer negligible
and the bubble is observed to move faster than that theory predicts. A simple calculation taking into
account the combined effect of buoyant rise and thermocapillary stress accounts for these results.
© 2003 American Institute of Physics.@DOI: 10.1063/1.1531617#
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I. INTRODUCTION

This is the third in a series of papers1,2 regarding ther-
mocapillary migration of bubbles in microchannels, motiv
tion for which has been given in Ref. 1. The essential feat
of such problems is that the surface tension gradient resu
from an imposed temperature gradient causes interfacial
from regions of low tension to region of higher tension. F
most liquids, this implies a flow towards the colder regio
As a result of mass conservation, the bubble then migr
towards the hotter region.

Parallel flow solutions3,4 did not allow the determination
of the bubble migration velocity, as they do not determ
the thickness of the liquid film between the bubble and
wall. Wilson5 and Mazouchi and Homsy1 analyzed the ther-
mocapillary migration of a long bubble in acircular pipe by
means of a Bretherton-type7 matched expansion. Assuming
temperature distribution determined by conduction~small
Peclet number! and negligible gravity effects on the bubb
shape~small Bond number!, Mazouchi and Homsy1 calcu-
lated the migration velocity in the small capillary numb
limit and found that the bubble velocity varies as the fi
power of the temperature gradient.

However, as discussed by Wonget al.,8,9 a circular cap-
illary lacks corners that characterize the geometry of m
practical situations, e.g., the pores in a porous media or
crochannels in MEMS devices. For this reason, Mazou
and Homsy2 also considered the thermocapillary migrati
of long bubbles in polygonal tubes in the small Bond num
limit. They found that most of the liquid bypasses the bub
through the corners of the tube where a continuous liqui
present. This has two consequences for our problem. F
since the thermocapillary flow is, to a first approximation
parallel flow in the corner regions, the bubble velocity var
3081070-6631/2003/15(2)/308/7/$20.00
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linearly with the temperature gradient to leading order,2 i.e.,

Ub5l0

gTa

m
b, ~1.1!

wheregT52]s/]T is the temperature coefficient of surfac
tension,a is a characteristic dimension andm is the liquid
viscosity.l0 is a function of the aspect ratioB of the pipe
cross section and is tabulated in Ref. 2. Second this mi
tion velocity is much larger than it would be in a cylindric
tube, which is the distinguishing feature between the t
types of cross sections and makes the polygonal pipe m
attractive in the context of the applications.

In this article, we report the results of an experimen
investigation of the thermocapillary migration of long g
bubbles in horizontal pipes of rectangular cross section.
objective is to measure the velocity of the bubble,Ub , in a
well-controlled and well-characterized temperature gradi
b. Since the pioneering work of Younget al.,10 a large
amount of experimental work has addressed the issue o
thermocapillary migration of bubbles or droplets in liquids
large extent. To our knowledge, the present study is the
to consider the case of bubble migration in confined geo
etries in a quantitative way. We emphasize that our obj
tives are broader than a simple verification of Eq.~1.1!,
whose derivation involves many assumptions. Our objecti
are to measure the migration velocity over a wide range
parameters, characterizing the parametric dependence,
~of course! comparing with Eq.~1.1! where appropriate.

The paper is organized as follows. In Sec. II, we intr
duce the fluids used and the scalings in the problem. Sec
III is dedicated to the description of the experimental se
and procedure. The experimental results are presented in
© 2003 American Institute of Physics
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TABLE I. Physical properties of the silicon oil used in the experiments,r, m, a, s, and k are the density,
viscosity, the thermal expansion coefficient, the surface tension and the thermal diffusivity, respec
gT52]s/]T is the temperature coefficient of surface tension.

Fluid
r

(Kg.m23)
m

(Pa.s21)
a

~K21)
s

(N.m21)
gT

(N.m21.K21)
k

(m2s21)

Dow Corning 200~5 cs! 913 4.5631023 1.0531023 1.9731022 7.231025 a 8.9931028

Dow Corning 200~0.65 cs! 758 4.9331024 1.3431023 1.5931022 8.031025 7.731028

aValue interpolated from data for other viscosities.
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IV and discussed in Sec. V. The paper ends with a summ
of the results and conclusions.

