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ABSTRACT

The interaction of flow with an erodible bed in alluvial rivers and deep-sea

channels gives rise to a wide range of self-formed morphologies, including

channels, ripples, dunes, antidunes, alternate bars, multiple-row bars,

meandering and braiding. As the flow is invariably turbulent in field

manifestations of these morphologies, there has been a tendency to assume

that turbulence is necessary for them to form. While turbulence undoubtedly

has an important influence when it is present, it is not necessary for any of

these features. Indeed, all of these features can be formed by the

morphodynamic interaction of purely laminar or nearly laminar flow with

an erodible bed. This paper provides a survey and synthesis of a wide range of

laminar or near-laminar flow analogues of morphologies observed in the field.

Laminar-flow analogues of turbulent-flow morphologies cannot and should not

be expected to satisfy dynamic similarity in terms of all relevant dimensionless

parameters. What is of more significance is the convergence of the underlying

physics. It is illustrated in this paper that many existing theoretical

frameworks for the explanation of turbulent-flow morphodynamics require

only relatively minor modification in order to adapt them to laminar flows.

Keywords Fluvial and submarine morphodynamics, laminar flow, micro-
scale modelling, river bedform, turbulent flow.

INTRODUCTION

Alluvial rivers self-construct their channels from
their own sediment, developing rhythmic mor-
phologies such as ripples, dunes, antidunes,
single-row and multiple-row bars, and forming
both meandering and braiding planforms. Turbu-
lence being ubiquitous in alluvial rivers, it is thus
reasonable to assume that turbulence is associ-
ated closely with these morphologies (e.g. Nezu &
Nakagawa, 1993). Indeed, turbulence has been
assumed by many researchers to be a causative

agent of many of these bedform morphologies,
through the role of coherent structures (e.g. Yalin,
1992; Yalin & da Silva, 2001; da Silva, 2006).

In this paper, examples are reviewed demon-
strating the ability of laminar flow to generate
morphodynamic features similar to those
generally associated with turbulent flow. Turbu-
lence does play an important role when it is
present. However, the fact that so many distinct
fluvial morphologies can be created by laminar
flow suggests that: (i) the role of turbulence cannot
be essential for the morphologies themselves; and
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(ii) microscale experiments with laminar flow
provide a useful way to create analogues of
morphodynamic phenomena that also occur in
turbulent flow at field scales. These conclusions
are illustrated through many examples gleaned
from published papers, recent doctoral theses, a
technical report and new results reported here.

It should be emphasized that the present study
does not argue for a superficial resemblance
between laminar and turbulent morphodynamic
features but for analogous forms that derive from
a convergence in the underlying physics. This
convergence does not require the satisfaction of
strict dynamic similarity in all dimensionless
parameters. Indeed, illustrating that such analo-
gous forms exist and have common physical
underpinnings, in spite of the absence of dynamic
similarity, is the objective of this paper.

Firstly, the definitions and properties of
laminar and turbulent flow are recalled briefly,
followed by an enumeration of many examples of
morphologies created by laminar and near-
laminar flows, along with their turbulent-flow
counterparts; this is carried out with a minimum
of interpretation in order to first establish the
range of analogous morphologies. Secondly, a
specific example is considered, i.e. secondary
flow in bends. This example is used to show that
turbulent-flow phenomena can have laminar-flow
analogues that derive from the same physics, even
though dynamic similarity is not satisfied.
Thirdly, how a number of existing morpho-
dynamic models designed to describe turbulent-
flow morphologies can be adapted in a
straightforward manner to encompass their
laminar analogues is indicated. Finally, a discus-
sion of the role of turbulence in erodible-bed
morphodynamics provides a conclusion.

LAMINAR VERSUS TURBULENT FLOW

Turbulent flow is characterized by random but
correlated fluctuations in both space and time
around a mean flow which may itself be non-
uniform and/or unsteady. Wall-bounded turbu-
lent flows (such as in a river, where the walls are
the bed and banks) are associated with large
Reynolds numbers (as defined below) and in-
clude: (i) random and unpredictable components
of the flow field; (ii) three-dimensional fluctua-
tions; and (iii) energy dissipation rates and rates
of diffusion (dispersion) of mass, heat, momen-
tum, energy, etc., which are well in excess of
those that would prevail in the absence of

turbulence (e.g. Tennekes & Lumley, 1972; Kan-
tha & Clayton, 2000). Turbulent flows generate
free eddies which, while having considerable
random components, nevertheless often organize
themselves into structures with measurable
degrees of coherence (e.g. Nezu & Nakagawa,
1993). The existence of these structures, which
was first determined based on experiments and
field observations (see, for example, Ashworth
et al., 1996 for several field descriptions), has
been verified in recent years by means of direct
numerical simulation (e.g. Kantha & Clayton,
2000). Turbulent flows are thus a mixture of
random and coherent structures, with the latter
suppressed at the smallest scales.

The type of turbulence considered here, i.e.
wall-bounded turbulence, was first studied in
terms of steady, streamwise-uniform flow in
round pipes. Consider a pipe of diameter Dp

containing a fluid with a viscosity m and a cross-
sectionally averaged flow velocity U. Pope (2000)
makes the following observation: ‘‘As Reynolds
(1894) noted, the flow is characterized by a single,
non-dimensional parameter, now known as the
Reynolds number…’’. Here this Reynolds number
is termed Repipe:

Repipe ¼
UDp

m
ð1Þ

Pope (2000) continues as follows: ‘‘In Reynold’s
pipe-flow experiment, if Repipe is less than 2300,
the flow is laminar… If, on the one hand, Repipe

exceeds 4000, then the flow is turbulent. The
range 2300 £ Repipe £ 4000 defines a transitional
range from fully laminar to fully turbulent flow.’’
(In the above quotes, the original notation used by
Pope for the Reynolds number has been replaced
with that defined above.)

The translation of the above result to more
general geometries of steady, streamwise-uniform
flow in pipes and open channels is made straight-
forward by the use of the hydraulic radius rH.
This parameter is defined to be the cross-sectional
area of flow divided by the wetted perimeter (e.g.
Reynolds, 1974). In the case of a pipe, rH takes the
form:

rH ¼
pðDp=2Þ2

pD
¼ Dp

4
ð2Þ

Based on the above-quoted results, a generalized
set of criteria for such flows can be stated using
the corresponding Reynolds number:

Re ¼ UrH

m
ð3Þ
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The flow is laminar when:

Re < 575 ð4aÞ

transitional when:

575 � Re < 1000 ð4bÞ

and fully turbulent when:

Re � 1000 ð4cÞ

The archetypal geometry for consideration here is
steady, streamwise-uniform (at large-scale) open-
channel flow in a rectangular channel with depth
H and width B. It is further assumed that the flow
is shallow in the sense that H/B > 1. The
relevant form for hydraulic radius rH for wide
open-channel flow is:

rH ¼
BH

Bþ 2H
¼ H

1þ 2ðH=BÞ ffi H ð5Þ

The relevant form for the Reynolds number is
thus obtained by the transformation rH fi H in
Eq. 3, so that:

Re ¼ UH

m
ð6Þ

The research which is synthesized herein focuses
specifically on cases for which Re < 575. Also
included are some flows for which 575 £ Re <
1000, i.e. transitional or nearly laminar flows.

The Reynolds number is often interpreted as a
scale for the ratio of inertial force (the force that
would be necessary to bring a given flow to a halt)
to the viscous force. Highly viscous flows are
characterized by a Reynolds number that is much
smaller than unity. It is emphasized here that in
the case of open-channel flow, however, flow in
the range 1 < Re < 575 is inertially dominated yet
laminar; this means that, at the scale at which
eddies can be internally generated, viscosity
dominates the flow. Indeed, a fundamental area
of fluid mechanics, boundary layer theory, was
developed by Prandtl (Schlichting, 1968) for the
case of high Reynolds number, yet laminar flow
over a flat plate.

Finally, two additional points are emphasized.
Firstly, once turbulence develops, it creates
effectively its own enhanced viscosity. Using
Eq. 6 and a conventional turbulent (eddy) viscos-
ity mT ¼ ju�H , provides an effective turbulent
Reynolds number value of

ffiffiffiffiffi
cf
p

=j where u� is the
shear velocity, j is the Von Kármán constant and

cf is the friction coefficient of the turbulent flow
(see Eq. A7 in the Appendix).

Secondly, it is necessary to point out that
laminar flows are not necessarily eddy-free flows.
An example of particular relevance herein is the
case of eddies forced by curvature. It has been
known since the time of Rozovskii (1961) that
channel planform curvature drives the eddy
pattern known as secondary flow in river bends.
River flow invariably is turbulent; the curvature-
driven eddy pattern is superimposed over this
turbulence. This same eddy pattern, however,
occurs for identical reasons in laminar flow in
pipes.

Curvature-driven eddies in laminar flow were
first considered in the context of flow in a pipe
twisted into a spiral configuration (e.g. Dean,
1928). These eddies are mediated by the dimen-
sionless number known as the Dean number, De,
which can be defined as:

De ¼ 1

2
Repipe

Dp

2Rc

� �1=3

ð7Þ

where Rc denotes the curvature of the spiral path
of the pipe.

In a similar way, flow confluences, constric-
tions and sudden changes in flow direction can
also generate forced eddies, regardless of whether
the flow itself is laminar or turbulent. In the case
of water–sediment interaction, the interaction
itself can create the morphologies necessary to
spawn forced eddies, which then can interact
with the evolving boundary.

