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Experimental assessment of the effective friction at the base of granular chute flows
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We report on direct measurements of the basal force components for granular material flowing down a smooth
incline. We investigate granular flows for a large range of inclination angles from θ = 13.4◦ to 83.6° and various
gate openings of the chute. We find that the effective basal friction coefficient μB, obtained from the ratio of the
longitudinal force to the normal one, exhibits a systematic increase with increasing slope angle and a significant
weakening with increasing particle holdup H (the depth-integrated particle volume fraction). At low angles, the
basal friction is slightly less than or equal to tanθ . The deviation from tanθ can be interpreted as a contribution
from the sidewall to the overall friction. At larger angles, the basal friction μB saturates at an asymptotic value
that is dependent on the gate opening of the chute. Importantly, our data confirm the outcomes of recent discrete
numerical simulations. First, for steady and fully developed flows as well as for moderately accelerated ones, the
variation of the basal friction can be captured through a unique dimensionless number, the Froude number Fr,
defined as Fr = Ū/(gHcosθ )1/2, where Ū is the mean flow velocity. Second, the mean velocity scales with the
particle holdup H with a power exponent close to 1

4 , contrasting with the Bagnold scaling (Ū ∼ H3/2).

DOI: 10.1103/PhysRevE.103.042905

I. INTRODUCTION

Gravity-driven granular flows occur commonly in many
industrial and geophysical contexts [1,2]. These flows are
controlled by collisions and enduring frictional contacts be-
tween the solid particles and between the particles and the
flow boundaries. Limiting types of granular flows are slow
dense flows on a substrate with the slope angle close to the
repose angle of the granular material, which are dominated by
frictional contacts, and rapid dilute flows generally on steep
slopes and which are dominated by collisions. Over the past
decades, intensive research has been conducted to formulate
robust constitutive laws for granular flows. Slow and dense
granular flows on bumpy substrates (i.e., made with glued
particles) have been shown to be well described by the fric-
tional μ(I) rheology, which has met with considerable success
[3–6]. This rheological law tells us that the effective friction
coefficient, defined as the ratio of the shear stress over the
normal stress, is a unique function of the inertial number I,
defined as I = γ̇ d/(P/ρ )1/2, where d is the particle diameter,
γ̇ the shear rate, P the pressure, and ρ the particle density [1].
However, the role of the boundary conditions and their effects
on the rheology is much less documented. In particular, flows
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on flat boundaries where slip velocities can be significant have
received much less attention [7–9].

Experimental works involving smooth boundaries are in-
deed very few [10–12]. Experiments by Louge and Keast [10]
were conducted at low slope angles between 15° and 20°.
These authors observed dense flows that became steady and
fully developed (SFD) before leaving the chute. The flows
consisted of granular material on top of a basal mono-layer of
rolling particles (which may slide or not) on the flat substrate.
Though the frictional sidewalls affected the flow velocity,
their relative contribution in the force balance was supposed
to be negligible. Heyman et al. [12] conducted similar exper-
iments with a smaller chute width W (i.e., W = 40d against
W = 68d in Ref. [10]). They investigated larger inclination
angles and showed that, between 20° and 30°, it is possible to
observe flows that still become SFD before leaving the chute
but develop secondary flows (rolls) that manifest themselves
as longitudinal vortices. The longitudinal rolls were also ob-
served in chute flow experiments with bumpy boundaries
[13–15]. Holyoake and McElwaine [11] investigated even
steeper angles between 30° and 50° in a chute 4 m long and
0.25 m wide. The granular flows were still accelerating at the
exit of the chute and revealed striking properties. The authors
observed a depletion of particles at the sidewalls, which was
probably the signature of the existence of a supported flow
regime as evidenced in discrete element simulations and dis-
cussed below [14,15].
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Discrete element simulations by Brodu et al. [16,17] re-
vealed further details on the properties of flows on a smooth
incline. The advantage of simulations is that they allow in-
vestigating SFD flows at arbitrary high angles that are not
accessible to experiments unless equipped with unpractically
long channels. These simulations, achieved with a finite chute
width W = 68d , reproduced longitudinal rolls at inclination
angles of 20°–50° [15,17]. They also revealed supported flows
at angles typically larger than 30° [15,16,18]. A supported
flow is characterized by a dense core bordered by agitated and
strongly sheared dilute regions at boundaries. The emergence
of the dense core is caused essentially by inelastic collapse
of the expanded granular flow and hence is favored by low
elastic restitution coefficient of the particles. These supported
flows exhibit properties that are significantly different from
homogeneous dense flows. For example, the mean velocity is
found to scale as Hα , with an exponent α of the order of 1

4 ,
where H is the particle holdup defined as the depth-integrated
particle volume fraction φ,

H =
∫ ∞

0
φ(z)dz. (1)

H is proportional to the mass M of the flowing material
per unit basal area (M = ρH , where ρ is the density of the
particles). Note that H has the dimension of a length and
may be expressed as well as H = 〈φ〉h, where 〈φ〉 is the
depth-averaged particle volume fraction and h the flow height.
This scaling contrasts markedly with the scaling law for dense
flows over a bumpy base where the mean velocity scales as
H3/2 [19].