II. FLUID PROPERTIES AND SCALINGS

The experiments were performed using two Dow Co
ing 200 silicon oils of differing viscosities~0.65 cs and 5 cs!,
chosen for their low susceptibility to surface contaminatio
Their properties are tabulated in Table I. As documented
low, we worked with pipes whose characteristic dimens
was on the order of a few millimeters.

Our typical range of parameters relate to the theory
Mazouchi and Homsy2 in the following way. These author
neglected gravity and assumed small Reynolds~Re!, Péclet
~Pe!, and capillary~Ca! numbers. As documented below, o
experiments involved smallRe ranging from 1024 to 1021,
smallPe ranging from 1023 to 1 and smallCa ranging from
1028 to 1026. Gravity was negligible in some but not all o
our experiments, which impacts them in two different wa
First, the density difference between the gas and the
rounding liquid causes the bubble to be asymmetrica
placed in the cross section of the pipe. This buoyant rise
the static bubble is characterized by the Bond number

Bo5
rga2

s
, ~2.1!

wherer is the density of the liquid,g is the gravity,s is the
surface tension between the gas and the liquid, andt52a is
the vertical height of the pipe. Mazouchi and Homs2

worked in the zero Bond number limit so that they on
addressed a symmetrically placed bubble. Experiment
we varied the height fromt50.3 mm to t53 mm. As a
result, Bo ranged fromBo51022, where buoyant rise is
negligible, toBo51, where the bubble can be expected
be asymmetrically placed.
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The second effect of gravity comes from the existence
a horizontal temperature gradient in the liquid along the pi
This leads to buoyant convection in the liquid which m
affect the bubble migration by exerting additional forces
the bubble. As is well-known in other contexts6 this effect is
characterized by the ratioG of the buoyant forces to the
thermocapillary forces~sometimes referred to as the dynam
Bond number!

G5
raga2

gT
, ~2.2!

wherea is the coefficient of thermal expansion.
For smallG, we expect the bubble to be unaffected

buoyant convection.G was never larger thanO~1! over the
range of parameters studied. As such, natural convec
played an insignificant role in our experiments, and the p
mary effect of gravity was buoyant rise of the static bubb

III. APPARATUS AND PROCEDURE

A. Schematic of apparatus

The experiment is conceptually simple, i.e., to establ
and characterize a steady axial temperature gradient,b(x),
introduce a bubble into a tube, and measure its migra
velocity. We accomplish this by the apparatus shown in F
1~a!. A glass pipe of rectangular cross section is held
tween two reservoirs and passes through them and thro
flanges at both ends that facilitate assembly and disassem
The two ends of the pipe are joined to flexible tubing~not
shown!, allowing the introduction of the bubble. Each rese
voir is connected to a thermostatically controlled bath, allo
ing a constant applied temperature differenceDT5Th2Tc to
be maintained within an accuracy of60.5 °C. The whole
setup lies on a plate fitted with leveling screws to ens
horizontality.
FIG. 1. Schematic of experimental apparatus.~a! Side view.~b! Cross section of the pipe.
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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The size and aspect ratio of the pipe were varied
using four different rectangular pipes~Whale Apparatus,
Hellerton, Pennsylvania, model ST-8100, ST-102, ST-1
and RT-3530!, the cross-sections of which were respective
equal to~height3width! 131 mm, 232 mm, 333 mm, and
0.333 mm. Photographs of the pipe cross sections ta
with a camera connected to a microscope verified their
mensions and allowed examination of the shape of the
ners. As can be seen in the example shown in Fig. 2,
corners are only slightly rounded.

B. Establishing the temperature gradient

The key issue to establish, control, and measure the t
perature gradient. In order to do so, the glass pipe was
rounded on three sides by a copper U-channel as sketch
Fig. 1~b!. The thickness of the copper walls was 2.5 mm. T
U-channel was closed by an insulating acrylic wall and
entire assembly was in turn enclosed inside a thermally
sulating styrofoam U-channel@Fig. 1~b!# of thickness 1 cm.
Thermal contact between the copper and the glass pipe
maintained with a thin layer of silicone oil. The temperatu
T(x) was measured within an accuracy of60.1 °C along the
copper surface by mean of five surface thermistor pro
placed between the copper and the styrofoam layer. Du
the small thickness of the pipe walls~from 0.1 to 0.5 mm!,
the surface temperature was assumed to be very close t
oil temperature inside the pipe. The time necessary to re
thermal equilibrium was on the order of one hour.