EXAMPLES OF LAMINAR-FLOW
MORPHOLOGIES AND PHENOMENA AND
THEIR TURBULENT-FLOW ANALOGUES

In this section it is demonstrated that bedload
transport associated with turbulent flow has a
laminar-flow analogue. It is then shown that the
following analogues of river morphologies can be
created under conditions of laminar or nearly
laminar flow: self-formed channels, dunes/rip-
ples, single-row and multiple-row alternate bars,
meandering and braiding. In conclusion, it is
illustrated that submarine canyons and levéed
submarine channels also have laminar analogues.

Bedload transport relation for laminar flow

The creation of bed morphologies of the type
under consideration requires the erosion, trans-
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port and deposition of bed sediments. Turbulent
flows can transport bed sediment as both bedload,
consisting of particles that roll, slide and saltate
near the bed, and suspended load, consisting of
particles that are wafted upward and away from
the bed by turbulence. A plethora of predictive
relations are available for the description of
bedload and suspended load transport by turbu-
lent flow (e.g. Garcia, 2008). Laminar flows, by
contrast, can transport sediment only as bedload.
Laminar forced eddies can, of course, suspend
sediment, and sediment in antecedent suspen-
sion can be carried by laminar flow. However, in
both these cases, laminar transport of ‘suspended’
sediment lasts only for the time necessary for
sediment to settle down. Sustained, equilibrium
transport of sediment in suspension is not possi-
ble in the case of steady, uniform, rectilinear
laminar flows due to the absence of the free
eddies necessary to entrain sediment into sus-
pension. The bulk of laminar-flow morphologies
therefore are associated with the differential
transport of sediment moving as bedload.

The best-known relation for bedload transport
under turbulent conditions is that of Meyer-Peter
& Müller (1948). Here a corrected form due to
Wong & Parker (2006) is presented. The relation
was determined empirically using data with
values of Re ranging from 1Æ7 · 104 to 2Æ3 · 106,
i.e. well into the range of fully turbulent flow. Let
qb denote the volume bedload transport rate per
unit width, q and qs denote the material density
of water and sediment, respectively, sb denote
bed shear stress, D characteristic sediment grain-
size and g gravitational acceleration. The follow-
ing dimensionless parameters can be formed from
these; the submerged specific gravity of the
sediment R, given as:

R ¼ qs

q
� 1 ð8Þ

and the dimensionless Einstein and Shields
numbers, defined, respectively, as:

q�b ¼
qbffiffiffiffiffiffiffiffiffiffi

RgD
p

D
; s� ¼ sb

qRgD
ð9a,bÞ

The bedload transport equation of Meyer–Peter
and Müller as corrected by Wong & Parker (2006)
takes the following form for the case of flow over a
plane bed (no bedforms):

q�b ¼ 4ðs� � s�ceÞ
3=2;

s�ce ¼ 0�0495 ð10a; bÞ

where s�cedenotes an effective ‘critical’ Shields
number below which bedload transport is

negligible. Meyer-Peter & Müller (1948) and
Wong & Parker (2006) used s�ce as a fitting
parameter, but the former authors provide infor-
mation suggesting that a more accurate estimate
of the critical Shields number s�c at the threshold
of motion is about 0Æ03.

Malverti et al. (2008) recently determined a
corresponding relation for bedload transport by
laminar flow based on experimental data. Details
of the experiments can be found in the original
reference. A brief summary, however, is given
here to demonstrate the range of conditions
associated with laminar morphodynamics.

The experiments were conducted in a rectangu-
lar flume, with a width B = 6 cm and lengths L of
either 40 or 80 cm. The bed was covered with
loose sediment consisting of glass beads of sub-
merged specific gravity R = 1Æ45. The median
grain size D50 was 75 lm, D10 and D90 being 50
and 90 lm, respectively. For each experiment,
flow discharge Q was maintained at a constant
value. No sediment was fed into the channel
during the experiments. The experiment duration
was so short, however, that: (i) the change in
channel slope S in the measuring reach was not
significant; and (ii) the effect of sediment star-
vation at the entrance did not have time to
propagate far enough downstream to influence
conditions in the measuring reach. Sediment,
entrained as bedload by the flow, was collected
and weighed in a tank at the downstream end of
the flume.

The flow velocity Umax at the water surface was
measured by tracking the motion of small floating
plastic tracer particles entrained by the flow
(Armstrong, 2003). The depth-averaged flow
velocities U were inferred using the assumption
of laminar flow, according to which:

U ¼ 2

3
Umax ð11Þ

The values so obtained fell in the range of 6Æ8 to
28 cm sec)1. The corresponding flow depths H
estimated from continuity:

H ¼ Q

BU
ð12Þ

varied between 0Æ11 and 0Æ30 cm.
The Reynolds number Re ranged from 138 to

555, so that all experimental flows satisfied
Criterion 4a therefore being laminar. The flows
were also observed to satisfy normal flow condi-
tions so that the streamwise bed shear
stress could be calculated from the following
relation:

4 E. Lajeunesse et al.

� 2009 The Authors. Journal compilation � 2009 International Association of Sedimentologists, Sedimentology, 57, 1–26



sb ¼ qgHS ð13Þ
The Shields stress s* was then computed from
Eqs 9b and 13 as:

s� ¼ HS

RD
ð14Þ

Here D refers to the median size D50 quoted
above.

The bedload transport relation determined by
Malverti et al. (2008) from this set of experiments
has the form:

q�b ¼ 0 � 67ðs� � s�ceÞ
3=2; s�ce ¼ 0 � 12 ð15a,bÞ

where s�ce again represents a fitting parameter. The
above relation is plotted along with the data in
Fig. 1. Also included in the plot is Eq. 10a,b, i.e.
the Wong & Parker (2006) corrected version of the
relation of Meyer-Peter & Müller (1948). Except
for the values of the coefficients, Eq. 15a,b which
governs bedload transport in a laminar river is
similar in shape to the Meyer-Peter & Müller
(1948) transport model for turbulent flows
(Eq. 10a,b). In particular, both relations have the
same exponent, 3/2.

Self-formed channels with mobile bed and
stable banks

When subjected to a set flow regime, rivers
progressively evolve toward a state at which they

are capable of transporting the alluvium of which
they are made without changing average channel
cross-sectional geometry or slope over time (e.g.
Parker, 1978). In that dynamic equilibrium state,
the average channel width and depth remain
constant and sediment is transported continu-
ously over the bed, but net bank erosion is
negligible This fundamental process has been
modelled largely in the frame of turbulent flow
laboratory experiments (e.g. Ackers, 1964; Ikeda,
1981; Diplas, 1990; Macky, 1999; to name only a
few). An example of such a channel formed by
turbulent flow (Re in the range of 6800 to 14 500)
is shown in Fig. 2 (Diplas, 1990).

The same process of self-forming of a mobile-bed
equilibrium channel has been modelled in a purely
laminar flow by Armstrong (2003). The experi-
ments in question were very similar to those of
Malverti et al. (2008), but both the bed and banks
were freely erodible. The sediment was well-sorted
silica beads with D50 = 75 lm, D90 = 90 lm and
R = 1Æ49. In performing the experiments, a narrow
rectangular channel of initial width 3 to 4 cm was
excavated first, and then allowed to widen freely
under the action of a flow (Fig. 3). The length of the
experimental reach was 1Æ1 m. Flow discharge Q
varied from 8Æ33 · 10)6 to 2Æ17 · 10)5 m3 sec)1

and bed slope S varied from 0Æ017 to 0Æ052. The
channel water surface width B at mobile-bed
equilibrium was measured photographically and
found to range from 2Æ5 to 8Æ4 cm. The flow velocity

A B

Fig. 1. Plot of the Einstein number q�b versus (A) the Shields number and (B) the excess Shields number. Circles
correspond to data acquired by Malverti et al. (2008) for a laminar flow in flumes with lengths of 40 and 80 cm. The
plain line corresponds to Eq. 15a,b fitted to the laminar data. The dotted line corresponds to Eq. 10a,b representing
the Wong & Parker (2006) corrected version of the relation of Meyer-Peter & Müller (1948).
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Umax at the water surface was evaluated within an
uncertainty of 10% by tracking the motion of small
floating tracer plastic particles entrained by the
flow. The velocity was deduced by measuring the
distances covered by particles between two con-
secutive images. Umax varied in the range 13Æ4 to
67Æ7 cm sec)1; the range of depth-averaged flow
velocity U, inferred from these numbers and Eq. 11,
is 8Æ9 to 45Æ1 cm sec)1. Flow depths H computed
from Eq. 12 within an uncertainty of 10% ranged
from 0Æ065 to 0Æ25 cm. The aspect ratio B/H ranged
from 10 to 113, with an average value of 51, so
confirming that all the channels were wide. The
Froude number Fr of the flow defined as:

Fr ¼ Uffiffiffiffiffiffiffi
gH

p ð16Þ

was estimated within an uncertainty of 15%. It
was found to range from 0Æ84 to 3Æ8. However, the
flow was Froude-subcritical (Fr < 1) in only a
single case.

Most importantly, the Reynolds number Re
ranged from 95 to 790, with an average value of
309. The database compiled by Armstrong (2003)
contains the results of 53 experiments. In only

four of the 53 cases did Re equal or exceed
Criterion 4a; the flow in the remaining 49 exper-
iments could thus be classified as laminar.