One fundamental issue concerning flows on smooth in-
clines is whether they can be described by the μ(I) rheology.
Numerical simulations [16,20] and experiments [21] indicate
that dense flows on a flat base, that is, with moderate inclina-
tions (typically below 20°), are reasonably well captured by
the μ(I) rheology. However, this rheology does not provide
any predictions of the slip velocity at the base nor does it indi-
cate how the latter varies with the flow parameters (H and θ ).
At higher inclinations, the flows exhibit large heterogeneities
in particle density as discussed above and they are by nature
outside the framework of the μ(I) rheology. Granular flow
experiments on a steep slope by Holyoake and McElwaine
[11] confirm that the μ(I) rheology is not able to correctly
capture the dynamics of these flows.

Another important issue concerns the characterization of
the boundary conditions at the flow base. Recent discrete nu-
merical simulations [22] indicate that the basal slip velocity is
simply related to the effective basal friction μB. Zhu et al. [22]
indeed showed that the basal friction is a monotonic function
that depends on a unique dimensionless number Fr, defined
from an analog of a Froude number as Fr = UB/(gHcosθ )1/2,
where UB is the basal flow velocity, H the particle holdup, and
θ the inclination angle. For large Froude number, the basal
friction eventually saturates at an asymptotic value corre-
sponding to the microscopic friction coefficient (μm) between
the particles and the basal boundary, as also reported by Yang
and Huang [20]. Interestingly, Zhu et al. [22] demonstrated
in addition that the basal friction law μB(Fr) holds at a local
scale and also for unsteady flows. These numerical outcomes
have not, however, been checked experimentally.

An experimental confirmation of the aforementioned re-
sults requires direct measurements of the basal friction, which
is itself a technological challenge. Very few attempts have
been made in the context of rapid granular flows whereas these
measurements are more common in slowly sheared granular
systems [23–27] because they are less challenging. Indirect
measurements have been achieved by Holyoake and McEl-
waine [11] for granular flows on steep slopes and by Faug
et al. [21] in shallow granular flows with granular jumps.
We are aware of only one attempt of direct measurement of
the shear stress by Hungr and Morgenstern [28], but these
authors estimated the normal stress from the flow thickness
and density, thus producing potentially large uncertainties.

In the present study, we responded the challenge of direct
measurement of the basal friction. We implemented a three-
component force sensor within the basal substrate of a chute
flow experiment, allowing simultaneous assessments of the
normal and shear stresses at the flow base. We investigated
granular flows on a smooth incline, within a large range of
inclination angles from θ = 13.4◦ to 83.6° and various depths.
We reported on direct experimental measurements of the ef-
fective basal friction coefficient for flows reaching a SFD
regime before leaving the chute, but also for flows accelerating
along the whole chute. These measurements provide insights
about the effective basal friction of granular flows down a
smooth plane and confirm the outcomes of the recent simu-
lations by Zhu et al. [22].

The paper is organized as follows. In Sec. II we describe
the experimental setup for the chute flow and how the force
sensor is implemented. We present in Sec. III the force mea-
surements at the flow base as well as the properties of the
granular flows. In Sec. IV, we discuss our results and compare
them to the numerical outcomes of Brodu et al. [16] and Zhu
et al. [22]. We provide some concluding remarks in Sec. V.

II. EXPERIMENTAL METHOD

The experimental device consisted of a 180 cm long,
30 cm wide inclined channel whose upper part was a reser-
voir from which particles were released to generate granular
flows (Fig. 1). The particles were glass beads of diameter
d = 1.5 ± 0.1 mm, density ρ = 2500 kg/m3, and repose an-
gle ∼22°. The channel and the reservoir were separated by
a gap of ∼1 mm, smaller than the particle size, in order
to avoid mechanical coupling between the two parts of the
device. The reservoir had a double gate system, with the inner
gate in fixed position and setting a constant opening hg = 2,
4, or 6 cm while the outer gate was removed to release the
particles. The channel had smooth boundaries, which were an
aluminum plate at the base and Perspex plates at the lateral
sides. The inclination could be varied from a horizontal to
nearly a vertical position. Practically, we investigated slope
angles between 13.4° and 83.6°. Our aim was to investigate a
range of phenomena, from slow flows reaching a SFD regime
before leaving the chute at low slope angles to rapid flows
accelerating along the whole chute at steeper angles. The
experiments were filmed with a high-speed video camera at
1000–5000 frames/s, either from above to measure the ve-
locity and the acceleration of the flow front, or through the
transparent sidewalls to investigate the height of the flows.
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FIG. 1. Sketch of the experimental device with the force sensor
at distance xs = 98 cm from the reservoir. Fx and Fz are, respectively,
the shear and the normal force components measured by the sensor
(the transverse component Fy is perpendicular to the image). The
plate on top of the force sensor is shown in light gray. In the reservoir,
hg is the opening of the inner gate. The gaps are not to scale. The inset
is a view from above the channel at the measuring plate.

The front velocity and the front acceleration at the location
where the force sensor was implemented (see below) were
determined from the data of the front position as a function
of time along the channel. In all cases the front moved at con-
stant speed without significant deformation, so that the front
velocity was equal to the mean flow velocity [29]. When the
front accelerated, the equality still held since the front shape
remained unchanged. Finally, the flow rate was measured via
a weight scale at the channel outlet.