Figure 3~a! shows an example of a typical measur
temperature distribution, the general shape of which is
expected from the so-called fin equations. Apart from
abrupt variation near the reservoirs,T(x) is very nearly lin-
ear over most of the pipe: Therefore, the temperature gr
ent for any given experiment was evaluated by at least sq
fit of the experimental points in the region of interest,
indicated by the solid line in Fig. 3~a!.

C. Experimental procedure

The experimental procedure was the following. The p
was filled with a particular liquid. Once thermal equilibriu
had been reached and a steady axial temperature profil
tablished, a bubble of air was introduced by means of a
ringe with a flexible needle into the region of the pipe s
rounded by the colder reservoir A~see Fig. 1!. The plate was
then tilted slightly until the bubble left the reservoir A an
entered the region of the pipe where the temperature va
As a result, the bubble moved towards the hotter reservo
and its position was recorded at regular time intervals us
a CCD camera connected to a computer via a Scion L

FIG. 2. The cross section of the 0.333 mm pipe.
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FIG. 3. Typical data for the 232 mm pipe filled with a V0.65 silicone oil.
The temperature difference applied along the pipe isDT535 K. ~a! Tem-
perature as a function of the positionx ~cm! along the pipe. The circles
correspond to experimental temperature measurements and the solid lin
linear least-squares fit of the data. The value of the temperature gra
obtained under these conditions isb51.45 K/cm.~b! Positionx ~cm! of the
rear cap of a bubble as a function of the timet ~s! for the same experimenta
conditions.

FIG. 4. An air bubble in a 131 mm pipe. The pipe is surrounded by copp
walls and styrofoam. The thermal probes are also visible.
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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Framegrabber. Using the digitized images, an example
which is shown in Fig. 4, we measured the position of
bubble as a function of time.

Figure 3~b! shows a typical example of the displaceme
data obtained, which correspond to the temperature field
played in Fig. 3~a!. The bubble is seen to advance at a co
stant rate in the region of constant temperature gradient.
bubble velocityUb was evaluated from a linear least-squa
fit of the experimental data in this linear region and me
sured as a function of the corresponding temperature gr
ent.

After the bubble reached the end of the pipe, it w
brought back into the reservoir A by again tilting the pla
This enabled us to perform several experiments with
same bubble for various applied temperature differences.
horizontality of the pipe was tested by inverting the directi
of the temperature gradient: The measured velocity was
dependent of the sign of the gradient, indicating that ax
motion due to the tube not being horizontal was entir
negligible.

The possible influence of the age of the bubbles w
investigated by performing experiments with bubbles of a
ranging from a few minutes up to two weeks. We did n
observe any significant dependence of the bubble velo
with its age, confirming the low susceptibility of silicon o
to surface contamination, especially in the closed sys
used here.

Finally, we investigated the effect of the size of th
bubble by performing series of experiments keeping
same temperature gradient but varying the bubble length.
observed that the bubble migration velocity increases w
the bubble length until it reachesLB'10a. For longer
bubbles, the migration velocity does not depend on
bubble length. All our reported data are for these lo
bubbles.

IV. EXPERIMENTAL RESULTS

We performed several series of experiments work
with a given pipe and a given oil and varying only the te
perature gradientb. As a result,B andBo were kept constan
for each series of experiments.

Figure 5 displays the experimentally measured bub
velocity Ub as a function ofb for a 0.330.3 mm pipe filled
with the Dow Corning 200 V0.65 oil. In this case,B510 and
Bo51.0531022. The migration velocity varies linearly with
the temperature gradient and is in very good agreement
Eq. ~1.1! which is shown by the solid line.

Figure 6 displays similar data but for a 232 mm pipe
filled with the Dow Corning 200 V5 oil. In that case,B51
andBo54.531021. As in the previous case, the bubble v
locity varies linearly with the temperature gradient, but w
a speed that is slightly higher than the predictions of Maz
chi and Homsy.2

We conducted a large number of experiments, vary
the temperature gradient, pipe size, and fluid. We perform
experiments with two different aspect ratiosB51 andB510.
The bubble velocity was always observed to vary linea
with the temperature gradient for any given fixed values oB
Downloaded 09 Jan 2003 to 134.157.28.114. Redistribution subject to A
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and Bo, but with a slope that depends on these paramet
Because of this linearity, it suffices to record the slope of
least-squares fits to data such as these in Figs. 5 and 6.