The time evolution of a mobile-bed ‘microchan-
nel’ formed during one of the Armstrong (2003)
experiments is shown in Fig. 3. The channel
formed by the laminar flow is only a few centi-
metres in width and a few millimetres in depth. It
nevertheless exhibits the same general features as
its self-formed equivalent created by turbulent
flow: progressive widening of the channel until a
dynamic equilibrium state is reached, character-
ized by constant channel width and depth and
continuous sediment transport over the bed with
no net bank erosion.

The extensive data set assembled by Armstrong
not only demonstrates the ability of laminar flows
to create self-formed channels, but it also allows
for testing of a number of hypotheses concerning
self-formed channels associated with laminar
flows. These issues are considered in more detail
after surveying the full range of laminar-flow
morphologies.

Dunes/ripples and antidunes in laminar flow

Ripples and dunes are the standard bedforms of
lower regime flow (Vanoni, 1974; Garcia, 2008).
These bedforms typically have gently sloping
stoss (upstream) sides and steeply sloping lee
sides, and invariably migrate downstream
(Fig. 4A). Water surface undulations are either
weak, and out of phase with bed undulations, or
absent. The corresponding upper-regime bedform
is the antidune. Antidunes may migrate up-
stream, in which case they tend to be rather
symmetrical, or downstream, in which case they
often have the same asymmetric shape as dunes
(Foley & Vanoni, 1977; Carling et al., 2005). Water
surface undulations are strong and are in phase
with bed undulations.

The terms ‘lower regime’ and ‘upper regime’
merit some clarification. Loosely speaking, lower
regime corresponds to Froude-subcritical flow
(Fr < 1) and upper regime corresponds to Fro-
ude-supercritical flow (Fr > 1). The theoretical
analyses of Anderson (1953) and Kennedy (1963),
however, show that when the wavelength of a
bedform is sufficiently small compared with flow
depth, the flow can respond in a Froude-super-
critical way even when Fr is modestly smaller
than unity. This result corresponds with the data
analysis of Vanoni (1974).

Dunes formed under conditions of turbulent
flow are illustrated in Fig. 4A for the Mississippi

Fig. 2. Image of a stable self-formed mobile-bed chan-
nel in fine gravel. The width of the channel is about
29 cm. The flow, which was from bottom to top, has
been turned off. The image is courtesy of P. Diplas.

6 E. Lajeunesse et al.

� 2009 The Authors. Journal compilation � 2009 International Association of Sedimentologists, Sedimentology, 57, 1–26



River, for which Reynolds numbers are of the
order of 107. Figure 4B illustrates analogous
bedforms created under conditions of laminar
flow. The bedforms in question, which are
documented in Coleman et al. (1998) and Cole-
man and Eling (2000), migrated downstream and
possessed gentle stoss and steep lee faces, and
thus could be classified as either dunes or
ripples.

The precise criterion distinguishing dunes from
ripples remains the subject of some debate. Liu
(1957) and Engelund & Hansen (1967), for exam-
ple, suggest that ripples form from an antecedent
condition for which a viscous sublayer separates
the bed from the turbulent flow above, and dunes
form from an antecedent condition for which the
viscous sublayer is absent. In the case of laminar
flow, the flow is viscous across the entire depth,
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Fig. 3. Time evolution of a channel formed in mobile-bed laminar microscale river by Armstrong (2003). The
experimental sediment consists of glass beads of mean diameter 75 lm. (A) Channel section profiles every 300 sec at
x = 100 cm from the inlet. (B) Evolution of the width of the river as a function of time. The river enlarges until an
equilibrium is reached. (C) Images showing the evolution of the microscale laminar river. At the beginning of the
experiment, the central channel is not covered by sediments so that the flume bottom (painted in black) is exposed.
Once the flow is initiated, the channel is progressively covered by sediments eroded from the banks.
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A

B
Fig. 4 (A) Acoustic image of dunes
in the Mississippi River at New
Orleans during a flood flow in
January 2005. Flow is from top to
bottom. The image is courtesy of M.
Allison and J. Nittrouer. (B) Oblique
plan view of wavelets formed under
laminar flow conditions in the
experiments of Coleman & Eling
(2000). Flow was from right to left.
The value of the Reynolds number is
Re = 169.
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so such a discrimination would break down.
Coleman et al. (1998) and Coleman & Eling (2000)
sidestep the issue of ripples versus dunes by
describing their bedforms as ‘sand wavelets’.

The above experiments were carried out in a
tilting flume with glass sidewalls measuring
0Æ3 m · 0Æ1 m (wide) · 2Æ55 m (long), with a
header tank at the inlet and a collection bay at
the outlet. A full-width recess in the wooden
channel base measuring 0Æ025 m (deep) · 1Æ3 m
(long) was filled with sand (R = 1Æ65) to create an
erodible-bed section for the tests. Flows were set
using a pump. The fluid was Shell Tellus Grade
32 hydraulic oil (q = 870 kg m)3). At the start of
each experiment the bed was smoothed, the
settings for the desired flow were established
and then the flow was initiated. Sediment was not
recirculated. At selected stages of bed develop-
ment, the flow was halted and centreline bed
elevations were measured beneath the oil to
within ±0Æ4 mm every 1Æ2 mm along the flume.
After a bed profile was recorded, the flow was
then either resumed in the channel or the bed was
flattened with the experiment being started from
the beginning and run to a later stage of develop-
ment.

Coleman & Eling (2000) and Coleman et al.
(1998) generated sand wavelets for eight uniform-
flow tests with m = 0Æ80 to 1Æ00 · 10)4 m2 sec)1

(varying with oil temperature), D = 0Æ28 to
0Æ44 mm, H = 0Æ038 to 0Æ068 m, U = 0Æ273 to
0Æ519 m sec)1, Fr = 0Æ40 to 0Æ63 (subcritical),
Re = 116 to 441 (laminar flow) and s�=s�c = 1Æ6 to
8Æ8 (so that sediment was in transport). The pattern
of sand wavelet generation downstream of a
discontinuity in the bed for these flows was found
to be consistent with observed patterns for turbu-
lent alluvial flows. Wavelet profiles (see Fig. 4B)
and lengths were further found to be comparable
with those for turbulent alluvial flows. Sand
wavelets were also observed to grow from an
initially flat surface for closed-conduit (piped)
laminar flows (Kuru et al., 1995). The similar
natures of these nascent wavelets for closed-con-
duit and open-channel laminar and turbulent
flows are demonstrated in Coleman et al. (2003).

Antidunes in rivers often occur in trains of
width less than the flow width B; their signature
is a train of waviness on the water surface.
Several trains of surface waves are visible in
Fig. 5A, which show flow in the tailings basin of
the Hibbing Taconite Mine. In this parti-
cular case, the flow was verifiably highly turbu-
lent (Re � 1 · 106) and Froude supercritical.
Similar trains of surface waves were observed

in the experiments of Armstrong (2003), as
illustrated in Fig. 5B; these are likely candidates
for antidunes formed in laminar flow. Indeed,
the flow parameters were H � 0Æ8 mm and
U � 0Æ42 m sec)1. The Reynolds number Re
was near � 360 and the Froude number was
highly supercritical, with Fr � 4Æ6.

Coleman et al. (1998) also noted the occurrence
of antidunes for five of their tests of laminar open-
channel flows. These experiments were for m =
1 · 10)4 m2 sec)1, D = 0Æ28 to 1Æ57 mm, R = 1Æ65,
H = 0Æ034 to 0Æ058 m, U = 0Æ428 to 1Æ256 m sec)1,
Fr = 0Æ57 to 2Æ17, Re = 248 to 427 (laminar flow),
and s* = 1Æ7 to 6Æ9 (from which it can be inferred
that sediment was in motion). Owing to a lack of
sediment supply, a scour hole formed at the
upstream end of the erodible-bed section for each
of these experiments. The flow responded to
the scour-hole profile by generating a train of in-
phase antidunes.

Single-row and multiple-row bars in laminar
flow

Bars form in rivers when the ratio B/H of width to
depth is sufficiently high. These bars may form as
single-row alternate bars, as shown in Fig. 6A for
the case of the Naka River, Japan, or as multiple-
row linguoid bars, as shown in Fig. 6B for the
case of the Fuefuki River, Japan.

Armstrong (2003) observed the formation of
both single-row and multiple-row bars in laminar
flow; the former are shown in Fig. 6C (compare
with the field case of Fig. 6A) and the latter in
Fig. 6D (compare with the field case of Fig. 6B).
In the case of these experiments the flow para-
meters were as follows: H � 1Æ2 mm, U �
0Æ17 m sec)1, Re � 208 and Fr � 1Æ5.

Self-formed meandering channels in nearly
laminar and laminar flow

Figure 7A shows a view of the meandering
Chinchaga River in Alberta, Canada. While a
simulation of the onset of channel meandering in
the laboratory is relatively easy (e.g. Parker,
1976), until recently no researcher has succeeded
in developing self-formed, high-amplitude mean-
dering channels in the laboratory.

Smith (1998), however, was able to develop
self-formed laboratory meanders that became so
sinuous that some bends were subject to cut-off,
as illustrated in Fig. 7B. Two of the materials
used by Smith were a mixture of diatomaceous
earth and calcined white China clay. The chan-
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nels actively migrated and constructed point bars.
Values of Re for the flow were estimated to range
from about 750 to about 1000. Thus, although the
flow was not strictly laminar, the turbulence can
be expected to have been poorly developed, as
indicated by Eq. 4b.