We measured the forces at the base of the granular
flows with a three-component piezoelectric sensor (KistlerTM

9317B), which permitted us to determine simultaneously the
tangential shear (Fx) and transverse (Fy) force components as
well as the normal force component (Fz). From these data, we
could compute the ratio Fx to Fz, which can be interpreted as
an effective basal friction coefficient:

μB = Fx

Fz
. (2)

The force measured by the sensitive element was propor-
tional to the relative displacement between the upper and the
lower parts of the sensor. The sensor had a response threshold
<0.01 N, a rigidity of 190 N/μm (Fx, Fy) or 900 N/μm (Fz),
and a proper frequency of 5 kHz (Fx, Fy) or 21 kHz (Fz).
Considering the typical forces applied in our experiments, the
high rigidity caused relative displacement of ∼10–2–10–3 μm
between the two parts of the sensor. We used a sampling
frequency of 3 kHz for doing the force measurements. The
system for measuring the forces consisted of a 15 × 15 cm
flush-fitting aluminum plate inserted into the base of the chan-
nel and screwed onto the upper part of the sensor whose lower
part was connected to a rigid structure fixed to the channel
base. The sensor was at the center of the plate and at a distance
xs = 54 cm or 98 cm from the reservoir gate. A mean gap of
∼150 μm between the margins of the plate and that of the
insert in the channel base allowed the plate and the upper part
of the sensor to move freely while preventing the particles
from falling into the gap and blocking the plate. The gap was
set by inserting 100 μm calibrated steel sheets between the

plate and the channel base before the system, including the
plate, the sensor and the lower rigid structure, was set up. Then
the steel sheets were removed.

We made tests to ensure for the reliability of our force mea-
surements. We checked for accuracy in static configuration by
placing an object of known weight P = 2.64 N at the center
of the plate while the channel was inclined at θ = 20◦−30◦.
The measured forces Fx and Fz were, respectively, equal to
the tangential and normal weight components Px = Psinθ and
Pz = Pcosθ within an error of 1%–2%. We also investigated
the drift of the signal delivered by the sensor and we found
that it was detectable only after several tens of seconds. As
the flows in the experiments lasted less than 5 s, except at
low slope angles of 13.4° and 15.2° where they could last
up to 15 s, we considered that signal drifting was negligible
for the force measurements. Notice that the plate was wider
than the sensor and that a bending torque might occur in
the case of significant variation of thickness of the granular
material. Observations showed, however, that variations of
flow thickness across the plate were negligible or were at least
within the range of error of thickness estimates.

III. RESULTS

We chose to investigate the influence of both the gate open-
ing and distance traveled down the channel prior to reaching
the sensor on the flow regime and associated basal forces.
Therefore, we conducted a first series of measurements at
given distance xs = 54 cm while hg was varied from 2 to
6 cm, and in a second series, the gate opening was kept
constant (hg = 2 cm) while the sensor was set up at a further
downstream distance of xs = 98 cm. We present first the basal
force measurements and then the main flow properties (front
velocity and acceleration, particle holdup, and mass flow rate)
that are useful for the interpretation of the force data. Note
that our analysis focuses on flow properties in the main flow
direction and disregards secondary flows (i.e., longitudinal
vortices) that might develop within the main flow. According
to the numerical simulations by Brodu et al. [16], the mag-
nitude of the secondary flows are small in comparison with
the main flow velocity so they can be neglected when dealing
with averaged quantities.

A. Measurement of basal forces

Examples of signals delivered by the force sensor are pre-
sented in Fig. 2. In all experiments, the values of Fx and Fz

increased when the flow front arrived at the plate, then they
were approximately constant for a while (plateau) as the flow
thickness was constant, and they finally decreased as the flow
thickness decreased and the particles eventually evacuated
the channel. In contrast, the time-averaged mean value of Fy

remained close to zero for the whole flow duration. At low
slope angle (i.e., at θ = 13.4◦), the force plateau of Fx or Fz

was surprisingly of relatively short duration (less than 1 s)
compared to the flows at higher angles. After the plateau, the
flow thinned very slowly probably because they were close
to the jamming transition. In contrast, the plateau was much
better defined at steeper angles and the flow thickness de-
creased rapidly after the maximum forces were reached. The
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FIG. 2. Examples of measurement with the force sensor at xs = 98 cm and hg = 2 cm, for flows at slope angle θ = 13.4◦, θ = 36.2◦,
and θ = 74.2◦, respectively. The graphs show the force components Fx (red), Fy (green), and Fz (blue) as well as the basal effective friction
coefficient μB = Fx/Fz as a function of time. Note that although the flow at θ = 13.4◦ lasted more than 20 s, the stationary regime is less than
1 s.

time-averaged values of Fx and Fz in the plateau decreased
notably with the channel slope angle (Fig. 3). Importantly, the
effective basal friction coefficient μB = Fx/Fz was constant
during the force plateau but also at earlier or later stages
provided the forces were not too low. Notice that the rela-
tive fluctuations of the values of the three force components
around their mean values were ∼0.05–0.10 N and did not
reveal any significant trend at increasing slope angles. In
contrast, similar fluctuations for Fx/Fz increased by one order
of magnitude because both Fx and Fz decreased significantly
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FIG. 3. Mean values of the force components Fx , Fy, and Fz in
the force plateau (see Fig. 2) as a function of the slope angle θ for
measurements at xs = 98 cm and hg = 2 cm.

while the force fluctuations were still around the same ampli-
tude (Fig. 2).

