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A statisticalmethod is proposedfor the smoothingof polar wanderpathsandfor giving their confidencelimits by the
meanof successiveellipses.The method is fully parametricaland is basedon the relationsbetweenthe inertia matrix and
the parametersof the Fisherdistribution, fromwhich a bivariateform is deduced.An elementarytensorialcalculationgives
the parametersof theconfidenceellipsearounda vectorialweightedmean,for anyunimodalsetof vectors.This model can
alsobe usedfor otherstatistical tests,whereverthe rotationalsymmetryhypothesisis not consistent(i.e. the fold test).

1. Introduction After analysisof themathematicalmodel,some
examplesof the practicaluseof the method are

Drawing a polar wander path requires the given.
determination of the averageddirection of a
weighted sum of vectorial meansderived from
Fisher’s sphericaldistribution. Severalmethods
havealreadybeenproposed(VanAistine andDe 2. Mathematicalmodel
Boer, 1979; ThompsonandClark, 1981; Harrison
and Lindh, 1982; Irving and Irving, 1982). The
new one, developedby Le Goff (1990), is elabo- The mathematicaldevelopmentis donein geo-
ratedarounda bivariate extensionof the Fisher graphicalsphericalcoordinates(colatitude0 and
distribution. The parametersof this model are longitudeq~)in an orthonormalsystem(Ox, Oy,
estimateddirectly from the terms of the inertia Oz).
tensorwhich can be associatedto anyvectorial (1) As for paleomagneticdata, the basic as-
set.All of thesevectorialsetscan beof miscella- sumption is a strong concentrationaround the
neous kinds: unit vectors, weighted vectors, mean direction (°~,qz~)of N vectors (9k, c’i)
weighted Fisher means or inertia tensors.We bearinga unit mass rn at their end.
may thus easily introducemanytypes of weight- First, let us considerthat the dispersionfol-
ing for any chronologicalsphericalpath,and pro- lows the Fisherianprobability model aroundthe
pose this ‘Fisher-like’ model as a test for the Oz axis (0~= 0): F(0, K) = [K/4~ sh(K)]

rotationalsymmetryhypothesis. exp(,c cos 0) (Fisher, 1953). With z = cos 0,
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x = sin 0 cos ~ and y = sin 0 sin ~, the inertia (Amjn, ~min) of I is then a good estimatorof the
tensor,which here is diagonal,canbe written: meandirection of this new population(Watson,

1983), but the tensorhas now lost its rotational
IN— ~ — ~x1y~ — symmetry(A~*B~).

D = — ~ N— ~ — (3) Let the diagonaltensor of I~be D~,the
eigendirectionsof which being Ox, Oy, Oz, and

k — ~xjzj — Ey~z~N— Lz~) keep the hypothesisof small scatteringaround
Oz ~ = 0). Rememberthat, now, N~= ~wj and,

(A 0 0 for readingclarity, the subscriptt will be removed

(N=1V, A =A~,...).Let us apply the Gaussdis-
= I 0 B 0 l (1) tribution in the (Ox, ~) projection planeof the

~ ~ c) endof the (fictive) vectors(0k, ~, m~= 1) repre-

sentingthe new non-rotationalpopulation:
where A + B + C = 2N and A = B.

Using the approximations0 sin 0 and 1 — 1 exp— ( x
2 y2

02/2 cos0, the relationsbetweenthe diagonal G(0, o~,o~)= 2 +

terms(A, B, C) of D (1) and the estimatork =

N/(N — cos0~)of the Fisherconcentrationpa- (4)
rameter K (Fisher, 1953; Mardia, 1972; Watson, It appearsthat the variancesof eqn. (4) o~=

1983) canbe established: ~x,2/N and = ~y~/N are alreadyexpressed

2N in the tensor D (1): A = N — Lx~= N(1 — o.~2).
C = 1 + k Since A + B 2N, this leadsto the relations

1 (B+A)
and kx=~=(CBA)

kN
A=B= (2) 1 (B+A)

1 +k _______

By many samplings, the validity limits of the /c~= = (C +A — B) (5)
relations of eqn. (2) have been proved at 3% which give, as a function of the eigenvalues
departurefor k> 8 andat 0.5%for k > 30 when- (A, B, C) of the inertia tensor, the parameters
everN> 10. k~and k~,reciprocal of the variancesin the

In a secondstep,all the termsof the tensor~ plane.
in the general caseof a meandirection (paleo- Multiplying the numeratoranddenominatorof
pole) of latitude A and longitude ~ are deter- eqn. (4) by exp(k

1 cos
2 ~ + k~sin2 ~) andusing

mined by applicationof the following rotation R. x = 0 cos ~, y = 9 sin ~, and (1 — 92/2) cos 0,

(sin A cos ~ sin A sin ~ —cos we may write:

R= —sin ~ cos ~ 0 P(o, k~,k~)
~cos A cos ~ cos A sin ~ sin A /

‘f(k~k~)
and =

2ir exp(k~cos2 ~ + k~sin2
I=R’DR (3)

xexp(k~cos2 ~ + k~sin2 cos 0 (6)
(2) The problem of the weighted summation

of several populations, each characterizedby a which is a particularform of Fisherstatisticwhere
tensor I~,can thusbe solved as a tensorialaddi- k is a function of ~.

tion (I~= Ew
11),w1 being the weight given to the (4) Thesedevelopmentslead us to proposea

jth population. The minimal eigen direction bivariateprobability function which can be seen
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as the unimodal form of the Binghamdistribution confidenceellipse axes aroundthe mean direc-
(Onstott, 1980): tion:

P(0, K~,K~) 140
a95(x) — ______________

cos2 ‘P+K~ sin2 ‘P)cos 0]

(7) and

The successiveeqns.(1)—(7) clearly show that 140
K~ and K~may be estimated,in the usualcaseof a

95(y) = (°) (8)
smallscattering,by k~and k~of the fonnulaeof
eqn.(5). In the generalcaseof any dispersionon The orientationof the ellipse,with respectto the
thesphere,the theoryof this probabilityfunction meridian crossing the mean direction, is given,
hasyet to be elaboratedto define the best esti- from the eigen directions of I~,by the angle fi
mators of its parameters,and the exact confi- (Fig. 1(a)):
dence surface around the mean direction. For sin
paleomagneticusage,Le Goff (1990), after inte- ç~= — q’min Arc cos
gratingC(KX, Kr), showedandverified by numer- I ‘Pint — ~PminI cos Amin
ical calculations,usingformulaesimilar to that of with A1~~like that I — ‘Pmin I <JT (9)
the Fisher case,that the following relations are
well adapted for the computationof the 95%

3. Recapitulation of the practical method for the
calculation of the parameters of a weighted
sum of Fisherian distributions

Let us consider a set of Fisheriandistributions,
like VGP, known by five parameters: the latitude

2 80
A1, the longitude p1, the concentration parameter
k,, the numberof samplesor sites !~.(A~= 1 if
this number is not an element of weighting) and

6 the statisticalweight w1 for this jth distribution
0 (for the apparent polar wander path (APWP), w1
Il 1 0 can be in a function of the ageuncertainty):

(1) A., B~,C, of the tensor D, are calculated
_____ usingeqn.(2).

(2) The relationsof eqn.(3) allow R,, RJ and
1, = RJDJRJ to be obtained; then the weighted
tensor is I~= Ew,I~.

(3) The mean direction (Amin, ‘Pmin) and the
other eigendirectionsarecalculatedby diagonal-
ization of I~.The terms A~,B1 and C1 are known.

(4) k~and k~are obtained by eqn. (5), then
Fig. 1. (a) Definition of 11 (eqn. (9)). (b) Successive95% a95(x) and a95(y) by eqn. (8) and finally the
confidenceellipses showing the polar wanderpath between angle (1 by eqn. (9).
130 and 200 Ma for the North Americancontinent,obtained In the caseof a set of unit vectors(i.e. magne-
with the Harrison and Lindh (1982) selection.The 27 VGP tization directions), a tensor I (not diagonal) can
(*), interceptedby a 30 Ma slidingwindow, are weightedby
their age incertitude interval combined with the authors’ be calculated by eqn. (1) and only steps (3) and
weighting factor. (4) are to be followed.
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4. Applications Figure 2 shows the unfolding of 27 remanent
magnetic directions of a Permian formation of

In addition to the application for drawing a Saint-Affrique (Diego Orozco, 1990). The distri-
paleomagneticapparentpolar wanderpath such bution of the in situ directions was elongated
as in Fig. 1(b), drawn using the Harrison and perpendicularlyto the fold meanaxis with k~/k~
Lindh data(1982), this bivariateunimodal distri- = 4.1 (F5252 1.6), which is significantly non-ro-
bution is a new easy tool for other directional tationally symmetric.After dip correction, k~/k~
tests. Care should be taken in the use of this = 1.3, which meansthat the rotational symmetry
method,by keepingin mind the initial assump- can not be rejected.The use of this method,in
tion of small scattering,andaboveall that the use conjunctionwith a correlative fold test (Enkin,
of tensorialcalculationscan causeaxis reversals. 1990; McFadden, 1990), providesvaluable infor-
Nevertheless,in the case where both reversed mation on the completionor notof a dip correc-
and normal directions are present, the use of this tion.
tensorial method is the best way to supply to-
getherthe meandirection (Onstott, 1980; Fisher
et a!., 1987) and the ‘Fisher-like’ precisionpa- References
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