The conditions that were seen to be important for
the formation of meanders at model scale were
readily identifiable. Of critical importance was the
use of easily transported, fine-grained sediments
with slight cohesion. The small grain size of the
sediment, of the order of 4 to 30 lm, enabled point-
bar deposits to form readily in the microscale river
developed by Smith, where the flow depth varied
typically between 5 and 7 mm. Cohesion encour-
aged the formation of well-defined, single-thread
channels. Cohesion also allowed point bars to

consolidate over time so as to be resistant to
subsequent erosion. The instabilities that led
to meanders were seen to be the result of sufficient
longitudinal slope and an adequate sediment
supply. Formative bed slopes ranged from 0Æ007
to 0Æ02 and formative flow discharges ranged from
10 to 40 ml sec)1.

The above description strongly suggests that the
essential element for high-amplitude meander
formation in the experiments of Smith (1998)
was the mild cohesivity of the sediment, and not
the existence or absence of turbulence; this
notwithstanding, the flow conditions were not
in the range of purely laminar flow. This issue
was addressed here by studying experimentally
the stability of an initially straight channel under
conditions of purely laminar flow. The present

A

B

Fig. 5. (A) Aerial view of flow in the tailings basin of the Hibbing Taconite Mine in Minnesota, USA. Flow is from
top to bottom. The trains of surface waves are the signature of antidunes. The wavelength of the surface waves varies
between 0Æ5 m and 1Æ0 m. (B) Wave trains in one of the experiments of Armstrong (2003) that suggest the presence of
antidunes. The flow is from right to left and the scale is in centimetres.
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experiments were similar to those of Armstrong
(2003), except for the sediment grain size which
varied in the range 400 to 600 lm and was
therefore much coarser than the 50 to 100 lm
sediment used by Armstrong (2003). A more
detailed description of the experimental protocol
can be found in Meunier & Métivier (2000) and
Métivier & Meunier (2003). Each experiment was
commenced by carving a straight channel into the
sediment bed. Under the action of the flow, this
initially straight channel rapidly evolved into a
mildly sinuous channel with well-developed
point bars. An example for which Re = 84 and

Fr = 3Æ48 is shown in Fig. 8. In this experiment, a
laser line was used to measure the topography
and the flow depth along the channel section.
Figure 8 shows the channel with [panel (A)] and
without [panel (B)] flow, together with the laser
line, the computed water depth and hydraulic
parameters [panel (C)]. The depth of flow was
computed from the differences in position of the
two laser lines that are caused by refraction of
light in water. This technique yielded flow depths
of the order of a millimetre. The corresponding
flow velocities were estimated from the know-
ledge of flow depth and water flow rate using

A B

Fig. 7. (A) The meandering Chinchaga River, Canada. Flow is from left to right. The image is from the NASA MrSID
website. The width of the imaged zone is ca 20 m. (B) Self-formed high-amplitude meanders formed in the laboratory
under nearly laminar flow conditions. Flow is from top to bottom. From Smith (1998).

A B

C D

Fig. 6. (A) Single-row alternate bars in the Naka River, Japan at low flow. The image is courtesy of S. Ikeda. (B)
Multiple row linguoid bars in the Fuefuki River, Japan. The image is courtesy of S. Ikeda. (C) Single-row alternate
bars and (D) multiple-row linguoid bars observed in experiments from Armstrong (2003). The flow was laminar in
both cases. Flow direction is from left to right in all diagrams. The scale for (C) and (D) is in centimetres.
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mass conservation; they ranged from 0Æ1 to
0Æ5 m sec)1. The results also unambiguously
show that the flows so observed were laminar.

As coarse glass beads (400 to 600 lm) were
used, the cohesive properties of importance in the
investigation by Smith were absent in the present
experiments. As a result, and given enough time,
the channels invariably evolved into a braided
configuration. This effect was not a consequence
of the flow being laminar rather than turbulent.
When analogous experiments are performed
under conditions of turbulent flow, an initial
channel showing mild meandering also eventu-
ally evolves into a braided configuration (e.g.
fig. 4 of Federici & Paola, 2003). The reason
for this evolution is the lack of any kind of
bank cohesion (cohesive sediment or vegeta-
tion), not turbulence or the lack of it (Tal & Paola,
2007).

Braiding in laminar flow

Figure 9A shows an aerial view of part of the
Skeithara Sandur in Iceland. The Skeithara
Sandur, which emanates from the Vatnajokull
glacier, is one of the largest braided rivers in the
world. One of the earliest contributions to
the study of rivers using laminar-flow microscale
models is that of Hong & Davies (1979). These
authors showed that braiding was a stable state for
a steady laminar-flow self-formed stream flowing
over fine sand in a sand tray 5 m long and 1 m
wide. Persistent braiding was achieved both by
allowing the stream to widen from an initial
narrower channel, and also by allowing braiding
to develop from an initially broad, completely
plane bed covered by a uniform shallow sheet flow.
In this work, the sediment was rounded silica sand
with D50 = 0Æ19 mm and the flow depth H was
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Fig. 8. Two images of a laminar
sinuous channel with point bar:
(A) image with flow; and (B) image
without flow. The laser line used to
reproduce both topography and flow
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scale used to calibrate the topo-
graphy measurements is visible on
the left-hand side of the images.
(C) Transverse elevation profiles of
the sediment bed (dashed light grey)
and the water surface (dashed dark
grey). The water flow depth is also
plotted (continuous black line).
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�1 mm with a velocity of�100 mm sec)1, giving a
maximum Reynolds number of �100. Figure 9B
shows the braiding pattern that developed.

A more recent study (Davies et al., 2003), with
very similar parameters showed that a steady-
flow laminar model was capable of representing
rather accurately the spatial distribution of rela-
tive erosion and deposition measured in the
braided bedload-dominated Waiho River, New
Zealand. The model did not satisfy Reynolds
similarity with the prototype, with Re � 300 in
the model but �2 · 106 in the prototype. In
addition, the mean bed slope of the model was
about eight times that of the prototype. Froude
similarity was, however, satisfied, with Fr = 0Æ7
in both cases. A detailed comparison of laboratory
and prototype parameters is given in Table 1. The
authors note the following with regard to the

patterns of aggradation and degradation. ‘‘[Model]
behaviour corresponds extremely well with data
from bed-level surveys between 1985 and 1993…
The spatial pattern of aggradation is strikingly
similar in both cases…’’.

Reynolds numbers in both the models of Hong
& Davies (1979) and Davies et al. (2003) were
much less than about 500, so that flow was always
laminar, whereas those in the Waiho River greatly
exceed this value, as noted above. The detailed
processes of water flow and sediment motion are
therefore likely to differ from those in field-scale
rivers. This difference does not prevent channel
pattern variability in the model from being sim-
ilar to that in the prototype. Hong & Davies (1979),
for example, found that the number of braids in a
microscale model braided river was similar to
that in the 1 km wide prototype Rakaia River,

A B

Fig. 9. (A) The braided Skeithara Sandur of Iceland, shortly after the jökulhlaup flood of 1996. The damaged bridge
provides some indication of scale. Flow is from top to bottom. The image is courtesy of H. Johannesson. (B) A braided
river formed in the laboratory under conditions of laminar flow. The flow has been turned off for clarity. The experi-
mental flume is 1 m wide and 5 m long. Flow is from left to right. From the experiments of Hong & Davies (1979).
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Fig. 10. (A) Meandering submarine
canyon formed in one of the exper-
iments of Métivier et al. (2005).
Flow is from right to left. (B)
Velocity profile inside the experi-
mental density current measured
using the Particle Shadow Tracking
method (Lancien et al., 2007). The
characteristic flow depth ‘H’ of the
density current is shown on the
plot.
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New Zealand. This finding, and the success of the
Waiho model, suggest that the spatial distribution
of relative erosion and deposition was, in both
cases, controlled by the planform geometry of the
river, since this, relative depth and Froude num-
ber were the only parameters with similarity
between model and prototype. Similar success
with very small-scale mobile-bed models has
been reported by Gaines & Mainord (2001).

Sinuous subaqueous canyons excavated by
laminar dense underflows: levéed channels
emplaced by laminar or near-laminar
turbidity currents

The submarine world has analogues to fluvial
morphologies, including bedforms, meandering
channels, canyons and fans. These morphologies
are created by turbidity currents, which are
submarine analogues of river flows. Microscale
experiments performed using laminar flow have
proved useful in the study of these flows as well.
Turbidity currents are characterized by high
suspended sediment concentrations which drive
the flow. As noted above, rectilinear laminar
flows are not capable of entraining sediment into
suspension; this notwithstanding, a turbidity
current can be modelled using a dense saline
underflow, with the resulting morphodynamics
driven by bedload transport. Alternatively, a
laminar turbidity current can be driven by fine
sediment that has been suspended by a separate
mechanism, and which is then allowed to settle
out slowly as the flow progresses downstream.

Métivier et al. (2005) have modelled the forma-
tion of sinuous submarine canyons at microscale.
The flow was a bottom current driven by dis-
solved salt, which was allowed to rework an
erodible bed via differential bedload transport.
The experimental set-up consisted of a
100 · 50 cm inclined plane immersed in a
200 · 50 · 50 cm plastic tank filled with fresh
water. Sediment particles (a plastic powder with
a solid density of qs = 1080 kg m)3 and a median
grain size of 27 lm) were put into suspension in
the fresh water of the tank and allowed to settle
randomly. This process led to the deposition on
the inclined plane of an erodible bed of initial
thickness of the order of a few centimetres. Once
the plastic powder had completely settled, a brine
of adjustable density qf was injected at a constant
flow discharge Q from the top of the incline. As a
result, a bottom density current developed along
the incline. Depending on the values of the slope
of the bed (which varied in the range 10� to 20�)

and those of Q (which varied between 0Æ06 and
0Æ6 l min)1), erosion and deposition of the bed
particles could occur and lead to the formation of
an incisional channel. The formation of this
channel was accompanied by a depositional lobe
immediately downstream that prograded as inci-
sion propagated downstream.