The effective basal friction coefficient μB = Fx/Fz during
the force plateau is shown in Fig. 4 as a function of the slope
angle. We present four different data sets: three sets obtained
at a downstream position xs = 54 cm for three different gate
openings (hg = 2, 4, and 6 cm) and an additional set at a
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FIG. 4. Effective basal friction coefficient μB = Fx/Fz as a func-
tion of the channel slope angle θ . Four data sets are shown: three
sets at a downstream distance xs = 54 cm for gate openings hg = 2,
4, and 6 cm, respectively, and one set at xs = 98 cm for a single gate
opening hg = 2 cm.
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FIG. 5. Flow front velocity UF (a) and acceleration a (b) as a function of sinθ , measured at downstream distances xs = 54 and 98 cm and
for gate openings hg = 2, 4, or 6 cm. (c) Velocity profiles measured at the sidewalls for various inclination angles (θ ), at xs = 98 cm and for
hg = 2 cm.

further downstream position xs = 98 cm for a single gate
opening (hg = 2 cm).

At xs = 54 cm and for a fixed gate opening, the basal
friction μB increases monotonically with increasing angle and
eventually saturates at high angle. The asymptotic value of the
basal friction, μB,max, clearly decreases with increasing gate
opening: μB,max ≈ 0.38 for hg = 2 cm whereas μB,max ≈ 0.32
for hg = 6 cm. At low angle and small hg, the basal friction
is found to match the tangent of the inclination angle but
it deviates rapidly from this trend for increasing angle. For
hg = 2 cm, the deviation occurs for θ � 20.3◦ while for larger
gate opening (hg = 4 and 6 cm), the deviation is observed
sooner for θ�15.2°. The magnitude of the deviation thus
increases with increasing gate opening. We can anticipate here
that this result can be interpreted as a growing contribution of
the sidewall friction when the flows get thicker.

Finally, the data sets obtained at two different downstream
distances but the same gate opening hg = 2 cm reveal other
interesting outcomes. At low angle, both data sets provide
similar friction coefficient values. However, at larger angles
(θ � 20.3◦), we observe a slight but measurable difference:
The friction coefficient values obtained at the further down-
stream distance (i.e., at xs = 98 cm) are systematically greater
than the ones found at xs = 54 cm. As discussed in more
detail later on, the data differ as soon as the flow is not fully
developed at the smaller downstream distance. According to
the inclination angle, the flow can be still accelerating at
xs = 54 cm while it is fully developed at xs = 98 cm, or the
flow is accelerating at both downstream distances.

B. Flow characteristics

To understand the variation of the effective basal friction
with the gate opening and inclination angle, it is necessary
to characterize the features of the granular flows in terms of
velocity, acceleration, particle (mass) holdup, and mass flow
rate.

Flows of a coherent mass of particles were possible at slope
angles θ � 13◦, though some particles could roll individually
on the channel base at lower slope angles. For comparison,
tests showed that a solid block resting on a layer of beads

organized in 2D compact ordered packing and in contact with
the channel base could slide at θ � 7◦ if the beads were free
to roll or at θ � 17.5◦ if the beads were glued to the block.
This suggested that the microscopic friction angle between
the glass particles and the smooth aluminum base was close
to 17.5°.

The flow front velocity UF and acceleration a were mea-
sured from videos and are presented in Fig. 5 as a function
of sinθ , which is the driving component of gravity. The mea-
surements were made at two different downstream distances
(xs = 54 and 98 cm). Let us first analyze the data obtained for
the same gate opening, hg = 2 cm, but different downstream
distances. At low angles, both measurements coincide indicat-
ing that the flow becomes SFD before the smaller downstream
distance (xs = 54 cm). The front acceleration at both distances
is insignificant [see Fig. 5(b)]. At intermediate angles (θ ≈
20.3◦ or sinθ ≈ 0.35), the front acceleration at xs = 54 cm
becomes measurable (a/g � 0.05) while at xs = 98 cm, it is
still too small to be measured. In other words, the flow is still
accelerating at xs = 54 cm but SFD at xs = 98 cm. At higher
angles (i.e., θ � 25.7° or equivalently sinθ � 0.43), the flow
is accelerating at both downstream distances. For these high
angles, the front velocity measured at xs = 98 cm becomes
significantly greater than the one evaluated at xs = 54 cm, in-
dicating that the flow front acceleration cannot be disregarded
between xs = 54 and 98 cm. Finally, it is important to note
that for significant large angles θ � 40° (i.e., sinθ � 0.65), the
front accelerations become comparable at both downstream
positions. This indicates that for slope angles above 40°, the
flow undergoes a quasiuniform acceleration along the chute.
Additionally, data obtained at xs = 54 cm for different gate
openings indicate that the front velocity increases almost
linearly with sinθ and presents only a slight increase with in-
creasing gate opening. Importantly, the acceleration becomes
significant (a/g � 0.05) at xs = 54 cm and angles θ � 20.3◦
for all gate openings. Given the measurement accuracy, it
is hard to tell whether the distance xSFD at which the flow
becomes fully developed depends or not on the gate opening.

