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Deterministic approach for diffusion
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Stochastic approach for diffusion

Brownian motion
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For diffusion

Deterministic approach for diffusion

≈

Stochastic approach for diffusion
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aaaa

∂q

∂x
= G(h, S, ...)

• A grid of specified shape.

• A collection of cells with different states.

• Rules based on the states of neighboring cells.

y ∈ N

∆t = cte

x ∈ N

Asymptotic behaviours of different
sets of partial differential equations

A cellular automaton approach

EmergenceScaling

x

y

Traditional cellular automatons in geophysics

f (h(x, y, t), q(x, y, t)) −→ h(x, y, t + ∆t)

Scaling ?

Emergence ?

∂h

∂t
= F (q, S, ...)

g(h(x, y, t), q(x, y, t)) −→ q(x, y, t + ∆t)

Let us develop new and more theoretical CAs
to combine more efficiently scaling and emergence
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Different types of sand dunes
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A minimum size for dunes

ldrag =
ρs

ρf

ds

ρf fluid density.
ρs sediment density.
ds grain diameter.
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The physics of aeolian dunes
h the height profile
q the sand flux per unit width

∂ h

∂ t
= −

∂ q

∂ x

Qsat the saturated sand flux
lsat the saturation length.

∂ q

∂ x
∼

Qsat − q

lsat

An elegant formalism which gives solutions that

can be used as a benchmark for numerical codes.
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Superimposed dune patterns
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minimal barchan height. Field data (Fig. 2a) shows a quantitative
agreement with this model equation for the slow motion of barchans
on solid ground, but also for the fast motion of waves on the surface
of dunes. It demonstrates that large-amplitude waves behave as
barchans.
As for any convective instability, the amplitude of the waves

depends on the amplitude of the disturbances applied to the dune,
as well as on the length of the dune itself. This is well illustrated by the
response of dunes to changes of wind direction. The medium-sized
dune of Fig. 1c can remain almost undisturbed because it is
sufficiently isolated and the wind sufficiently constant. Whereas
dunes of size lmax are small enough to quickly readapt their shape
(Fig. 1a), larger ones (,5–10lmax) generate a certain number of
waveforms in the lee flank (Fig. 1b, c). The mega-barchan of Fig. 1d
is so large (30lmax) that the daily wind variations (,158) render its
surface permanently unstable. Barchans and mega-barchans thus
belong to the same class of dunes, the corrugations resulting from a
size effect. A colliding dune constitutes another type of perturbation.
Figure 1g shows a typical example of coaxial collision between two
large dunes (3.5lmax and 6lmax), one catching the other up from
behind. Displaying behaviour that is far from soliton-like
(solitons are propagative solitary waves which do not interact with
each other), the impacting dune induces large-amplitude waves on
the flanks of the target dune, which amplify in the course of their
propagation.
Figure 1i shows that these waves not only decorate the dunes, but

play a crucial part in the long-term evolution of a barchan field.
When a wave reaches solid ground at the end of the horn, an
elementary dune of typical size slightly smaller than lmax (Fig. 3a)
is detached and emitted. Globally, this produces numerous newborn
dunes in the wake of the collision and thus a large sand loss from the
procreative dunes. There are only two circumstances under which
this collision mechanism apparently looks like a non-interactive
process (1) the case where the two interacting dunes are themselves
of lengths comparable to the elementary size lmax and (2) the case
where they only brush against each other (Fig. 1f). We have demon-
strated8 that dunes behaving as stable kinematic waves would not
lead to the size selection observed in barchan fields. On the contrary,
the whole dune field would merge into a single giant dune. To resolve
this problem, there should exist a sand leak increasing with the dune
size: our field study shows that the induction of waves on the surface
of dunes, breaking the horns into elementary barchans, provides this
missing mechanism.
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Figure 2 | Wave-like behaviour of surface undulations. a, Comparison of
the velocity c of waves and dunes as a function of their heightH. The velocity
of 140 dunes is measured using several aerial photographs and global
positioning sytem (GPS) data, with displacements resolved to within 4m.
The velocity is averaged over two time intervals (300 to 350months and 10
to 18months) to sample both large dunes that do not propagatemuch over a
year, and small ones that cannot be followed over long periods of time (see
Fig. 1i). The waves were marked with sticks and their displacements
measured after a few hours. The corresponding velocities follow the same
law as that of dunes, given a redefinition ofQ: it is the saturated flux on solid
ground averaged over the period of time considered in the case of dunes, and
in the case of waves, the local saturated flux estimated from their altitude and
from the propagation of neighbouring barchans (Supplementary
Information). The purple solid line corresponds to the prediction of
equation (3). b, Comparison of a wave profile dh with the corresponding
modulations of sand flux dq. Sticks are placed regularly along a cut of a
barchan horn (yellow line on the photograph). The slope and the distance
between sticks allow for the reconstruction of the height profile dh. dq is
derived from the erosion rate ›th, using mass conservation: dq¼2