Such an incisional channel is shown in
Fig. 10A. The formation of both meanders and
terraces was observed. A method called ‘particle
shadow tracking’ (Lancien et al., 2007) was
developed in order to measure the velocity profile
of the density current. The resulting data were
used to estimate the average velocity and the
characteristic flow depth of the density current as
shown in Fig. 10B. The calculated Shields and
Reynolds numbers fell in the range s* � 0Æ6 to 1Æ5
and Re � 100 to 300 (Lancien, 2007), thus dem-
onstrating the possibility of reproducing submar-
ine channels in a laminar microscale experiment.

Turbidity currents on submarine fans and
submarine fairways often channellize themselves
between high levées (e.g. Pirmez & Flood, 1995).
Recently, Yu et al. (2006) succeeded in modelling
self-formed levéed channels at a small-scale in
the laboratory. The experiments were conducted
in a 3Æ9 m long, 2Æ15 m wide and 0Æ6 m deep
rectangular basin at St Anthony Falls Laboratory,
University of Minnesota. The basin was filled to a
depth of 0Æ57 m with tap water. A platform
located in the basin with a slope of 7% was used
to provide a base slope for the turbidity currents.
A mixing tank with a volume of 189 l placed
above the upstream end of the basin was used to
introduce turbid water. Inflow discharge was set
with a range varying between 0Æ015 and
0Æ05 l sec)1 depending on the experiment.

In each experiment, a slurry with a concentra-
tion of 10% by volume was introduced near the
upstream end of the tank. The sediment was
composed of equal portions of four sediment
types: (i) 110 lm silica flour; (ii) 45 lm silica
flour; (iii) 20 lm silica flour; and (iv) kaolinite
clay. The water–sediment mixture was intro-
duced from the mixing tank into the main tank
via a flexible pipe at a point at the transverse
centre of the basin and 15 to 20 cm downstream
of the upstream wall. Deposition of nearly all of
the coarser fractions of sediment near the outfall
of the pipe led to the formation of a cone-shaped
fan topped by a crater-like structure just below
the outfall point. This deposition was accompa-
nied by copious entrainment of ambient water,
causing dilution of the fine-grained turbidity
current. The flow spread radially down the cone,
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and then down the platform, in the form of a
sheet-like turbidity current. Although the inter-
face between the turbidity current and the ambi-
ent water was turbulent on the cone, this
turbulence quickly died out as the flow pro-
gressed to the platform itself. The thin turbidity
current evidently was unstable, as it tended to
concentrate to form long, levéed channels that
were much narrower than the tank itself. Typical
channels so formed are illustrated in Fig. 11.

The channels tended to have widths between 15
and 30 cm and depths between 0Æ1 and 0Æ2 cm. The
characteristic thickness of the flow over the chan-
nel was estimated as�1 cm, and the characteristic
flow velocity was estimated as �5 cm sec)1.
Assuming that the sediment-laden flow was suffi-
ciently dilute to have the same viscosity as water at
20 �C, flow Reynolds numbers could be estimated
as �500, implying laminar flow.

The 3D configuration of these very thin flows
did not allow for sampling of the water–sediment
mixture to determine sediment concentration. For
this reason, Johnson et al. (2008) reproduced the
same range of flow conditions in a much narrower
flume with a width of 10 cm. Samples of sus-

pended sediment were taken and, in addition,
more detailed measurements of flow velocity and
thickness were made. The data analysis therein
provides strong confirmatory evidence that the
flows of Yu et al. (2006), which emplaced levéed
channels, were laminar and driven by dilute
suspensions of kaolinite clay.

Turbidity currents, then, need not be turbulent;
although they are driven by the excess weight of
suspended sediment, the current can be sustained
for some distance in the absence of turbulent
resuspension, as long as the fall velocity of the
sediment is sufficiently small. In the laminar flow
region of the experiments of Yu et al. (2006), the
kaolinite was maintained in the water column
simply because the fall velocity was so small that
not all of the sediment could deposit before
reaching the end of the experimental platform.
Yu et al. (2006) argue that the levées observed in
their experiments probably were emplaced by
means of inhibited deposition near the channel
centre, even in the absence of turbulence and
turbulent entrainment of sediment.

TEA LEAVES AND CHANNEL BENDS:
FLOWS WITH THE SAME UNDERLYING
PHYSICS NEED NOT BE DYNAMICALLY
SIMILAR

Einstein (1926) endeavoured to understand the
morphodynamics of meandering rivers by observ-
ing tea leaves in a stirred cup: ‘‘Imagine a flat-
bottomed cup full of tea. At the bottom there are
some tea leaves, which stay there because they
are rather heavier than the liquid they have
replaced. If the liquid is made to rotate by a
spoon, the leaves will soon collect in the centre of
the bottom of the cup’’. Einstein used this exam-
ple to infer the existence of a near-bed secondary
flow in a river bend that drives sediment toward
the inner bank. The existence of this flow pattern
at field scale was documented earlier by Thomp-
son (1876) and was later explained in terms of
fluid mechanics by, for example, Rozovskii
(1961).

River flow is invariably turbulent. It is possible
to make the flow created by stirring the teacup
laminar by reducing the size of the cup or the
speed of stirring, or by adding honey to the tea;
and yet both flows illustrate the same phenome-
non, i.e. the tendency for heavy detritus to be
moved radially inward along the bed. Is this
coincidence, or is there something more to the
analogy?

Fig. 11. View of levéed channels emplaced by a
laminar or near-laminar turbidity current in the
laboratory. Flow is from top to bottom. The width of the
experimental flume is 2Æ15 m.

Laminar fluvial and subaqueous morphodynamics 15

� 2009 The Authors. Journal compilation � 2009 International Association of Sedimentologists, Sedimentology, 57, 1–26



Two flows are said to be dynamically similar if
all the dimensionless ratios that can be formed
using the relevant physical parameters of the
problem have the same values for both flows.
Thus, the flow of water (m = 1 · 10)6 m2 sec)1) in
a pipe with a diameter D of 0Æ001 m at a speed U
of 0Æ1 m sec)1 is dynamically similar to the flow
of a glycerine–water mixture (m = 1 · 10)4 m2

sec)1) in a pipe with a diameter D of 0Æ05 m at a
speed of 0Æ2 m sec)1, to the extent that the
Reynolds number Rep is 200 in both cases. A
flow in a teacup with a Reynolds number of the
order of 102 cannot possibly satisfy Reynolds
similarity with the flow in the bend of, for
example, the Mississippi River, for which the
Reynolds number is of the order of 107. Can
teacups then be used to infer river morpho-
dynamics?

The answer is affirmative. When dynamical
similarity is rigorously satisfied, the physics of
the two flows are identical. However, even when
dynamical similarity is not satisfied, it is possible
for a pair of flows to be simply two different
manifestations of the same phenomenon, both of
which are described by a shared physical frame-
work. Any given analogy must not be overplayed
because the lack of complete dynamic similarity
implies that different features of a phenomenon
may be manifested with different relative
strengths. This shared framework nevertheless
allows laminar-flow morphodynamics to shed
useful light on turbulent-flow analogues.

A more specific example is used in the follow-
ing to illustrate the above point. Secondary flow
in river bends has long been known to play an
important (but by no means the sole) role in the

establishment of point-bar morphology (e.g.
Engelund, 1974). Although bend secondary flow
has been described in various papers, a brief
summary of the model of Engelund (1974) serves
to illustrate this point. The flow can be most
easily understood in terms of flow in a wide,
spiral open channel with constant centreline
radius of curvature Rc (Fig. 12). Let z denote
upward-normal distance from the bed, and let
us(z) denote the vertical profile of streamwise
(primary) flow velocity. The outward-directed
centrifugal force per unit mass experienced
by the flow particles as they traverse the bend is
usc/Rc. This centrifugal force is balanced by
super-elevating the flow, so that the free surface
toward the outside of the bed is higher than that
toward the inside of the bend. This effect gener-
ates an inward-directed deviatoric pressure force
per unit mass with the magnitude gStw, where g
denotes gravitational acceleration and Stw

denotes the magnitude of the transverse water
surface slope (Fig. 12).

The balance between centrifugal and deviatoric
pressure forces, however, cannot be perfect
because the deviatoric pressure force is constant
in the vertical, whereas the centrifugal force is
proportional to u2

s and us varies in z. The result,
as shown in Fig. 12, is a cell of secondary flow
that is directed from outer bank to inner bank near
the bed, and in the opposite direction near the
water surface.

Nothing about the above picture requires the
flow to be turbulent. All that is required is a
profile of primary flow velocity us(z) such that u
increases monotonically in z. Indeed, Rozovskii
(1961) solved for the secondary flow in a bend in

Fig. 12. Definition diagram for
steady, streamwise-uniform open
channel flow in a bend of constant
curvature.
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the case of turbulent flow (logarithmic profile of
primary velocity) and Yen (1972) obtained the
corresponding solution for a laminar flow (para-
bolic profile of primary velocity).