Several important issues concerning the front velocity UF

should be addressed. The first one concerns its relationship
with the mean flow velocity. As already mentioned above,
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FIG. 6. (a) Particle holdup H (measured in grain diameter unit) as a function of the slope angle, given by Eq. (4), for various gate openings
(hg = 2, 4, and 6 cm) and two different downstream positions (xs = 54 and 98 cm). Square symbols correspond to data inferred from Eq. (3)
(Hw = Qw/ρWŪ , where Qw is the mass flow rate measured directly via a weight scale at the channel outlet). (b) Corresponding mass flow
rates obtained from Eq. (3). Note that at xs = 98 cm and hg = 2 cm, the agreement between the flow rate Q deduced from Eq. (3) (circle
symbols) and Qw measured directly via the weight scale (square symbols) is fairly good.

in the case of a stationary front, there is a strict equivalence
between the front velocity and the mean flow velocity [29].
In contrast, if the flow front is accelerating, the equality is
not necessarily ensured. However, we checked through mass
flow rate measurements (as detailed below) that the front
velocity was a good approximation of the mean flow velocity
even for accelerating flows. The second issue concerns the
type of velocity profile obtained for such flows. As shown
in Fig. 5(c), the profiles look like plug flow with an almost
uniform velocity through the depth and a presumably large
slip velocity at the base. We do not have a high enough
resolution to provide an accurate value of the slip velocity
but we can reasonably conclude the mean flow velocity Ū
(i.e., the depth-averaged flow velocity) and the slip velocity
UB at the base are expected to be roughly equivalent. This
is ascertained by discrete numerical simulations [16,22]. The
latter also indicate that for such rapid flows on a smooth base,
the shear is essentially localized at the base within a layer of a
few particles diameter, which is compatible with the measured
velocity profiles despite being under-resolved.

An important relevant quantity that characterizes the flow
is the particle holdup H (or mass holdup). This quantity is
difficult to assess without a force sensor and is therefore
rarely measured. Force measurement provides useful pieces
of information. First, it is a measure of the mass of the flow
per unit area and is thus often used as a control parameter
in numerical simulations. Second, when combined with the
mean flow velocity Ū , it gives us an estimation of the mass
flow rate Q:

Q ≈ ρW HŪ , (3)

where W is the flow width and ρ the density of the particles.
The particle holdup is readily deduced from the normal force

component Fz:

H = Fz

ρgA cos θ
, (4)

where A is the area of the plate on the sensor. Figure 6(a)
presents the variation of the particle holdup with the inclina-
tion angle for various gate openings (hg = 2, 4, and 6 cm) and
at two different downstream positions (xs = 54 and 98 cm).
The normalized particle holdup H/d decreases with increasing
slope angle, from ∼4–11 at low inclinations to ∼1–7.5 at
the highest slope angles. The decreasing trend is less sig-
nificant above 50° and the particle holdup seems to reach
a plateau. The slight increase of the particle holdup above
70° is certainly due to measurement uncertainties. This is
indeed confirmed by an alternative method for assessing the
particle holdup based on mass flow rate measurements, which
show no increase of the particle holdup at high angle [see
square symbols in Fig. 6(a)]. Interestingly, increasing the gate
opening generates thicker flows and leads to an augmentation
of the particle holdup, as expected.

The determination of the particle holdup allows us to have
a quite straightforward estimation of the mass flow rate using
Eq. (3) and assuming that the flow front velocity is a good
approximation of the mean flow velocity. Figure 6(b) presents
the variation of the mass flow rate with the inclination an-
gle for different gate openings. As expected, the flow rate
increases both with increasing angle and gate opening. For
hg = 2 cm, we checked that Eq. (3) provides similar results
as those obtained from a direct measurement of the mass flow
rate Qw via a weight scale. This gives us confidence in our
measurements for the particle holdup H but also indicates that
the flow front velocity is a good proxy for the mean flow
velocity.

The decrease of the particle holdup with the inclination
angle can be due to a decrease of the flow height or a decrease
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FIG. 7. Flow structure and height. (a) Pictures of flows obtained by averaging of frames of size of ∼8 cm from movies made through
one of the transparent sidewalls (xs = 98 cm, hg = 2 cm, flow from right to left). Numbers indicate the slope angles. (b) Normalized pixel
intensity (after subtracting the background image) as a function of height above the channel base (xs = 98 cm, hg = 2 cm), where the value
1 corresponds to the maximum gray value. The flow height is defined as 20% of the maximum intensity as indicated by the transition from
dashed to plain curves. Numbers on the right-hand side of the graph indicate the slope angles. (c) Flow heights as a function of the slope angle,
obtained from the procedure illustrated in (b).

of the particle concentration within the flow. We will see that
this is caused mainly by a drastic diminution of the packing
fraction. As stated in introduction, the depth-averaged packing
fraction 〈φ〉 is simply related to the particle holdup via the
flow height h:

〈φ〉 = H

h
. (5)

The estimation of the mean packing fraction thus requires
the determination of the flow height h. The latter is defined
as the position of the free surface of the flow with respect
to the base of the channel. The free surface of the flow is
relatively well defined at the lowest slope angles for dense
flows but much more poorly defined at large slope angles for
more dilute flows (Fig. 7). For these dilute flows, the definition
of the flow height requires the use of a clear and quantitative
criterion. Several definitions may be suitable, either based on
the critical height below which one finds a given percentage of
the mass of the flow or defined as the position where the pack-
ing fraction falls below a critical value. We have employed a
method based on the latter definition.