From each set of data, we deduced an experime
value lex by scaling the measured slope bym/gTa. The
complete set of results is tabulated in Table II, where we g
the pipe size and aspect ratio, the liquid used, the value
lex, together with the correlation coefficient,R, of the linear
least-squares fit, the values ofl0, and the Bond numberBo.

To be complete, we mention that for the Dow Cornin
200 V0.65 oil in the 131 mm pipe, we observed a sma
deviation from the linearity in the limit of the large temper
ture gradients (b.1 K/cm). This effect might be due to
non-negligible variation of the viscosity with the local tem

FIG. 5. Velocity of the bubble~cm/h! as a function of the temperatur
gradient~K/cm! for a 0.333 mm pipe and the Dow Corning 200 V0.65 oi
B510 andBo51.0531022. The solid line is the theory of Mazouchi an
Homsy ~Ref. 2!.

FIG. 6. Velocity of the bubble~cm/h! as a function of the temperatur
gradient~K/cm! for a 232 mm pipe and the Dow Corning 200 V5 oil.B51
andBo54.531021.
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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TABLE II. Experimental results.

Pipe Oil B . l exp R l0 B0

0.333 mm 0.65 cst 10 1.131023 0.98 1.131023 1.0531022

131 mm 0.65 cst 1 1.831023 0.99 2.231023 1.1731021

131 mm 5 cst 1 2.431023 1 2.231023 1.1431021

232 mm 0.65 cst 1 2.931023 0.98 2.231023 4.6831021

232 mm 5 cst 1 3.031023 0.98 2.231023 4.5531021

333 mm 0.65 cst 1 6.431021 0.98 2.231023 1.05
333 mm 5 cst 1 9.631023 0.96 2.231023 1.02
330.3 mm 0.65 cst 0.1 6.831023 0.99 1.131024 1.05
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perature along the bubble. The compressibility of the bub
might also play a part: For this specific run, we observed
bubble length to increase up to 10% while migrating fro
the cold to the hot region. Alternatively, it may be due to t
thin film corrections to Eq.~1!. These data corresponding
large temperature gradients were not taken into acco
when calculating the value oflex.

V. ANALYSIS AND DISCUSSION

A. Analysis of the experimental results

Table II, together with the implied linearity ofUb with
b, are the main results of our work. At small values ofBo
where gravity is negligible,lex is close tol0. Therefore, in
this regime where the assumptions of Mazouchi and Hom2

are fulfilled, theory and experiments are in very good agr
ment withall aspects. The migration velocity is observed t
be independent of the bubble length, approximately prop
tional to the ratioagT /m and linear in the temperature gra
dient, with a coefficient that is accurately predicted by t
zero gravity theory. This conclusion may be drawn for t
two smallest pipe sizes. For the intermediate pipe size, 232
mm, the slope scales with 1/m as expected, but with a valu
of lex slightly above the zero gravity theory. There are lar
positive deviations for the largest pipe studied.

FIG. 7. The normalized slope as a function of the Bond number,Bo. Tri-
angles:Lex5lexl0; Stars: The theoretical values,LBo5lBo /l0, from the
approximate theory of Sec. V.
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We wish to assess the degree to which gravity play
role in our experiments. In order to do so, we account for
effect of varying aspect ratio through the following proc
dure. The experimental valueslex were normalized by the
corresponding theoretical valuel0. The resulting number
Lex5lex/l0 depends only onBo: its departure from unity is
a measure of the influence of gravity. It is plotted as a fu
tion of Bo in Fig. 7. As is evident from the figure, gravity i
no longer negligible forBo50(1). In this regime,Lex is
greater than one and generally increases withBo, leading to
migration velocities that can be two orders of magnitu
above that of the zero gravity theory. In the next section,
give a simple theory that accounts for this Bond numb
dependence.

B. Effect of gravity on the bubble migration

The effect of buoyant rise is relatively straightforward
account for. IncreasingBo causes the bubble to be increa
ingly asymmetrically placed within the pipe. As a result, t
thickness of the layer of liquid between the lower side of t
bubble and the wall of the pipe increases to the point wh
a continuous film of liquid covers the bottom of the pipe.
the case of both the 333 mm and the 330.3 mm pipe, we
clearly observed that the lower part of the bubble was no
contact with the pipe wall, as shown in Fig. 8. Consequen
the bubble offers less resistance to the thermocapil
pumping of the liquid and both the flux of liquid and th
bubble velocity are increased.