The issue in question is examined in more
detail in the Appendix using the formulation of
Engelund (1974). It suffices to note here that
governing equation and boundary conditions for
the secondary flow can be reduced to dimension-
less forms encompassing both laminar and
turbulent flow, and from which the laminar case
is obtained by setting a single dimensionless
parameter equal to zero. The conversion to a
dimensioned form for the cross-stream velocity us

involves a term that depends on the Reynolds
number for laminar flow, but that is independent
of the Reynolds number for turbulent flow in the
hydraulically rough regime; and yet the basic
structure is so similar that it indicates that aspects
of the morphodynamics of meandering rivers can
be reproduced and studied at the scale of laminar
or nearly laminar flows. In order to illustrate this
idea, two flows in channel bends, one being
laminar microscale and the other being turbulent
field scale, are compared quantitatively in the
Appendix. Table 1 illustrates the results of this
analysis.

The parameters in the Table that have not
previously been defined are channel centreline
depth Hc, depth-averaged streamwise flow veloc-
ity U, bed slope S and near-surface velocity of
secondary flow uns. Two more parameters, the
dimensionless friction coefficient Cz and an
appropriately scaled dimensionless near-surface
value of the secondary flow Gs, are defined in the
Appendix. The turbulent field-scale case in the
Table is based on the estimates of parameters that
fall within the range of gravel-bed rivers studied

by Parker et al. (2007). The values for the micro-
scale case are in the same range as those pre-
sented in Fig. 8.

The parameters have been chosen so as to
satisfy similarity between microscale and field
scale in the parameters B/Rc and Hc/B. Note that
the field-scale Reynolds number is 40 000 times
larger than that applying to the microscale value.
The microscale slope is 14 times larger than the
field-scale value, and the microscale Froude
number is 2Æ2 times larger. The two flows thus
are not dynamically similar in the general sense;
this notwithstanding, the Chezy coefficient Cz,
and the surface values pertaining to the second-
ary flow Gs and uns/U are all of the same order of
magnitude. More specifically, the ratios of the
laminar value to the corresponding turbulent
value for all three of the parameters Cz, Gs and
uns/U fall between 0Æ5 and 2Æ0. As long as the bed
is mobile in both cases, similarity in the friction
coefficient and secondary flow is sufficient to
ensure an analogous fluid-mechanical driver for
point-bar morphodynamics.

A RECIPE FOR TRANSLATING
TURBULENT MORPHODYNAMICS
TO LAMINAR MORPHODYNAMICS IN
TERMS OF ANALOGOUS PHYSICS

Fluid mechanics of steady, streamwise-
uniform flow in wide open channels: laminar
versus turbulent flow

Laminar and turbulent open-channel flows are
different, and yet their underlying structure con-
tains essential analogies which are explored here.
For the sake of clarity, this section contains some
overlap with the material presented in the
Appendix.

Consider the case of steady, streamwise-
uniform (normal) flow in a wide open channel
of constant bed slope S and depth H. Let z denote
an upward-normal (quasi-vertical) coordinate,
u(z) denote the local streamwise flow velocity at
elevation z and U denote the depth-averaged
value of u. The relevant relation for laminar flow
is a parabolic law, i.e.:

u

U
¼ 3 f� 1

2
f2

� �
ð17Þ

where in analogy to Eq. A5b:

f ¼ z

H
ð18Þ

Table 1. Comparison of laminar and turbulent flow
values of various parameters for two cases of bend flow.

Turbulent Laminar

B (m) 40 0Æ02
Hc (m) 3 0Æ0015
Rc (m) 200 0Æ1
U (m sec)1) 2 0Æ1
B/Hc 13Æ3 13Æ3
Hc/Rc 0Æ015 0Æ015
Cz 11Æ66 7Æ17
Re 6Æ00 · 106 150
Fr 0Æ369 0Æ824
S 0Æ001 0Æ0136
Gs 0Æ0338 0Æ0536
uns/U 0Æ0768 0Æ121
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Defining the bed resistance coefficient Cf accord-
ing to Eq. A7, the relevant resistance relation for
laminar flow is:

C f ¼
3

Re
ð19Þ

In the case of turbulent flow over a rough bed
with equivalent roughness height kc (here taken
to be a composite value including the effects of
grain roughness and bedforms), the velocity pro-
file is most commonly represented in terms of a
logarithmic or power formulation. In order to
emphasize the analogy with laminar flow, how-
ever, it is more illustrative to use the equivalent
slip velocity formulation of Engelund (1974)
presented in the Appendix. Thus:

u

U
¼ vþ f� ð1=2Þf2

v1

; v ¼ v1 �
1

3
ð20a,bÞ

where:
v1 ¼

1

13
C
�1=2
f ð21Þ

and Cf satisfies the Keulegan (1938) relation for
rough turbulent flow:

C
�1=2
f ¼ 6þ 2 � 5 ln

H

kc

� �
ð22Þ

Now laminar and turbulent flows satisfy very
different resistance relations that do not scale

with each other, i.e. Eq. 19 versus Eq. 22; and yet
the dimensionless velocity profiles given by Eqs
17 and 20a,b are analogous to the point that
Eq. 20a,b converges to Eq. 17 in the limit as v fi 0.
This similarity in velocity profiles is the result of
a similarity of physical processes: Both molecular
and turbulent processes act to diffuse flow quan-
tities, including stream flow momentum, from
zones of high concentration (near the water
surface) to zones of low concentration (near the
bed). The result is velocity profiles that show
analogous tendencies for velocity to increase
toward the water surface.

The above relations provide a recipe for con-
verting theories and formulations of turbulent-
flow morphodynamics into those for laminar-flow
morphodynamics. That is one has to retain the
overall structure of the formulation, but simply
replace relations of the type of Eqs 20a,b and 22 of
turbulent flow to corresponding relations of the
type of Eqs 17 and 19 for laminar flow.

The self-formed laminar channels of
Armstrong (2003)

Before continuing, three features of the self-
formed open channels of Armstrong (2003) that
were introduced earlier are demonstrated: (i) the
flows are indeed laminar; and they are unaffected
by: (ii) bank friction; and (iii) surface tension.

The experimental flows of Armstrong (2003)
were sufficiently thin so as to make measure-
ments of velocity profiles impossible. It is, how-
ever, possible to test the friction relation, Eq. 19.
Figure 13 shows a plot of Cf calculated from Eq.
A7 versus Re for the channels of Armstrong
(2003). The data follow the trend of Eq. 19, but
the friction coefficients inferred from the data are
generally lower than the predicted values by an
average multiplicative factor of 0Æ707. The most
likely reason for this is the uncertainty in the
velocity measurements. If it is assumed that the
mean velocity of the flow is 0Æ9 times the value
measured from video records of surface dye tracer
motion, the data fit the theoretical relation quite
well. It is reasonable, then, to assume that these
flows are laminar.

The channels are sufficiently wide so that bank
effects do not substantially affect the resistance
relation; this is shown in Fig. 14, in which the
parameter Cf · Re/3 (which should be unity
according to Eq. 19) is plotted against aspect ratio
B/H, where B denotes channel width. While the
values of Cf · Re/3 fall below unity, as in Fig. 13,
no significant trend in aspect ratio is seen.

Fig. 13. Plot of Cf versus Reynolds number Re. Circles
correspond to data from Armstrong (2003), the straight
line corresponds to the theoretical line of Eq. 19 and
the dashed line corresponds to the criterion Re = 575
below which laminar flow prevails.
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Indeed, Cf · Re/3 approaches unity most closely
for the narrowest channels.

It might be argued that surface tension has an
effect on these micro-channels (Peakall & War-
burton, 1996; Malverti et al., 2008). To test this,
Cf · Re/3 versus two dimensionless measures of
surface tension were plotted: a channel Bond

number Boc and a channel Weber number Wec,
defined, respectively, as:

Boc ¼
qgB2

r
; Wec ¼

qU2H

r
ð23a,bÞ

where r denotes surface tension. The relevant
plots are given in Fig. 15A and B. No effect of
surface tension is discernible in either plot, no
matter whether the flow is fully laminar
(Re £ 575) or transitional to full turbulence
(575 £ Re < 1000).

Examples of translations and potential
translations of existing formulations

The analogous nature of the underlying physics
allows the potential for a direct translation of
many theories of turbulent morphodynamics to
laminar flow. The theories in question include
self-formed channels, dunes and antidunes,
single-row and multiple-row bars, meandering
and braiding.

The first case to be described here is one in
which the translation has been achieved. Many
stability theories have been developed to describe
the formation of single-row and alternate-row
bars in rivers. Two prominent examples include
Kuroki & Kishi (1984) and Blondeaux & Seminara
(1985). These treatments use a two-dimensional
shallow water formulation for the flow with:
(i) a resistance relation for turbulent flow;
(ii) a correction for curvature-induced secondary

Fig. 14. Plot of Cf · Re/3 versus aspect ratio B/H.
Included are data from Armstrong (2003) and the
theoretical line of Eq. 19. Circles and triangles corre-
spond, respectively, to flows that are fully laminar
flows (Re £ 575) or transitional to full turbulence flows
(575 £ Re < 1000), respectively.

A B

Fig. 15. Plot of Cf · Re/3 versus (A) channel Bond number Boc and (B) channel Weber number Wec. Included are
data from Armstrong (2003) and the theoretical line of Eq. 19. Circles and triangles correspond to flows that are fully
laminar flows (Re £ 575) or transitional to full turbulence flows (575 £ Re < 1000), respectively.
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flow based on analysis of the type presented in
the Appendix; and (iii) a 2D generalization of a
sediment transport equation such as Eq. 10a,b. It
is of interest to note that such analyses of
alternate bars show no singularity or abrupt
change in behaviour as the flow passes from
subcritical to supercritical. Alternate bars can and
do form for either case.