Flow heights were obtained from the movies taken through
the transparent sidewall. We considered the frames in which
the flow was in the field of view, subtracted the background
taken from a reference frame without any particles in the field
of view, and summed the frames to obtain a vertical profile of
gray level (i.e., perpendicular to the flow base). From these
profiles, the height of the flow was defined as the vertical
position where the gray level falls below 20% of the maximum
gray value, which was observed at the flow base. The 20%

threshold value was estimated from frames of SFD flows at
low slope angles and whose free surface could be tracked
accurately. However, we should be aware that the assessment
of the flow height with this method is highly dependent on the
value of the gray level threshold, in particular for dilute flows.
Consequently, data obtained for the latter should be taken with
caution.

Figure 7(c) shows that the flow height measured at
xs = 54 cm decreases with increasing angles at low inclina-
tion (θ � 20°), stabilizes at intermediate inclination angles
(20° < θ < 50°), and finally increases at larger angles. Be-
sides, the flow height increases with increasing gate opening.
For intermediate angle, the flow height thus appears to be well
correlated with the gate opening, so that h ≈ hg/3. At higher
angle, we observe a clear expansion of the flow height but
not greater than a factor of 1.5. Measurements made at the
downstream position xs = 98 cm with hg = 2 cm, however,
reveal that the flows in the accelerating regime for θ � 25.7°
dilate strongly while traveling downstream. In this regime, the
flow height increases monotonically with the slope angle by a
factor greater than 2.

The mean particle volume fraction can now be assessed
using Eq. (5) (see Fig. 8). For a given gate opening, the
mean packing fraction significantly decreases with increasing
angle. At the lowest slope angles, it is close to the packing
fraction φp ∼ 0.645, which was determined from the mass
and the volume of a static bed of particles. At high angle
(i.e., θ = 83.6◦), the mean packing fraction goes down to very
small values at hg = 2 cm :∼ 0.25 and ∼0.05 at xs = 54 and
98 cm, respectively. These results confirm that the decrease
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FIG. 8. Mean particle volume fraction 〈φ〉 as a function of slope
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stream positions (xs = 54 and 98 cm). The dashed line indicates the
packing fraction φp ∼ 0.645. At xs = 98 cm with hg = 2 cm, we also
provide an alternative estimation of the packing fraction 〈φQ〉 based
on the measurement of the mass flow rate Qw via a weight scale
[see Fig 6(b)]: 〈φQ〉 = QW /ρhWU [see Eq. (3)]. Both measurements
indicate differences less than ∼15%, except for angles larger than
60° where the volume fraction is smaller than 0.08.

of the particle holdup with inclination angle is mainly due to
a decrease of the packing fraction of the flow. In contrast, the
flow height was shown to increase for increasing angle at large
angle.

C. Summary

The basal forces and the effective basal friction coefficient
we measured in our experiments depend both on the channel
slope angle and on gate openings. The decrease of one order
of magnitude of the components of the basal force with the
slope angle (Fig. 3) is caused by a strong diminution of the
mean particle volume fraction of the flow and thus a decrease
of the particle holdup [Fig. 6(a)]. Flows at low slope angles
have large particle concentrations approaching the close pack-
ing fraction φp ∼ 0.645 whereas the most rapid flows at the
steepest angles have much smaller particle volume fractions
down to φ < 0.10 at θ > 40°–70°.

We also observed a general increase of the basal friction
coefficient with increasing slope angle and decreasing gate
opening. Importantly, the basal friction coefficient saturates at
large slope angles. The saturation occurs as early as 20°–25°
for xs = 98 cm and hg = 2 cm, and around 40° in the other
cases. The asymptotic value slightly increases with decreasing
gate opening (0.32 � μB,max � 0.38). According to Brodu
et al. [16], this asymptotic value should be lower than the
microscopic friction coefficient between the particles and the
basal boundary, and should decrease with the particle holdup.
We observe this decrease but the corresponding effective basal
friction angle 18.8 � φB � 21.8◦ is slightly larger than the
value of 17.5° required for sliding of a solid block with a
glued basal layer of beads along the channel base. A better
estimation of the microscopic friction coefficient would be
necessary to make a conclusion.

L

h

mg

mg sin

FW
FB

x

z

FIG. 9. Force balance on the flows. The diagram shows a slab of
a finite length L and height h, spanning over the whole channel width.

IV. DISCUSSION

We present here an analysis of the force balance on our
experimental flows in order to discuss the variation of the
effective basal friction with the slope angle and gate opening.
We also discuss scaling laws for the flow front velocity and
universal behavior of the effective basal friction.

A. Force balance

We address the force balance on the flows according to
the scheme shown in Fig. 9. We recall that that the sensor
measures a deformation (thus a force) whatever the nature of
the flow regime (i.e., steady or accelerated). We consider a
flow slab of a finite length L and a height greater or equal to
the flow height h, and spanning over the whole channel width
W. We adopt a Lagrangian description; that is, we follow the
system in the course of its motion. Considering the driving
gravitational force and both the basal and sidewall friction
forces acting on a flow slab of mass m, we can write

mγ = mgsinθ − FB − FW , (6)

where γ is the flow acceleration, and FB and FW are the basal
and the sidewall friction forces, respectively. If the flow slab
speed is constant, then the second Newton’s law indicates
that the resultant of the external forces (weight, basal friction,
sidewall friction) should vanish. If not, the resultant gives
information on its acceleration. Notice that this force balance
disregards air drag and longitudinal pressure gradient forces.
The latter can be safely neglected if the longitudinal gradient
of the flow height is small, which is achieved for small enough
L. By virtue of Eq. (2), the basal friction force is simply
written as