To calculate the effect of buoyant rise on the bubb
speed, we considered a bubble asymmetrically placed wi
the pipe and calculated its velocity under the following si
plified assumptions. We neglect the curvature of the bub

FIG. 8. The static shape of an air bubble in a 330.3 mm pipe filled with a
Dow Corning 200 V0.65 oil.Bo51.05. The thickness of the film of fluid
below the bubble is 0.4 mm.
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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in the cross-sectional plane and neglect the flux of liq
pumped through the top corner regions. As a result,
bubble is approximated as having a simple rectangular c
section as shown in Fig. 9. The height of the pipe ist52a
and its aspect ratio isB; the thickness of the film of fluid
below the bubble is taken to beeBa. With these assump
tions, the flow is a parallel flow, and the equations describ
the axial velocityu are

]2u

]x2 1
]2u

]y2 50, ~5.1!

u50, x56Ba, y50, ~5.2!

]u

]y
52

gTb

m
, y5eBa. ~5.3!

Scaling x and y with respect to Ba and defining W
5mu/gTbBa, the preceding equation becomes

]2W

]x2 1
]2W

]y2 50, ~5.4!

W50, x561, y50, ~5.5!

]W

]y
521, y5e. ~5.6!

The set of equations~5.4!–~5.6! were solved using a finite
difference method. From the solution, we express the th
mocapillary flux through the bottom film as

Q5Q0

~Ba!3gTb

m
, ~5.7!

whereQ0 is the dimensionless flux computed by integrati
W(x,y) over the cross section of the liquid. Note thatQ0

only depends on the value ofe.
The bubble migration velocity is then deduced from t

global mass balance as in Ref. 2

UbSb5Q, ~5.8!

whereSb5a2B(422eB) is the bubble cross-sectional are
From Eqs.~5.7! and ~5.8!, we have

FIG. 9. Schematic of the cross section of a bubble asymmetrically pla
within the pipe. The bubble is assumed to have a rectangular cross-se
area.
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Ub5
Q0B2

422eB

gTab

m
5LBo

gTab

m
, ~5.9!

which, since it is based on parallel flow, is of the same fo
as Eq.~1.1!. The coefficientlBo5Q0B2/(422eB) depends
both on the thickness of the film of fluid and on the pi
aspect ratio.

We measured the thickness of the film of fluid below t
bubble from experimental photographs of the static bub
shapes, such as that in Fig. 8. For both fluids in the 333 mm
pipe ~B51!, the film thickness was measured to be 0.
60.02 mm so thate50.13 andlBo54.3731023. For the
330.3 mm pipe~B50.1!, the film thickness is 0.4060.02
mm, so thate52.7 andlBo58.4631023. In order to be
compared with the experimental measurements reporte
Fig. 7, the values oflBo were normalized by the zero gravit
theoretical valuel0 calculated by Mazouchi and Homsy2 for
the same pipe aspect ratio. The results correspond to the
in Fig. 7. As can be seen, they agree well with the expe
mental measurements. As a result, the additional thermo
illary flux pumped through the continuous film caused
buoyant rise seems to account for the increase of the bu
velocity when gravity effects are no longer negligible.

VI. SUMMARY

In summary, we have reported an experimental study
the thermocapillary migration of a long gas bubble in a ho
zontal pipe of rectangular cross section. An imposed a
temperature gradient produces a gradient of surface ten
leading to a steady migration of the bubble towards the h
ter region. We measured this migration velocity as a funct
of the temperature gradient for two different viscosity fluid
and for pipes of different size and aspect ratio. The bub
velocity is observed to vary linearly with the temperatu
gradient for any given fixed value ofB and Bo ~i.e., for a
given pipe and a given oil!, but with a slope that depends o
these parameters.

For pipes of small thickness, gravity is negligible~small
Bond number! and the measurements of the bubble veloc
are in good agreement with the zero gravity theory of M
zouchi and Homsy.2 In larger pipes, gravity is no longer neg
ligible, the bubble is more and more asymmetrically plac
within the pipe, and the results deviate from the simp
theory. The thickness of the layer of liquid between the low
side of the bubble and the wall of the pipe increases so
the flux of liquid and the bubble velocity are increased.
simple theory accounts for these effects.
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