The translation to laminar flow is straight-
forward: (i) replace the flow resistance relation
with a laminar one, i.e. Eq. 19; (ii) replace the
secondary flow correction with a laminar one of
the type presented in the Appendix; and (iii)
replace the sediment transport relation with a
form for laminar flow such as Eq. 15a,b (the 2D
generalization of which is straightforward, based
on the formulation given in Garcia, 2008). Such
an analysis has already been carried out success-
fully by Devauchelle et al. (2007); the results
show that the major bar structures characteristic
of natural rivers are qualitatively retrieved in a
laminar flow.

Parker (1978) has developed a theory describing
how a mobile bed can coexist with a stable width
and stable banks in the case of bedload-domi-
nated channels. The key feature in the analysis is
a description of the transverse transport of
streamwise momentum by turbulent diffusion. A
simple translation from turbulent diffusion to
laminar diffusion offers a recipe for explaining
the self-formed channels of Armstrong (2003).

There is a long history of theoretical analysis
that uses the fluid mechanics of flow over wavy
beds to explain the origin of dunes and antidunes.
The original potential flow analyses due to Ander-
son (1953) and Kennedy (1963) apply as a first
approximation to both laminar and turbulent flow
over dunes and antidunes, as long as the Reynolds
number is sufficiently high (e.g. Re > �50) and
provided that the length scale considered is short
compared with that associated with frictional
dissipation of flow energy. Smith (1970), Engel-
und (1970) and Fredsøe (1974) generalized these
potential flow analyses to frictional, turbulent
shear flow, so obtaining stability theories describ-
ing the origins of dunes and/or antidunes.

In the case of dunes, the translation to laminar
flow is best illustrated by the formulation of
Smith (1970). Smith simply used a laminar-flow
formulation for the velocity profile, but increased
the kinematic viscosity m so as to fall in the range
of turbulent flow. The theory, however, predicts a
range of dune instability for any value of m. A
formal theory for laminar dunes thus already
exists.

While the formulations of Engelund (1970) and
Fredsøe (1974) can be similarly adapted to
explain dunes under conditions of laminar flow,
they associate antidunes in sand-bed streams
with sediment suspension. It is known, however,
that antidunes can form when bedload transport
is the dominant mode of transport as well. The
formulation of Parker (1975) for antidunes, which
explicitly relies on bedload transport to explain
them, is similarly easily adaptable to explain
antidunes in laminar flow.

Seminara (2006) has provided a comprehensive
survey of recent developments in the theoretical
study of the onset, development and maintenance
of meandering. Seminara describes meandering as
‘‘…a pattern which offers a fascinating example of
the ability that nature often displays to develop
highly regular forms…’’. The translation to laminar
flow is again straightforward, involving the same
three steps described above for the case of single-
row and multiple-row alternate bars.

Murray & Paola (1994) have used a rule-based
cellular model to explain the formation of braided
channels. Sun et al. (2002) have shown how these
‘rules’ can be translated into relations that spe-
cifically describe sediment transport and flow
resistance in turbulent flow. Again, the transla-
tion of these rules into those applicable to
laminar flow is straightforward.

It should be emphasized that the above
discussion offers a recipe for the translation of
turbulent-flow morphodynamics into laminar-
flow morphodynamics. While the translation has
not been specifically carried out for all cases listed,
successes with the cases of alternate bars and
dunes, combined with the common framework of
the physics, offer strong evidence that the
translation is possible in general as long as the
sediment transport mechanism is bedload
transport.

IS TURBULENCE IRRELEVANT?

Based on the discussions above, it would be easy
to reach the conclusion that turbulence is irrele-
vant to erodible-bed morphodynamics. This con-
clusion would, however, be extreme.

Turbulent-flow morphologies are most likely to
have laminar-flow analogues when: (i) the flow is
bedload dominated; or (ii) the effect of suspended
sediment is felt only through deposition with no
resuspension. Even when analogues exist, they
must be associated with different transport and
resistance relations, and different vertical distri-
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butions of flow velocity. As a result the dimen-
sionless scalings for, for example, flow character-
istics, geometric characteristics of bedforms and
their time development can be expected to differ
between the two cases. This difference is illus-
trated in Table 1, where two bend flows, one
laminar and one turbulent, are compared. While
the relative strength of the near-surface secondary
flow is of the same order of magnitude, the
laminar value of uns/U is larger by a factor of 1Æ57.

Morphodynamic phenomena in turbulent flow
dominated by the differential erosion and depo-
sition of suspended sediment cannot be modelled
in laminar flow because laminar flow cannot
support equilibrium suspensions. The most com-
mon form of antidune in sand-bed rivers, for
example, falls into this category (e.g. Engelund &
Fredsøe, 1982). In addition, the transition from
dunes to upper-regime plane bed is often medi-
ated by the increasing dominance of suspended
sediment (e.g. Engelund, 1970). Finally, no mech-
anism exists for the self-acceleration of turbidity
currents in the ocean in the absence of the net
entrainment of bed sediment into suspension (e.g.
Parker et al., 1986).

CONCLUSIONS

Many fluvial morphologies have been explicitly
or implicitly associated with turbulent flow.
Indeed, it has been argued that these morpho-
logies are caused by turbulence through the
medium of coherent structures. Here it is illus-
trated that dunes, antidunes, single-row and
multiple-row bars, meandering and braiding
can be created under conditions of laminar flow.
The expressions of these morphologies are nota-
bly similar to their analogues for turbulent flow.
The similarity does not apply in the sense of
dynamic similarity. Rather, it reflects analogous
underlying physics. Specific indications are
provided herein as to how analytical explana-
tions of these morphologies, based on turbulent
flow, can be adapted easily to the case of laminar
flow.

This study does not imply that turbulence is
irrelevant to these morphologies. Both the time
scales of development and the spatial scales of
expression can be expected to differ depending
on whether the flow is laminar or turbulent; this
is because laminar and turbulent flows obey
different friction relations, one is Reynolds
dependent and the other is not. In addition, there
is a class of morphologies and morphodynamic

phenomena, typically associated with the turbu-
lent suspension of sediment that cannot be mod-
elled in laminar flow.

Having said the above, the range of fluvial
morphologies that can be created by laminar flow,
and their general correspondence to their ana-
logues created by turbulent flow, is notable. Based
on this, and based on the common physical basis
for both types of morphodynamics, it is con-
cluded that microscale experiments using lami-
nar flow can provide a relatively quick and
inexpensive way to obtain insights into many
aspects of fluvial morphodynamics.

In closing, the present authors would add that
the body of research cited here constitutes only a
subset of the available literature on laminar
morphodynamics. Laminar flows have been used,
for example, to model drainage basin evolution
(Hasbargen & Paola, 2000), the response of delta
to base-level change (Muto, 2001) or even the
response of the drainage network to tectonic
uplift (Lague et al., 2003). Similarly, river avul-
sion and the formation of large-scale distributar-
ies on fans and deltas do not appear to depend
fundamentally on turbulence but are controlled
primarily by the time scales of bank erosion and
channel deposition (Jerolmack & Mohrig, 2007;
Hoyal & Sheets, 2009).
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APPENDIX: UNIFIED FORMULATION
FOR LAMINAR/TURBULENT
SECONDARY FLOW IN BENDS

The case of secondary flow in river bends offers an
example of the central thesis of this paper: when
turbulent-flow and laminar-flow morphodynamics
have the same physical basis, light can be shed on
the other even if dynamic scaling is not satis-
fied. Here, this is illustrated by considering the
flow only: the resulting morphodynamics of
point-bar construction can be inferred by the
reader.

The case considered here is the original config-
uration studied by Rozovskii (1961): equilibrium
open-channel flow in a bend of constant centre-
line curvature Rc (see Fig. 12). The streamwise,
transverse and upward-normal co-ordinates are
denoted as s, n and z, respectively. The flow is
steady and uniform in the streamwise direction
and has vertical sidewalls. The channel width B
is taken to be small compared with Rc, and
channel centreline depth Hc is taken to be small
compared with B, so that the following conditions
prevail:

B

Rc
	 1;

Hc

Rc
	 1 ðA1a,bÞ
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The above assumptions allow for a linearized
treatment of the secondary flow. The various
solutions for secondary flow based on lineariza-
tion in the literature (e.g. Rozovskii, 1961; Yen,
1972; Kikkawa et al., 1976) all yield similar
results. Here, the formulation of Engelund
(1974) is used (see also Johannesson & Parker,
1989).

The effect of bend curvature is to cause super-
elevation of the water surface, so that the depth
toward the outside of the bed is higher than
that toward the inside of the bed. In a linear-
ized formulation of the governing equations,
this can be represented in terms of a constant
transverse water surface slope Stw (Fig. 12). The
assumption (Eq. A1b) allows consideration of a
large central region of the channel that is
unaffected by the walls, within which both the
primary flow velocity us and the secondary flow
velocity un vary only in the upward-normal
direction z.

With these simplifications, the governing equa-
tion for secondary flow reduces to the form:

u2
s

Rc
� gStw þ

1

q
dsnz

dz
¼ 0 ðA2Þ

where g denotes gravitational acceleration, q
denotes water density and snz denotes the n–z
component of the shear stress. The physical
meaning of this equation is as follows. The first
term on the left-hand side denotes the centrifugal
force per unit mass acting on the fluid, which
drives the water outward (positive n direction).
The second term expresses a deviatoric pressure
force per unit water mass, which acts inward. The
fundamental balance in bend flow is between
these two terms. The first term, however, varies in
the vertical, whereas the second term does not.
The resulting difference drives secondary flow,
which is expressed in terms of the third term on
the left-hand side of Eq. A2.