Ð
›thdx

(Supplementary Information). The oscillations of dq in phase with those of
dh are characteristic of a plane propagating wave h(x 2 ct) for which dq¼Ð
c›xhdx¼ cdh:The local wave velocity c ¼ dq/dh decreases down-slope, like

the local flux Q.

Figure 3 |Wavelength distribution and saturation length. a, Histograms of
the wavelength l measured systematically in a zone of 20 km £ 8 km (solid
line, 930 data points), as well as on the windward side of the mega-dune
shown on Fig. 1d (dashed line, 850 data points), using 1-m bins. The peak of
the distribution is reached for l ¼ 20 and 28m respectively, which is
consistent with the linear stability analysis. The histogram of the length of
proto-barchans—dome dunes without slip face—is also superimposed
(dotted line, 160 data points). It shows a peak at 14m. b, Spatial transient of
sand transport saturation. A 20-m-long sand sheet is prepared with a
bulldozer on the solid ground and protected to insure a null flux at the
upwind edge. As for the wave profiles (Fig. 2b), the flux is measured by
integrating the erosion rate ›th, averaged over 24 h. The data are well fitted
by an exponential relaxation q¼Q½12 expð2x=LÞ�, which corresponds to a
first-order equation of saturation, L›xq¼Q2 q:
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A sand wave instability
λmax

λmax

Characteristic length scale for the nucleation of dunes

λmax = 20 m

on a flat sand bed and dunes (if they are big enough).
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A large set of observations 2�

Qualitative descriptions of dune shapes 2�

Elegant physical formalisms 2�

Pattern selection 2

Population dynamics 2

A quantitative analysis of sediment transport 2

⇓

The physics of sand dunes
as a complex system

Dune morphology in a lattice gas cellular automaton model for sediment transport – p.1/1



A lattice gas
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Action of fluid 
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A cellular automaton
for sediment transport
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Cellular automaton for
sediment transport

→ State variables.

→ A 3 dimensional model.

→ Individual physical processes.

→ Nearest neighbour interactions.

Ci,j,k
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An elementary length scale

l0
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Nearest neighbour interactions

λi+1

λi−1

λk−1

λk+1

λj+1

λj−1

λk−1 λi−1 λj−1

λk+1 λi+1 λj+1
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Physical states

Granular material
Grain

Mobilized granular
material Mobilized grain

Fluid flow
Fluid
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wind orientation
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aλe−−−−−→

Saltation
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Reptation
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Transport

wind orientation
−−−−−−−−−→

bλt−−−−−→

Saltation

bλt−−−−−→

Reptation
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Deposition

wind orientation
−−−−−−−−−→

aλd−−−−−→

aλd−−−−−→

aλd−−−−−→
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Avalanches
Stage 1Initial configuration

Stage 2 Final configuration

∆h
h > na
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Boundary conditions

Neutral boundaries
Solid

Removal boundaries
Out

Injection boundaries
In
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Wind orientation
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Wind orientation

Wind

L = 600 cells
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H
Wind orientation
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Action of fluid 
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on topography
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A lattice gas model
A lattice gas model is composed of a set of fluid particles
flying from one lattice node to its neighbour in one unit of
time. Possible velocity vectors are

−→
V 2

1

−→
V 4

1

−→
V 3

1

−→
V 1

1

−→
V 2

2

−→
V 4

2

−→
V 1

2

−→
V 3

2
with

‖
−→
V2‖ > ‖

−→
V1‖.
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A lattice gas model
Two particles cannot sit simultaneously on the same node.