FB = μBmgcosθ, (7)

where μB is the effective basal friction coefficient and m =
ρHW L is the mass of the flow slab. The sidewall friction force
is expressed as [30,31]

FW = 2μW L
∫ ∞

0
P(z)dz, (8)
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where μW is the effective sidewall friction coefficient, P is
the pressure within the flow (assumed to be isotropic, i.e.,
Pzz = Pyy = Pxx = P), and L is the length of the flow slab.
Vertical momentum balance indicates that the basal pressure
PB is equal to mgcosθ/(LW ), with W the flow width, which
provides us with a new expression of the sidewall friction
force:

FW = μW mgcosθ
Z

W
, (9)

where

Z = (2/PB)
∫ ∞

0
P(z)dz. (10)

The height Z can be interpreted as the height over which
the flow experiences a significant friction from the sidewalls.
If the particle concentration is uniform throughout the flow
depth, Z is easily estimated via Eq. (10) and is equal to
the flow height h. If the flow is very dense, Z is thus close
to H (h = H/〈φ〉), but always greater than H. In contrast, if
the flow is dilute, Z is much greater than H. If the particle
concentration is nonuniform throughout the flow as suspected
for our rapid flows, the estimation of Z is possible only if
the particle concentration profile is known, which is not the
case here. As an example, if the particle concentration profile
obeys a decreasing exponential law with a characteristic decay
length l , Z is equal to twice this characteristic length l and is
expected to be a significant fraction of the flow height h. As a
consequence, Z is expected to be much greater than H at large
inclination angle.

From Eqs. (6)–(9), the flow acceleration is given by

γ

gcosθ
= tanθ − μB − μW

Z

W
. (11)

As a first approximation, we can disregard in Eq. (11)
the sidewall friction term, which is expected to be a small
contribution with regard to the large channel width (W =

200d), to estimate the flow acceleration γ . Taking advantage
of this approximation, we get γ ≈ gsinθ (1–μB/tanθ ) and we
can compare it with direct measurements of the flow front
acceleration a given in Fig. 5(b) [see Fig. 10(a)]. The agree-
ment between γ and a is reasonably good, indicating that
the basal friction force is indeed at first order the prevailing
friction force. However, the deviation observed between γ and
a can be attributed either to measurement uncertainties or to
second order contribution from sidewall friction. In particular,
when γ is greater than a, the difference can be interpreted in
terms of sidewall friction contribution, as discussed further
below.

In a second step, it is tempting to try to get an estimation
of the sidewall contribution term. At low inclination (e.g., at
θ = 17.8◦), the flows are SFD at the location of the force
measurements so that the acceleration is reduced to zero: The
gravity term tanθ must therefore be balanced by the basal
and sidewall frictions. For thin flows (i.e., hg = 2 cm), the
gravity is balanced by the basal friction (tanθ ≈ μB), mean-
ing the sidewall friction is negligible. In contrast, for thicker
flows (i.e., hg = 4 and 6 cm), the basal friction is significantly
smaller than the tangent of the inclination, and the difference
results from the contribution of sidewall friction (see Fig. 4).
For arbitrary angles, it is possible to assess systematically
the relative contribution of the sidewall friction with respect
to the basal friction [i.e., μW (Z/W )/μB] as a function of
the inclination angle, using Eq. (11) and setting γ = a [see
Fig. 10(b)]. Although there are large fluctuations due to in-
sufficient accuracy in the determination of a, the data indicate
that the relative contribution of the sidewalls roughly increases
with increasing inclination angles and can rise up to ∼25%
of the basal friction at very large angle. One of the reasons
for this increase observed at high inclination (i.e., θ > 40°)
can be attributed to the fact that the flows inflate at large
angle (i.e., the flow height increases), resulting in a growing
friction area at the sidewalls. The increase at smaller angle
(i.e., 20° > θ > 40°) is probably more tricky and may originate
from the formation of a dilute and agitated granular gas layer
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at the walls as revealed by the numerical simulations [16,22];
this induces an increase of the pressure at the sidewalls and
consequently an augmentation of the sidewall friction.

B. Scaling laws

The flow conditions in our experiments are comparable
with those used in the discrete simulations by Brodu et al. [16]
involving a flat and smooth base and sidewalls. A first differ-
ence lies in the gap between the sidewalls, which is much less
in the simulations (W = 68d) than in the experiments (W =
200d). Second, the mechanical parameters characterizing the
interactions between a grain and another grain and with the
base or the lateral walls (such as the coefficients of restitution
or the coefficients of friction) may be different. Third, in these
simulations, SFD flows were obtained at arbitrary high angles
of inclination. Experimentally, if SFD flows can be obtained,
this could require a very long chute. Despite these differences,
it may be instructive to compare the experimental flows with
those obtained in the discrete simulations.

The simulations of Brodu et al. [16] indicate that, for SFD
flows, the mean flow velocity scales as Hα , with α ≈ 1/4. Our
experimental results concerning SFD flows (i.e., θ � 20.3◦)
suggest a weak power law exponent, compatible with that of
Brodu et al. [16] (Fig. 11). This contrasts with the Bagnold
scaling, which predicts that Ū ∼ H3/2.