In the case of laminar flow, the third term on
the left-hand side of Eq. A2 takes the form:

1

q
dsnz

dz
¼ 1

q
d

dz
l

dun

dz

� �
¼ m

d2un

dz2
ðA3Þ

where l and m denote the dynamic and kinematic
viscosities of water, respectively. In the case of
turbulent flow, the analyses of Rozovskii (1961),
Yen (1972), Engelund (1974) and Kikkawa et al.
(1976) all use a kinematic eddy viscosity mt, so
that the third term on the left-hand side of Eq. A2
is represented as:

1

q
dsnz

dz
¼ d

dz
mt

dun

dz

� �
ðA4Þ

In the formulation of Engelund (1974) used here,
eddy viscosity is taken to be constant.

Let U denote the depth-averaged primary flow
velocity. A dimensionless local primary velocity
T and dimensionless upward-normal coordinate f
are defined as:

T ¼ us

U
; f ¼ z

Hc
ðA5a,bÞ

Now let u� denote the shear velocity of the
primary flow, which is related to the bed shear
stress sbs of the primary flow as:

u� ¼
ffiffiffiffiffiffi
sbs

q

r
ðA6Þ

Two friction coefficients are defined here; a
standard coefficient Cf given as:

Cf ¼
u�
U

� �2

ðA7Þ

and a dimensionless Chezy resistance coefficient
Cz, given as:

Cz ¼
U

u�
¼ C

�1=2
f ðA8Þ

Let S denote the streamwise bed slope. As long
as the primary flow is steady and uniform, the bed
shear stress is given by the relation:

sbs ¼ qu2
� ¼ qgHcS ðA9Þ

regardless of whether the flow is laminar or
turbulent.

In the case of laminar flow, the relations for T
and Cf are found to be:

T ¼ 3 f� 1

2
f2

� �
; C f ¼

3

Re
ðA10a,bÞ

where:

Re ¼ UH

m
ðA11Þ

denotes the Reynolds number of the flow. The
dimensionless Chezy resistance coefficient Cz is
then given from Eqs A8 and A10b as:

Cz ¼
Re

3

� �1=2

ðA12Þ

Note that Eq. A10a defines a parabolic profile.
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The standard assumption for the vertical profile
of primary velocity in the case of turbulent open
channel flow is the logarithmic law. Engelund
(1974) justifies an alternative but very similar
formulation, i.e. a parabolic relation with a slip
velocity at the bed. In this formulation the eddy
viscosity mt is given as:

mt ¼ au�Hc; a ¼ 1

3
ðA13a,bÞ

and the dimensionless primary flow velocity is
given as:

T ¼ vþ f� ð1=2Þf2

v1

; v ¼ v1 �
1

3
ðA14a,bÞ

The parameter v1 in Eq. A14a,b is obtained from
the friction coefficient as:

v1 ¼ aC
�1=2
f ¼ a
 Cz ðA15Þ

where here Cf and Cz refer to values for turbulent
flow. Turbulent flows in rivers at field scale fall into
the turbulent rough regime, so that Cf is reasonably
approximated by the Keulegan (1938) relation:

C
�1=2
f ¼ Cz ¼ 6þ 2�5 ln

Hc

kc

� �
ðA16Þ

where kc is a composite roughness height includ-
ing the effects of grain roughness and form drag
associated with bedforms.

First to be considered here is the case of
laminar flow. The secondary flow velocity is
made dimensionless as follows:

un

U
¼ UHc

m
Hc

Rc
G ¼ Re

Hc

Rc
G ðA17Þ

In addition, the transverse water surface slope is
scaled as:

Stw ¼
U2

Rcg
v20 ðA18Þ

where v20 is an as yet undetermined but order-one
dimensionless coefficient. Substituting Eqs A3,
A5b, A17 and A18 into Eq. A2, the following
relation is obtained for laminar secondary flow:

0 ¼ T2 þ v20 þ
d2G

df2 ðA19Þ

where T is specified by Eq. A10a. The relevant
boundary and integral conditions are: (i) vanish-
ing velocity at the bed; (ii) vanishing shear stress

at the water surface; and (iii) a secondary flow
that vanishes in the vertical average, i.e.:

Gð0Þ ¼ 0;
dG

df

����
0

¼ 0;

Z 1

0

G df ¼ 0 ðA20a,b,cÞ

The solution to Eq. A19 subject to Eq. A20a,b,c is:

G ¼
Z f

0

Z 1

f0
T2df00df0 � v20 f� 1

2
f2

� �
;

v20 ¼ 3

Z 1

0

Z f

0

Z 1

f0
T2 df00 d0f df ¼ 1�54 ðA21a,bÞ

In the case of turbulent flow the same scaling is
used for Stw, i.e. Eq. A18, but a very different
scaling is used for the secondary flow un:

un

U
¼ 1

a
U

u�

Hc

Rc
G ¼ Cz

a
Hc

Rc
G ðA22Þ

Substituting Eqs A4, A5b, A13a, A18 and A22
into Eq. A2, it is found that the equation governing
the secondary flow is identical to that obtained for
laminar flow, i.e. Eq. A14. In that equation, how-
ever, T is specified according to Eq. A14 for
turbulent flow. The boundary condition of vanish-
ing shear stress at the water surface (Eq. A20b) and
the integral condition (Eq. A20c) also apply to
turbulent flow. In the Engelund formulation, how-
ever, the necessity to satisfy the friction relation
Eq. A16 requires the use of a slip velocity at the bed.
As a result, Eq. A20a is replaced by the condition:

Gð0Þ ¼ v
dG

df

����
0

ðA23Þ

(Engelund, 1974; Johannesson & Parker, 1989).
The solution to Eq. A19 subject to Eqs A20b,c and
A23 is:

G ¼
Z f

0

Z 1

f0
T2 df00 df0

þ v
Z 1

0

T2 df� v20 vþ f� 1

2
f2

� �
;

v20 ¼
R 1

0

R f
0

R 1

f0 T
2 df00 df0 dfþ v

R 1

0 T2 df

vþ ð1=3Þ
ðA24a,bÞ

The common physical basis of laminar and
turbulent secondary flow can be made apparent
by comparing the relations for the dimensionless
primary flow T (Eq. A10a for laminar flow and Eq.
A14a,b for turbulent flow) and the dimensionless
secondary flow G and dimensionless super-
elevation v20 (Eq. A21a,b for laminar flow and
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Eq. A24a,b for turbulent flow). Not only are the
forms mathematically similar but, in addition, the
solution for turbulent flow converges precisely
with that for laminar flow in the limit as v fi 0.

A common range for Cz in rivers at bankfull
flow is 5 to 20 (e.g. Parker et al., 2007). Figure A1
shows plots of T (primary flow) and G (secondary
flow) for laminar flow, as computed from Eq.
A21a, and also for turbulent flow with Cz = 5, 10
and 20, as computed from Eq. A24a. It is seen
directly from the figure that, whether the flow is
laminar or turbulent, G has the same structure
and the same order of magnitude. The effect of
turbulence, however, can be discerned in the
figure. The larger the value of Cz, the more
effective turbulence is in mixing streamwise
momentum in the vertical direction, so rendering
the primary flow more uniform in the vertical and
so weakening the strength of the secondary flow
compared with laminar conditions.

Although the structure and order of magnitude
of G is the same whether the flow is laminar or
turbulent, the two cases do not scale with each
other. In the case of laminar flow, it is seen from
Eq. A17 that the ratio un/U varies linearly with
the Reynolds number. In the case of hydraulically
rough turbulent flow, for which Cz is Reynolds
independent, it is seen from Eq. A22 that un/U is
also Reynolds independent.

The fact that Reynolds scaling is not satisfied
implies by no means that the two cases of
secondary flow are fundamentally dissimilar;
they proceed from the same physics and, when

scaled appropriately, yield similar solutions for
dimensionless secondary flow velocity G as a
function of f. The analogy goes even further.
Table 1 summarizes two cases for bend flow in a
turbulent river; a turbulent field-scale case and a
laminar microscale case. The field-scale case is
based on estimates of parameters that fall within
the range of gravel-bed rivers studied by Parker
et al. (2007). The values for the microscale case
are in the same range as those presented in Fig. 8.
Let Gs and uns denote the surface values of G and
un. In the case of the turbulent river flow, values
of B, Hc, Rc, U and S are specified, and the
dimensionless parameters Hc/B, Hc/Rc, Re, Cz, S,
Gs, uns/U and Froude number Fr are computed
using the relations Eqs A6, A7, A9, A22 and
A24a,b, and the definition:

Fr ¼ Uffiffiffiffiffiffiffiffiffi
gHc

p ðA25Þ

In the case of laminar flow, B, Hc, Rc and U are
specified, and the dimensionless parameters Hc/
B, Hc/Rc, Re, Cz, S, Gs, uns/U and Fr are computed
using Eqs A9, A11, A12, A17, A21a,b and A25,
and an assumed value of 1Æ00 · 10)6 for the
kinematic viscosity of water.

The results of the comparison shown in
Table 1 are interpreted in the section headed:
Tea leaves and channel bends: flows with the
same underlying physics need not be dynami-
cally similar.
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Fig. A1. Dimensionless primary
and secondary flow velocities T and
G, respectively, as functions of
dimensionless vertical co-ordinate
f. The plot shows results for laminar
flow, and turbulent flows with
Cz = 5, 10 and 20.
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