• Propagation: the particles move from their node to the
nearest neighbour in the direction of their velocity vector.
• Collision: particles on the same node may exchange mo-
mentum according to the imposed collision rules.

t
⇒

t + δt
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t
⇒

t + δt

t
⇒

t + δt
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A lattice gas

on fluid flow

Action of fluid 
shear stress

on topography

A cellular automaton
for sediment transport

cellular automaton

Action of topography
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Boundary conditions
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The bed shear stress

+ +Topography of

τs =
∂−→u

∂−→n

~n1

~n2

~n3

~n5

~n6
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Erosion

λe=f(τs)
−−−−−−−−→

λe=f(τs)
−−−−−−−−→

λe =















0 for τs ≤ τmin,

λ0
τs − τmin

τmax − τmin

for τmin ≤ τs ≤ τmax,

λ0 else.
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A fully coupled system

λe =















0 for τs ≤ τmin,

λ0
τs − τmin

τmax − τmin

for τmin ≤ τs ≤ τmax,

λ0 else.
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High wind speed ⇐⇒ low τmin-value
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Low wind speed ⇐⇒ high τmin-value
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100 metres
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1000 metres
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500 metres
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Transverse dunes

Thick sand layer under low wind speed conditions (high τmin-value)

Thick sand layer under high wind speed conditions (low τmin-value)
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Transverse dunes

700 metres
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Nucleation of dunes patterns
in the model

λmax

λmax

What is the characteristic length scale for the
nucleation of dunes in the model ?

λmax = ?? l0
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Linear stability analysis of the
sand waves instability
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Linear stability analysis of the
sand waves instability

A(λ, t) ∼ exp(σ(λ)t)

λ = 18l

λ = 14l

λ = 22l

λ = 30l

λ = 38l λ = 42l

λ = 34l

λ = 26l
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Linear stability analysis of the
sand waves instability
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Linear stability analysis of the
sand waves instability

To quantify this fastest growing mode, we fit our
data points to the function

σ(k) = σ0(αk)
21 − β(αk)

1 + (αk)2
,

where the three fitting parameters are {σ0, α, β}.

This is the analytical expression of the growth
rate proposed by Andreotti et al. (2002).
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Linear stability analysis of the
sand waves instability
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Nucleation of dunes patterns
in the model

λmax

λmax

λmax ≈ 40 l0

How does this length scale relate to the saturated

flux Qsat and the saturation length lsat?
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Saturation length
flow direction

Qsat

lsat
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Saturated flux
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Characteristic scales

Qsat =

{

0 if τs ≤ τth,

τ γ
s (τs − τth) if τs ≥ τth.

=⇒
Qsat

Q0
sat

= 1 −

(

uth

u∗

)2

.

=⇒
〈Qsat〉 = Qsat(u∗)
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Characteristic scales

lsat ≈ 6 l0 λmax ≈ 40 l0

λmax ≈ 7 lsat

A characteristic length scale:

l0 = 0.5 m

A characteristic time scale:

t0 =
Qsat

〈Qsat〉
l20
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Conclusion

The model displays

→ many types of dune morphologies.

→ waves on the surface of dunes.
→ lsat and Qsat.
→ λmax.

It can be used for systematic quantitative analy-
sis of dune patterns in all physical environments.
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Population of dunes

Model

0.2 km

Barchans dunes (Morocco)
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Comparisons between numeri-
cal and experimental data

Laboratory experiments (Germany)Numerical results
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Comparisons between numeri-
cal and experimental data
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Comparisons between numeri-
cal and experimental data
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Comparisons between numeri-
cal and experimental data
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Fig. 5. Dune–dune interactions that contribute to pattern ordering of a dune field. (A) Merging. (B) Lateral linking of opposing crest

terminations. (C) Defect migration through a field. (D) Repulsion. (E) Termination creation. See text for discussion.
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Collision of dunes

500 metres

Dune morphology in a lattice gas cellular automaton model for sediment transport – p.1/4



50 m
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200 m
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300 m
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Longitudinal dunes

Transverse

R=1 R=4 R=6

Longitudinal

2 km1 km
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From transverse to barchan dunes
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Star dunes

1 km
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200 metres
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200 metres
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Rotating table for variable
wind orientations

oα = 0
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Rotating table for variable
wind orientations

α = π/5
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Rotating table for variable
wind orientations

α = 2π/5
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Rotating table for variable
wind orientations

α = 3π/5
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Rotating table for variable
wind orientations

α = 4π/5
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Star dunes

t5

t1 t2 t3 t4

t8t7t6
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Star dunes
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A large set of observations 2�

Qualitative descriptions of dune shapes 2�

Elegant physical formalisms 2�

Pattern selection 2�

Population dynamics 2�

A quantitative analysis of sediment transport 2�

⇓

We can use dunes patterns
to constrain climatic variations
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