Interestingly, recent simulations by Zhu et al. [22] show
that for flows involving a flat and smooth base and sidewalls
the effective basal friction is a unique function of a Froude
number defined as

Fr = Ū√
gH cos θ

. (12)

In Ref. [22], the Froude number is defined from the slip
velocity UB at the bottom, but as flows on a smooth incline
are essentially plug flows, the slip velocity UB is roughly
equal to the mean flow speed Ū . We checked whether this
numerical finding holds as well for our flows. To test this, we
used the front velocity instead of the basal velocity, which

was not easily accessible. We replot our basal friction data
given in Fig. 4 as a function of the Froude number (see
Fig. 12). Our data collapse reasonably well for SFD flows (i.e.,
Fr � 4 or θ � 20◦). For moderately accelerating flows (i.e.,
4 < Fr < 10), the collapse is less convincing but still roughly
holds. At higher Froude number (i.e., Fr > 10) corresponding
to highly accelerating flows, we do not observe a collapse of
the data. In numerical simulations, the friction law μB(Fr) was
established for steady flows but also for unsteady flows. The
reason for which the collapse fails for strongly accelerating
flows remains unclear. However, we may mention the possible
influence of air drag which might be a source of additional
friction.
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FIG. 12. Effective basal friction coefficient (see Fig. 4) as a
function of the Froude number Fr. The data collapse well for SFD
flows (Fr � 4) and reasonably well for moderately accelerating flows
(4 < Fr < 10) on a master curve.
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The μB(Fr) curve has a shape similar to the μ(I) rheo-
logical curve for dense granular flows on rough substrates
[1,32]: It first increases and then seems to saturate at large
Froude number. However, we should make clear that these
two laws do not have the same status. As discussed in detail in
Ref. [22], the μB(Fr) law provides a condition at the boundary
relating the basal friction to the slip velocity, while the μ(I)
law describes the internal rheology of the granular flow and
informs us about the strain rate within the flow. Importantly,
the μB(Fr) curve provides a natural explanation for the de-
crease of the basal friction with the particle holdup H. Indeed,
in view of the velocity scaling law (Ū ∼ H1/4), the Froude
number decreases with increasing particle holdup at a fixed
inclination angle (Fr ∼ H−1/4). This results in a decrease of
the basal friction since μB(Fr) is an increasing function of Fr.

V. CONCLUSION

We have made measurements of the force components at
the base of granular flows in an inclined channel with smooth
boundaries. We investigated a large range of inclination angles
from 13.4° to 83.6°. At low slope angle (θ � 20.3◦), after
accelerating over a certain distance, the flows entered a SFD
regime with packing fraction ranging from 0.4 to 0.6, whereas
at larger angles the flows accelerated along the whole length
of the channel and had much lower packing fraction (down to
less than 0.1). The measurements revealed a strong decrease
of both the tangential shear and the normal force components
at increasing slope angles mainly due to a diminution of the
flow concentration and particle holdup. The effective basal
friction coefficient μB showed a systematic increase with the
slope angle, in agreement with earlier findings from numerical
simulations [16,22]. At low angles for thin flows, μB was
close to the tangent of the slope angle. At higher angles corre-
sponding to accelerating flows, μB increased at lower rate than
tanθ , and it saturated at an asymptotic value of ∼0.32–0.40
depending on the gate opening. Interestingly, the coefficient
μB decreased significantly with increasing gate opening or
particle holdup.

A further analysis of the data allowed us to understand
some of these features. First, flows are essentially plug flows
such that the mean flow velocity Ū is roughly equal to the
basal slip velocity UB. Second, we showed that for SFD flow
regimes, the mean flow velocity Ū scales as Hα with α ≈ 1/4,
in agreement with the discrete simulations by Brodu et al.
[16]. This scaling contrasts markedly with the Bagnold scaling
(Ū ∼ H3/2). Third, we showed that for SFD and weakly ac-

celerating flow regime, the effective basal friction coefficient
can be reasonably captured by an increasing function of a
dimensionless number, that is, the Froude number defined as
Ū/(gHcosθ )1/2, in agreement with recent discrete simulations
by Zhu et al. [22]. The μB(Fr) curve can be thought as a
boundary condition for flows on smooth and flat boundaries.
Additionally, this curve gives a natural explanation for the
decrease of the basal friction with the particle holdup H. In
virtue of the velocity scaling, the Froude number decreases
with increasing particle holdup at a fixed inclination angle,
resulting in a decrease of the basal friction given that μB is an
increasing function of Fr.

Our study demonstrates that the forces generated by gran-
ular flows at the boundaries can be assessed experimentally,
opening unique perspectives. For rapid flows on flat and
smooth boundaries, our study raises several important issues.
First, our measurements reveal that the contribution of the
sidewall friction force with respect to the basal friction one
increases with increasing slope angle and can grow up to
about 25% of the latter. Direct measurements of the sidewall
friction with force sensors would be useful. Second, the results
reported here concern rapid flows on a smooth incline. We
may legitimately wonder whether rapid flows over a rough
basal substrate would exhibit similar features. Third, exper-
iments with a longer chute allowing the production of SFD
flows at large angle would be definitively of great interest to
consolidate our findings.

Finally, our work may have implications for geophysical
granular flows. Our experimental measurements indicate that
the basal friction is weakened when the particle holdup is
increased. This result may provide some clues to understand
why some massive rock avalanches or pyroclastic flows ex-
hibit unexpected long run-out distances [33].
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